
Principal Component 
Analysis



Motivation: dimensionality reduction

• It takes  memory to store data  with 


• But many real data have patterns that repeat over samples. Can we find some 
patterns and use them?


n × d {xi}n
i=1 xi ∈ ℝd

Input images: Principal components:
=32x32pixels per image

 images


 real values to store the data

d
n
d × n



Principal component analysis finds a 
compact linear representation 

• patterns that capture the distinct 
features of the samples is called 
principal component  
(to be formally defined later)


•

Input images: Principal components:
u1 ∈ ℝd u2



Principal component analysis finds a 
compact linear representation 

• patterns that capture the distinct 
features of the samples is called 
principal component  
(to be formally defined later)


• we can represent each sample 
as a weighted linear 
combination of, say, q=25  
principal components, and just 
store the weights 

Input images: Principal components:

Input images: Principal components:
≈ a[1]u1 + a[2]u2 + ⋯ + a[25]u25

u1 ∈ ℝd u2



Principal component analysis finds a 
compact linear representation 

• patterns that capture the distinct 
features of the samples is called 
principal component  
(to be formally defined later)


• we can represent each sample 
as a weighted linear 
combination of, say, q=25  
principal components, and just 
store the weights 

Input images: Principal components:

Input images: Principal components:
≈ a[1]u1 + a[2]u2 + ⋯ + a[25]u25

u1 ∈ ℝd u2

• With q=25, to store  images, it requires memory of only n
d × q + q × n ≪ d × n



Ground truths real face

average face
r = 1 r = 2 r = 3

10 principal components give a pretty good 
reconstruction of a face

x̄
x̄ + a[1]u1 x̄ + a[1]u1 + a[2]u2

r = 4

r = 10

r = 7 r = 8 r = 9



Given x1, . . . , xn 2 Rd, for q ⌧ d find a compressed representation
with �1, . . . ,�n 2 Rq such that xi ⇡ µ+Vq�i and VT

q Vq = I

min
µ,Vq,{�i}i

nX

i=1

kxi � µ�Vq�ik22

PCA: a high-fidelity linear projection



PCA: a high-fidelity linear projection

Given x1, . . . , xn 2 Rd, for q ⌧ d find a compressed representation
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min
µ,Vq,{�i}i

nX

i=1

kxi � µ�Vq�ik22

Fix Vq and solve for µ,�i:



PCA: a high-fidelity linear projection

Given x1, . . . , xn 2 Rd, for q ⌧ d find a compressed representation
with �1, . . . ,�n 2 Rq such that xi ⇡ µ+Vq�i and VT

q Vq = I

min
µ,Vq,{�i}i

nX

i=1

kxi � µ�Vq�ik22

µ = x̄ = 1
n

Pn
i=1 xi

�i = VT
q (xi � x̄)

Fix Vq and solve for µ,�i:

<latexit sha1_base64="XhHZG335vjcTi1mMnSUPn/8Jcqo="></latexit>

bxi :=x̄+VqV
>
q (xi � x̄) = x̄+

qX

j=1

vjhvj , xi � x̄i



PCA: a high-fidelity linear projection

Given x1, . . . , xn 2 Rd, for q ⌧ d find a compressed representation
with �1, . . . ,�n 2 Rq such that xi ⇡ µ+Vq�i and VT

q Vq = I

min
µ,Vq,{�i}i

nX

i=1

kxi � µ�Vq�ik22

µ = x̄ = 1
n

Pn
i=1 xi

�i = VT
q (xi � x̄)

Fix Vq and solve for µ,�i:

