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Motivation: dimensionality reduction

o lttakes n X d memory to store data {x;}_, with x; € R4

e But many real data have patterns that repeat over samples. Can we find some
patterns and use them?

d=32x32pixels per image
n images
d X n real values to store the data
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Principal component analysis finds a
compact linear representation

PriechdipaI components:

patterns that capture the distinct
features of the samples is called
principal component

(to be formally defined later)




Principal component analysis finds a
compact linear representation

Principal components
 patterns that capture the distinct 1y € R* | ,
features of the samples is called V) |
principal component
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e we can represent each sample
as a weighted linear
combination of, say, q=25
principal components, and just
store the weights
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Principal component analysis finds a
compact linear representation

Principal components:
patterns that capture the distinct _# € R® " u, B
features of the samples is called =

principal component - 4

(to be formally defined later)

we can represent each sample
as a weighted linear
combination of, say, q=25
principal components, and just
store the weights

g ~ alllu; +al2]u, + -+ + a[25]u,s

e With g=25, to store n images, it requires memory of only
dXqg+gXxXn < dXn




10 principal components give a pretty good
reconstruction of a face

average face x+a[llu; x+alllu, + al2]u,

r=3

Ground truths real face



PCA: a high-fidelity linear projection

Given x1,...,x, € R? for ¢ < d find a compressed representation
with A1,..., A, € R? such that z; = p+ VA and V)V, =1

n
a2 17 il



PCA: a high-fidelity linear projection

Given x1,...,x, € R? for ¢ < d find a compressed representation
with A1,..., A, € R? such that z; = p+ VA and V)V, =1

n
a2 17 il

Fix V, and solve for g, A;:
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PCA: a high-fidelity linear projection

Given x1,...,x, € R? for ¢ < d find a compressed representation
with A1,..., A, € R? such that z; = p+ VA and V)V, =1

n
a2 17 il

Fix V, and solve for g, A;:

V,V71is a projection matriz that

min ) _||(z; — ) — V VI (z; — 2)||? Ay e

vV i gV q\Li . minimizes error in basis of size q
q



PCA: a high-fidelity linear projection

V, VI is a projection matriz that
T =112 1o
mmz ||(z — VgV, (i — Z)||". minimizes error in basis of size q

q
i =T+ Vg VT T Z (vj,x; — &



PCA: a high-fidelity linear projection

V, VI is a projection matriz that
T =112 174
mmz ||(z — VgV, (i — Z)||". minimizes error in basis of size q

q
T; ‘=T +VqVqT(x7; —Z) =T+ Z%‘(Ujafﬁi — )
j 1

v] = arg min i —T) —wv! (z; — )|

vi|lv]l2=1

Case when ¢ =1 : Z (2

S|



PCA: a high-fidelity linear projection

V, VI is a projection matriz that
T =\[2 4o
mmz || (s — VgV, (i — Z)||". minimizes error in basis of size q

q
T; ‘=T +VqVqT(x7; —Z) =T+ Z%‘(Uj,xi — )
j 1

Case when ¢ =1 T 19
v; = arg min i —T)—vv (x; —
5 min 1Zu (@i - 213
: -y NT T _
— _ s — _
i\f: argw“ril”lgl:l; |lxi —Z||5 — 2(z; — ) vv' (x; — )
Y= (flS‘z — E)(xz — .CE)T T T 7T _
— V1 + (z; — ) vo v (x; — )
= arg min 12 |z — 23 — Z( i — %) vv' (2 — T)
' 1=1
_ N
X = arg max (z; —2) v (z; — %)
vi||v||2=1 —

—arg max v' Xv
vi||v||2=1



PCA: a high-fidelity linear projection

VqVqT is a projection matriz that

N
- _— T e 2
min |(zi — Z) — \\r (zi — Z)||°. minimizes error in basis of size q
1=1

V, 4

q
.C/U\z' =T + qu(;l_@% — CE) =T+ ZUj(’Uj,.CEZ‘ — 53>
71=1

N
General ¢ >1  min > (@i —2) = VVE(z — 2)]]3 = min T7(3) — Tr(VITV,)
q i=1 q

N V, are the first g eigenvectors of X

Minimize reconstruction error and
capture the most variance in your data.