<latexit sha1_base64="XhHZG335vjcTi1mMnSUPn/8Jcqo="></latexit>

bxi :=x̄+VqV
>
q (xi � x̄) = x̄+

qX

j=1

vjhvj , xi � x̄i

VqVT
q is a projection matrix that

minimizes error in basis of size q



PCA: a high-fidelity linear projection

<latexit sha1_base64="XhHZG335vjcTi1mMnSUPn/8Jcqo="></latexit>

bxi :=x̄+VqV
>
q (xi � x̄) = x̄+

qX

j=1

vjhvj , xi � x̄i

VqVT
q is a projection matrix that

minimizes error in basis of size q



PCA: a high-fidelity linear projection

<latexit sha1_base64="5HGJ4eYPssAXcxrrQgRko6dEWNo=">AAAB+HicdVDNTgIxGOziH+IPqx69NIKJp83uooAHEyIXj5gImMCGdEsXGrrdte1qkPAkXjxojFcfxZtvYxcwUaOTNJnMfJPv6/gxo1LZ9oeRWVpeWV3Lruc2Nre28+bObktGicCkiSMWiWsfScIoJ01FFSPXsSAo9Blp+6N66rdviZA04ldqHBMvRANOA4qR0lLPzNd1GN4NCYfFmzOn2DMLtnVaLbsnLrQt2664pXJK3MqxW4KOVlIUwAKNnvne7Uc4CQlXmCEpO44dK2+ChKKYkWmum0gSIzxCA9LRlKOQSG8yO3wKD7XSh0Ek9OMKztTviQkKpRyHvp4MkRrK314q/uV1EhVUvQnlcaIIx/NFQcKgimDaAuxTQbBiY00QFlTfCvEQCYSV7iqnS/j6KfyftFzLKVvOpVuonS/qyIJ9cACOgAMqoAYuQAM0AQYJeABP4Nm4Nx6NF+N1PpoxFpk98APG2ycnbZIe</latexit>

Case when q = 1

<latexit sha1_base64="4Exxh7AmgdD+B7Ymu4V3h9vCJSY=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2k3bpZhN2N2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHssHM0nQj+hQ8pAzaqzU7gVUZU/TfrniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzcKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7Hcy4AqZERNLKFPc3krYiCrKjE2oZEPwll9eJa2LqlereveXlfpNHkcRTuAUzsGDK6jDHTSgCQzG8Ayv8OYkzovz7nwsWgtOPnMMf+B8/gCl8I/H</latexit>

x̄

<latexit sha1_base64="S2gUnD3n5H7zQ610Z5P4adhD600=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbSbt0swm7m0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3xqg0j+WTmSToR3QgecgZNVZ6HPe8XrniVt05yCrxclKBHPVe+avbj1kaoTRMUK07npsYP6PKcCZwWuqmGhPKRnSAHUsljVD72fzUKTmzSp+EsbIlDZmrvycyGmk9iQLbGVEz1MveTPzP66QmvPEzLpPUoGSLRWEqiInJ7G/S5wqZERNLKFPc3krYkCrKjE2nZEPwll9eJc2LqndV9R4uK7XbPI4inMApnIMH11CDe6hDAxgM4Ble4c0Rzovz7nwsWgtOPnMMf+B8/gAKnI2k</latexit>v1

<latexit sha1_base64="XhHZG335vjcTi1mMnSUPn/8Jcqo="></latexit>

bxi :=x̄+VqV
>
q (xi � x̄) = x̄+

qX

j=1

vjhvj , xi � x̄i

VqVT
q is a projection matrix that

minimizes error in basis of size q

<latexit sha1_base64="E950Ggr2p8pc9T4JOu+BR+YoM/Y="></latexit>

v1 = arg min
v:kvk2=1

NX

i=1

k(xi � x̄)� vv>(xi � x̄)k22



PCA: a high-fidelity linear projection

<latexit sha1_base64="5HGJ4eYPssAXcxrrQgRko6dEWNo=">AAAB+HicdVDNTgIxGOziH+IPqx69NIKJp83uooAHEyIXj5gImMCGdEsXGrrdte1qkPAkXjxojFcfxZtvYxcwUaOTNJnMfJPv6/gxo1LZ9oeRWVpeWV3Lruc2Nre28+bObktGicCkiSMWiWsfScIoJ01FFSPXsSAo9Blp+6N66rdviZA04ldqHBMvRANOA4qR0lLPzNd1GN4NCYfFmzOn2DMLtnVaLbsnLrQt2664pXJK3MqxW4KOVlIUwAKNnvne7Uc4CQlXmCEpO44dK2+ChKKYkWmum0gSIzxCA9LRlKOQSG8yO3wKD7XSh0Ek9OMKztTviQkKpRyHvp4MkRrK314q/uV1EhVUvQnlcaIIx/NFQcKgimDaAuxTQbBiY00QFlTfCvEQCYSV7iqnS/j6KfyftFzLKVvOpVuonS/qyIJ9cACOgAMqoAYuQAM0AQYJeABP4Nm4Nx6NF+N1PpoxFpk98APG2ycnbZIe</latexit>

Case when q = 1

<latexit sha1_base64="4Exxh7AmgdD+B7Ymu4V3h9vCJSY=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2k3bpZhN2N2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHssHM0nQj+hQ8pAzaqzU7gVUZU/TfrniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzcKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7Hcy4AqZERNLKFPc3krYiCrKjE2oZEPwll9eJa2LqlereveXlfpNHkcRTuAUzsGDK6jDHTSgCQzG8Ayv8OYkzovz7nwsWgtOPnMMf+B8/gCl8I/H</latexit>

x̄

<latexit sha1_base64="S2gUnD3n5H7zQ610Z5P4adhD600=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbSbt0swm7m0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3xqg0j+WTmSToR3QgecgZNVZ6HPe8XrniVt05yCrxclKBHPVe+avbj1kaoTRMUK07npsYP6PKcCZwWuqmGhPKRnSAHUsljVD72fzUKTmzSp+EsbIlDZmrvycyGmk9iQLbGVEz1MveTPzP66QmvPEzLpPUoGSLRWEqiInJ7G/S5wqZERNLKFPc3krYkCrKjE2nZEPwll9eJc2LqndV9R4uK7XbPI4inMApnIMH11CDe6hDAxgM4Ble4c0Rzovz7nwsWgtOPnMMf+B8/gAKnI2k</latexit>v1

<latexit sha1_base64="E950Ggr2p8pc9T4JOu+BR+YoM/Y="></latexit>

v1 = arg min
v:kvk2=1

NX

i=1

k(xi � x̄)� vv>(xi � x̄)k22

<latexit sha1_base64="XhHZG335vjcTi1mMnSUPn/8Jcqo="></latexit>

bxi :=x̄+VqV
>
q (xi � x̄) = x̄+

qX

j=1

vjhvj , xi � x̄i

VqVT
q is a projection matrix that

minimizes error in basis of size q

<latexit sha1_base64="wTp+5YXGl8qQelYQLHbFyc0caPU="></latexit>

= arg min
v:kvk2=1

NX

i=1

kxi � x̄k22 � 2(xi � x̄)>vv>(xi � x̄)

+ (xi � x̄)>vv>vv>(xi � x̄)

= arg min
v:kvk2=1

NX

i=1

kxi � x̄k22 �
NX

i=1

(xi � x̄)>vv>(xi � x̄)

= arg max
v:kvk2=1

NX

i=1

(xi � x̄)>vv>(xi � x̄)

= arg max
v:kvk2=1

v>⌃v

⌃ :=
NX

i=1

(xi � x̄)(xi � x̄)T



PCA: a high-fidelity linear projection

<latexit sha1_base64="4Exxh7AmgdD+B7Ymu4V3h9vCJSY=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2k3bpZhN2N2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHssHM0nQj+hQ8pAzaqzU7gVUZU/TfrniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzcKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7Hcy4AqZERNLKFPc3krYiCrKjE2oZEPwll9eJa2LqlereveXlfpNHkcRTuAUzsGDK6jDHTSgCQzG8Ayv8OYkzovz7nwsWgtOPnMMf+B8/gCl8I/H</latexit>

x̄

<latexit sha1_base64="S2gUnD3n5H7zQ610Z5P4adhD600=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbSbt0swm7m0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3xqg0j+WTmSToR3QgecgZNVZ6HPe8XrniVt05yCrxclKBHPVe+avbj1kaoTRMUK07npsYP6PKcCZwWuqmGhPKRnSAHUsljVD72fzUKTmzSp+EsbIlDZmrvycyGmk9iQLbGVEz1MveTPzP66QmvPEzLpPUoGSLRWEqiInJ7G/S5wqZERNLKFPc3krYkCrKjE2nZEPwll9eJc2LqndV9R4uK7XbPI4inMApnIMH11CDe6hDAxgM4Ble4c0Rzovz7nwsWgtOPnMMf+B8/gAKnI2k</latexit>v1