PCA: a high-fidelity linear projection

1

Given z; € R? and some g < d consider N
q uid
1101

N z;
q .

N
- —_ T —— 2
min E_l [(zi —Z) — VoV, (z: — Z)||°.

where  V, = [v1,v2,...,vy,] isorthonormal:
T —
V. V,=1,

V, are the first g eigenvectors of X

=) (z;—2)(x; —2)7

V, are the first q principal components ]

Principal Component Analysis (PCA) projects (X — 1z") down onto V,
(X —1z7)V, = U,diag(dy, ..., d,) Uy, =1,



Singular Value Decomposition (SVD)

Theorem (SVD): Let A € R™*" with rank r < min{m,n}. Then A = USV?T
where S € R"*" is diagonal with positive entries, UTU =1, VIV = TI.

AT Ay, =

AA Ty, =



Singular Value Decomposition (SVD)

Theorem (SVD): Let A € R™*" with rank r < min{m,n}. Then A = USV?T
where S € R"*" is diagonal with positive entries, UTU =1, VIV = TI.

AT Av; = S} v

AA ;= S7 u

V are the first r eigenvectors of AT A with eigenvalues diag(S)
U are the first r eigenvectors of AAT with eigenvalues diag(S)



Linear projections

Given z; € R? and some g < d consider N
q uid
1101

N
min Y ||(z; — %) — Vqu(mi —z)||2.
i=1

v, “
where  V, = [v1,v2,...,vy,] isorthonormal:
ViV, =1,
V, are the first g eigenvectors of X N
=) (z;—2)(x; —2)7

V, are the first q principal components
Principal Component Analysis (PCA) projects (X — 1z") down onto V,

(X —1z7)V, = U,diag(dy, ..., d,) Uy, =1,

Singular Value Decomposition defined as

X —1z7 =Usv?



Dimensionality reduction

V, are the first g eigenvectors of ¥ andSVD X — 1z1 =usv?t
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Dimensionality reduction

V, are the first g eigenvectors of ¥ andSVD X — 1z1 =usv?t

Handwritten 3’s, 16x16 pixel image so that z; € R0
foy =

diag(S)

. Real Trace
. Randomized Trace
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FIGURE 14.24. The 256 singular values for the digitized threes, compared to
those for a randomized version of the data (each column of X was scrambled).
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Dimensionality reduction
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Novembre, et al, “Genes mirror geography within Europe” Nature 2008.



Kernel PCA

V, are the first g eigenvectors of ¥ andSVD X — 1z1 =usv?t

(X — 12"V, = UqSq € R"*1

JIX =X -1z" =usv” J=I-11"/n

(IX)(IX)" =



Kernel PCA

V, are the first g eigenvectors of ¥ andSVD X — 1z1 =usv?t

(X — 12"V, = UqSq € R"*1

JIX =X -1z" =usv” J=I-11"/n

(IX)(IX)" = US*U*

~ d (o]
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Matrix completion

Given historical data on how users rated movies in past: -

17,700 movies, 480,189 users, 99,072,112 ratings (Sparsity: 1.2%)

Predict how the same users will rate movies in the future (for S1 million prize)

g -
: : LR
L -
. »

Alice | 1 ? ? 4 ?

Bob | ? 2 5 ? ?
Carol | ? ? 4 5 ?
Dave | 5 ? ? ? 4




Matrix completion

n movies, m users, [S/ ratings

arg min > OV —sislls
UeRde’VERnXd (1’3,8)68

How do we solve it? With full information?