<latexit sha1_base64="XhHZG335vjcTi1mMnSUPn/8Jcqo="></latexit>

bxi :=x̄+VqV
>
q (xi � x̄) = x̄+

qX

j=1

vjhvj , xi � x̄i

VqVT
q is a projection matrix that

minimizes error in basis of size q

<latexit sha1_base64="uTiRyB2838TGw5BMGKzsc5zPi2Q=">AAAB+3icdVBNS8NAEN34WetXrEcvi63gqSQ91PRW8KDHCvYD2lA220m7dLNJdzdiKf0rXjwo4tU/4s1/46atoKIPBh7vzTAzL0g4U9pxPqy19Y3Nre3cTn53b//g0D4qtFScSgpNGvNYdgKigDMBTc00h04igUQBh3Ywvsz89h1IxWJxq6cJ+BEZChYySrSR+nbhCgRIwnFpgntDmGC31LeLTtkxqFZxRlzPcQ2p1bxKpYbdheU4RbRCo2+/9wYxTSMQmnKiVNd1Eu3PiNSMcpjne6mChNAxGULXUEEiUP5scfscnxllgMNYmhIaL9TvEzMSKTWNAtMZET1Sv71M/Mvrpjr0/BkTSapB0OWiMOVYxzgLAg+YBKr51BBCJTO3YjoiklBt4sqbEL4+xf+TVqXsVsvuTaVY91Zx5NAJOkXnyEUXqI6uUQM1EUX36AE9oWdrbj1aL9brsnXNWs0cox+w3j4BL1qTNw==</latexit>

General q � 1 min
Vq

NX

i=1

||(xi � x̄)�VqV
T
q (xi � x̄)||22 = min

Vq

Tr(⌃)� Tr(VT
q ⌃Vq)

⌃ :=
NX

i=1

(xi � x̄)(xi � x̄)T
Vq are the first q eigenvectors of ⌃

Minimize reconstruction error and 
capture the most variance in your data.



where is orthonormal:

Given xi 2 Rd and some q < d consider

Vq are the first q eigenvectors of ⌃

Vq = [v1, v2, . . . , vq]

VT
q Vq = Iq

UT
q Uq = Iq

⌃ :=
NX

i=1

(xi � x̄)(xi � x̄)T
Vq are the first q principal components

Principal Component Analysis (PCA) projects (X� 1x̄T ) down onto Vq

(X� 1x̄T )Vq = Uqdiag(d1, . . . , dq)

PCA: a high-fidelity linear projection



Singular Value Decomposition (SVD)

Theorem (SVD): LetA 2 Rm⇥n with rank r  min{m,n}. ThenA = USVT

where S 2 Rr⇥r is diagonal with positive entries, UTU = I, VTV = I.

ATAvi =

AATui =



Singular Value Decomposition (SVD)

Theorem (SVD): LetA 2 Rm⇥n with rank r  min{m,n}. ThenA = USVT

where S 2 Rr⇥r is diagonal with positive entries, UTU = I, VTV = I.

ATAvi =

AATui =

S2
i,ivi

S2
i,iui

V are the first r eigenvectors of ATA with eigenvalues diag(S)
U are the first r eigenvectors of AAT with eigenvalues diag(S)



Linear projections

where is orthonormal:

Given xi 2 Rd and some q < d consider

Vq are the first q eigenvectors of ⌃

Vq = [v1, v2, . . . , vq]

VT
q Vq = Iq

UT
q Uq = Iq

⌃ :=
NX

i=1

(xi � x̄)(xi � x̄)T

X� 1x̄T = USVT

Singular Value Decomposition defined as

Vq are the first q principal components

Principal Component Analysis (PCA) projects (X� 1x̄T ) down onto Vq

(X� 1x̄T )Vq = Uqdiag(d1, . . . , dq)



Dimensionality reduction

Vq are the first q eigenvectors of ⌃ X� 1x̄T = USVTand SVD

X� 1x̄T
U1

U2



Dimensionality reduction

Vq are the first q eigenvectors of ⌃ X� 1x̄T = USVTand SVD

Handwritten 3’s, 16x16 pixel image so that xi 2 R256

(X� 1x̄T )V2 = U2S2 2 Rn⇥2

diag(S)



Dimensionality reduction

Novembre, et al, “Genes mirror geography within Europe” Nature 2008.



Kernel PCA

Vq are the first q eigenvectors of ⌃ X� 1x̄T = USVTand SVD

(X� 1x̄T )Vq = UqSq 2 Rn⇥q

JX = X� 1x̄T = USVT J = I � 11T /n

(JX)(JX)T =



Kernel PCA

Vq are the first q eigenvectors of ⌃ X� 1x̄T = USVTand SVD

(X� 1x̄T )Vq = UqSq 2 Rn⇥q

JX = X� 1x̄T = USVT J = I � 11T /n

(JX)(JX)T = US2UT



Matrix completion

17,700 movies,  480,189 users,  99,072,112 ratings (Sparsity: 1.2%)

Given historical data on how users rated movies in past:

Predict how the same users will rate movies in the future (for $1 million prize)



Matrix completion

n movies,  m users,  |S| ratings

argmin
U2Rm⇥d,V 2Rn⇥d

X

(i,j,s)2S

||(UV T )i,j � si,j ||22

How do we solve it? With full information?



Matrix completion

n movies,  m users,  |S| ratings

argmin
U2Rm⇥d,V 2Rn⇥d

X

(i,j,s)2S

||(UV T )i,j � si,j ||22



Gradient descent

X

UA (Xji − (UA)ji)2

For illustration, 
we zoom in to a  
50x50 submatrix



Gradient descent

X

UA (Xji − (UA)ji)2



Gradient descent

X

UA (Xji − (UA)ji)2



Gradient descent

X

UA (Xji − (UA)ji)2



Gradient descent

X

UA (Xji − (UA)ji)2



Gradient descent

X

UA (Xji − (UA)ji)2



Gradient descent

X

UA (Xji − (UA)ji)2



Random projections

VqVT
q is a projection matrix that

minimizes error in basis of size q

PCA finds a low-dimensional representation that reduces population variance

Vq are the first q eigenvectors of ⌃ ⌃ :=
NX

i=1

(xi � x̄)(xi � x̄)T

But what if I care about the reconstruction of the individual points? 

min
Wq

max
i=1,...,n

||(xi � x̄)�WqW
T
q (xi � x̄)||2



Random projections

min
Wq

max
i=1,...,n

||(xi � x̄)�WqW
T
q (xi � x̄)||2

Johnson-Lindenstrauss (1983)

(independent of d)



Random projections

min
Wq

max
i=1,...,n

||(xi � x̄)�WqW
T
q (xi � x̄)||2

Johnson-Lindenstrauss (1983)

(independent of d)(independent of d)



Other matrix factorizations

Nonnegative matrix factorization (NMF)

Singular value decomposition 

U
S VT

X =

Elements of U,S,V in R

Elements of U,S,V in R+



Autoencoders

x 2 Rd

Find a low dimensional representation for your data by predicting your data

Input: 

Code: 

f(x) 2 Rr

bx = g(f(x)) 2 Rd
Output:

Encoder Decoder

minimize
f,g

Pn
i=1 kxi � g(f(xi))k22



Autoencoders

x 2 Rd
Input: 

Code: 

f(x) 2 Rr

bx = g(f(x)) 2 Rd
Output:

What if f(X) = Ax and g(y) = By?

minimize
f,g

Pn
i=1 kxi � g(f(xi))k22



Ridge Regression revisited

Singular vector decomposition (SVD): X� 1x̄T = USVT

bwridge = argmin
w

||Xw � y||22 + �||w||22

bwridge = (XTX+ �I)�1XTy

ŷ = X(XTX+ �I)�1XTy



Ridge Regression revisited

Singular vector decomposition (SVD): X� 1x̄T = USVT

bwridge = argmin
w

||Xw � y||22 + �||w||22

bwridge = (XTX+ �I)�1XTy

ŷ = X(XTX+ �I)�1XTy

ŷ =
dX

i=1

uiu
T
i

s2i
s2i + �

yi

U = [u1, . . . , ud]

S = diag(s1, . . . , sd)



©Kevin Jamieson 2018

Clustering 
K-means

©Kevin Jamieson 2018



Clustering images

[Goldberger et al.]