Matrix completion

n movies, m users, [S/ ratings

arg min > OV —sislls
UeRde’VERnXd (1,’.],3)68



Example: 2000 x 2000 rank-8 random matrix

low-rank matrix X sampled matrix

For illustration,
we zoom into a
50x50 submatrix

Gradient descent output UA

B |
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0.25% sampled



Example: 2000 x 2000 rank-8 random matrix

low-rank matrix X sampled matrix

Gradient descent output UA
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Example: 2000 x 2000 rank-8 random matrix

low-rank matrix X

Gradient descent output UA
O . o T Y

l II_II-
.J-l-:-.- .! g o
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'-iﬁ-l' = g i
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o 0 =

"y -—- - 'l—g'rl-
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sampled matrix

Sq uared error X;

0.75% sampled

i— (UA);)?




Example: 2000 x 2000 rank-8 random matrix

low-rank matrix X sampled matrix
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1.00% sampled



Example: 2000 x 2000 rank-8 random matrix

low-rank matrix X sampled matrix

Gradient descent output UA
i

1.25% sampled



Example: 2000 x 2000 rank-8 random matrix

low-rank matrix X sampled matrix

Gradient descent output UA squared error (X (UA),)?

ol B .l-l!l. 1.'=|E“H

1.50% sampled



Example: 2000 x 2000 rank-8 random matrix

low-rank matrix X sampled matrix

-

squared error X — (UA);’

1.75% sampled



Random projections

PCA finds a low-dimensional representation that reduces population variance

N T - . . .
V.,V is a projection matrix that
. = T =\112 9" 4q
H\l}nz [(z: — Z) — VoV, (zi — 2)||°. minimizes error in basis of size ¢
q =1
' N
V, are the first g eigenvectors of X ¥ := Z(xi — ) (x; — z)"
i=1

But what if | care about the reconstruction of the individual points?

. — T =\12
i s [ 2) = W, W (= 2)]



Random projections

. — T =\ 112
in, o (5 =) = W, W1 (s, = o)

Johnson-Lindenstrauss (1983)

Theorem 1.1. (Johnson-Lindenstrauss) Let € € (0,1/2). Let Q C R® be a set of n points and k = %g—". There
exists a Lipshcitz mapping f : R — R* such that for all u,v € Q: (independent of d)

(1=l —v|* < [If(w) = fF@)I* < A +€)flu— vl



Random projections

. — T =\ 112
in, o (5 =) = W, W1 (s, = o)

Johnson-Lindenstrauss (1983)

Theorem 1.1. (Johnson-Lindenstrauss) Let € € (0,1/2). Let Q C R® be a set of n points and k = %g—". There
exists a Lipshcitz mapping f : R — R* such that for all u,v € Q: (independent of d)

(1=l —v|* < [If(w) = fF@)I* < A +€)flu— vl

Theorem 1.2. (Norm preservation) Let x € R%. Assume that the entries in A C R¥*? are sampled independently
from N(0,1). Then,

1 —(e2—€3
Pr((1—¢)|z|* < Ilﬁx‘lxll2 <1 +9)lz]?) > 1—2e(—<)F/A



Other matrix factorizations

Singular value decomposition

Elements of U,S,V in R Apeaiet g |

Nonnegative matrix factorization (NMF)

Original
Elements of U, S,V in R NMF - g




Autoencoders

Find a low dimensional representation for your data by predicting your data

Code:

f(x) e R"
Input:
T € Rd Encoder Decoder T = g(f(il?)) - Rd

Output:

min}glize 2?21 |z; — g(f(a?z))H%



Autoencoders

minfir;lize Z?:l |zi — g(f(x:))]]5

What if f(X) = Az and g(y) = By?



Ridge Regression revisited

’&}m’dge — arg mui)n wa o Y||g + )‘HwH%
o~ T —1~T
Drigge = (XTX + M) X y
Singular vector decomposition (SVD): X —1 jT — USVT
y=X(X'X+ A X'y



Ridge Regression revisited

’&}m’dge — arg mui)n wa o ;YH% + )‘HwH%
o~ T —1~T
Drigge = (XTX + M) X y
Singular vector decomposition (SVD): X —1 jT — USVT
y=X(X'X+ A X'y

d . 32 U:[’U,l,...,’LLd]
N ’ 7 _