Set of Images



Clustering web search results



Some Data



K-means

1. Ask user how many 
clusters they’d like. 
(e.g. k=5) 



K-means

1. Ask user how many 
clusters they’d like. 
(e.g. k=5) 


2. Randomly guess k 
cluster Center 
locations



K-means

1. Ask user how many 
clusters they’d like. 
(e.g. k=5) 


2. Randomly guess k 
cluster Center 
locations


3. Each datapoint finds 
out which Center it’s 
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K-means

1. Ask user how many 
clusters they’d like. 
(e.g. k=5) 


2. Randomly guess k 
cluster Center 
locations


3. Each datapoint finds 
out which Center it’s 
closest to.


4. Each Center finds the 
centroid of the points 
it owns…


5. …and jumps there


6. …Repeat until 
terminated!



K-means

• Randomly initialize k centers


–  µ(0) = µ1
(0),…, µk

(0)


• Classify: Assign each point j∈{1,…N} to 
nearest center:

–  


• Recenter: µi becomes centroid of its point:

–   




Does K-means converge??? Part 1

• Optimize potential function:


• Fix µ, optimize C



Does K-means converge??? Part 2

• Optimize potential function:


• Fix C, optimize µ
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Vector Quantization, Fisher Vectors

1. Represent image as grid of patches

2. Run k-means on the patches to build code book

3. Represent each patch as a code word. 

Similar reduced representation can be used as a feature vector

Vector Quantization (for compression)

Coates, Ng, Learning Feature Representations with K-means, 2012

Typical output of k-means 

on patches
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Mixtures of Gaussians

©Kevin Jamieson 2017



(One) bad case for k-means



(One) bad case for k-means
• Clusters may overlap

• Some clusters may be “wider” than others

(One) bad case for k-means



Mixture models

Y

`(✓;Z) =
nX

i=1

log[(1� ⇡)�✓1(yi) + ⇡�✓2(yi)]

Z = {yi}ni=1 is observed data

If �✓(x) is Gaussian density with parameters ✓ = (µ,�2) then



Mixture models

Y

`(✓; yi,�i = 0) =

`(✓; yi,�i = 1) =

If �✓(x) is Gaussian density with parameters ✓ = (µ,�2) then

Z = {yi}ni=1 is observed data

� = {�i}ni=1 is unobserved data



21

Mixture models

Y

`(✓;Z,�) =
nX

i=1

(1��i) log[(1� ⇡)�✓1(yi)] +�i log(⇡�✓2(yi)]

Z = {yi}ni=1 is observed data

� = {�i}ni=1 is unobserved data

If �✓(x) is Gaussian density with parameters ✓ = (µ,�2) then

If we knew �, how would we choose ✓?
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Mixture models

Y

`(✓;Z,�) =
nX

i=1

(1��i) log[(1� ⇡)�✓1(yi)] +�i log(⇡�✓2(yi)]

Z = {yi}ni=1 is observed data

� = {�i}ni=1 is unobserved data

If �✓(x) is Gaussian density with parameters ✓ = (µ,�2) then

If we knew ✓, how would we choose �?
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Mixture models

Y

`(✓;Z,�) =
nX

i=1

(1��i) log[(1� ⇡)�✓1(yi)] +�i log(⇡�✓2(yi)]

Z = {yi}ni=1 is observed data

� = {�i}ni=1 is unobserved data

If �✓(x) is Gaussian density with parameters ✓ = (µ,�2) then

�i(✓) = E[�i|✓,Z] =
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Mixture models



Gaussian Mixture Example: Start



After first iteration



After 2nd iteration



After 3rd iteration



After 4th iteration



After 5th iteration



After 6th iteration



After 20th iteration



Some Bio Assay data



GMM clustering of the assay data



Resulting Density Estimator
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Kernel Density 
Estimation

©Kevin Jamieson 2017



Kernel Density Estimation

37

A very “lazy” GMM



Kernel Density Estimation
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Kernel Density Estimation
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What is the Bayes 
optimal classification 
rule?


Can we leverage this to 
build a classifier?



Generative vs Discriminative


