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Thus far, regression:

predict a continuous value given some inputs



Weather prediction revisted

Classification

Teré%ea:u re

Regression



Reading Your Brain, Simple Example

. o _ [Mitchell et al.]
Pairwise classification accuracy: 85%

Person ™ .. Animal




Classification

. Learnf: X - Y
. & C R?-features
- ¥ =1{1,...,k} - target classes

. Loss Function {(f(2),y) =1{f(z) # y}

- Expected loss of f:
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Classification

. Learnf: X - Y
. & C R?-features
- ¥ =1{1,...,k} - target classes

. Loss Function {(f(2),y) =1{f(z) # y}

- Expected loss of f:
Exy[1{f(X) #Y}] = Ex[Eyx[1{f(z) # Y }|X = 2]

Ey x[1{f(z) # VX =2] = S P(Y = ilX =2)1{f(z) #i} = 3. P(Y =i|X =)
i iZ£f(x)
—1—P(Y = f(@)|X =)

- Suppose you knew P(YIX) exactly, how should you classify?
- Bayes-Optimal classifier:

f(x) = arg _manIP’(Y = y| X = x)



Bayes Optimal Binary Classifier

- Bayes-Optimal classifier: f(x) = arg manP(Y = y|X = x)

- Suppose we don’t know P(Y = y| X = x), but have n iid examples
{(zi,vi) }iea Y €{0,1}

. Suppose X is discrete sothat X € {1,2,...,m}. What is a natural
estimator for P(Y = y| X = x)?



Bayes Optimal Binary Classifier

- Bayes-Optimal classifier: f(x) = arg manP(Y = y|X = x)

- Suppose we don’t know P(Y = y| X = x), but have n iid examples
{(%i,9i) Fiz Y €{0,1;
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What if  is continuous? That is, what if X € R%?



Bayes Optimal Binary Classifier

- Bayes-Optimal classifier: f(x) = arg manP(Y = y|X = x)

- Suppose we don’t know P(Y = y| X = x), but have n iid examples
{(zi,vi) }iea Y €{0,1}

. Suppose X is discrete sothat X € {1,2,...,m}. What is a natural
estimator for P(Y = y| X = x)?

A 7.1_ ]_Xi:X, i—
f(x) = arg MaXye (0,1} 21_1?:[1 1[Xi:yx] /]

What if 2 is continuous? That is, what if X € R9?

We need a model to explain observations



Logistic Regression

Recall linear regression:
_ We assumed that for any x, we have p(Y =y|X =x) =

1 T2
e(y w'X) /2.
27

- Given data {(x;, y;) }'_,we then computed the MLE for w.



Logistic Regression

Recall linear regression:

_ We assumed that for any x, we have p(Y =y|X =Xx) = L o'z

2

- Given data {(x;, y;) }'_,we then computed the MLE for w.

Logistic regression uses a model specialized for classification:

1

1 0.9}
[P[Y — 1|X = x,w] = a(wT ) — = exp(—’waU) 0l

exp(—w?! )

1+ exp(—w'x)
B 1
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Logistic Regression

Recall linear regression:

_ We assumed that for any x, we have p(Y =y|X =Xx) = L o'z

2

- Given data {(x;, y;) }'_,we then computed the MLE for w.

Logistic regression uses a model specialized for classification:

1

1 0.9}
[P[Y — 1|X = x,w] = U(wT ) — = exp(—’waU) 0l

exp(—w?! )

1+ exp(—w'x)
B 1
1+ exp(wTx)

PlY =0|X =z,w]=1—-0o(wlz) =

Features can be discrete or continuous!



Understanding the sigmoid
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Sigmoid for binary classes

1
1+ eXp(wO + Zk: kak)

X
PY =1lw, X)=1-P(Y =0lw, X) = exp(wo + ), Wk X)

1+ exp(wo + D, wpXk)

P(Y = 1w, X)

P(Y = Ol X)



Sigmoid for binary classes

1

P(Y = 0jw, X) =
( 0. X) 1+ exp(wo + ) _p wiXk)

exp(wo + ), wpXk)

PY =lw, X) =1-P(Y = 0w, X) = 1+ exp(wo + ), wpXk)
k

P(Y = 1w, X)
P(Y = 0w, X)

= exp(wo + Zkak)
k

Linear Decision Rule!

P(Y =1lw, X
( ’w’ ) :wo—l—Zkak
k

P(Y = 0|lw, X)

log




Logistic Regression —
a Linear classifier 1 "
1+ exp(—=2)
= + T
.:I']:.
= = :H:.
_ - 9P
.:I']:.
= ais
ais ais
- T
P(Y = 0|X)




Loss function: Conditional Likelihood

Have a bunch of iid data: {(xi,yi) iy x5 € R%, y; € {-1,1}

1
1 + exp(wlz)

PY = —1|z,w) =

exp(w!x)

1 4 exp(w!'z)

PY =1|z,w) =

This is equivalent to:

1
PY =ylz,w) =

1 + exp(—y wlz)

So we can compute the maximum likelihood estimator:

mn
WM LE = arg mng P(yi|zi, w)
i—1



Loss function: Conditional Likelihood

Have a bunch of iid data: {(:Ez, yz) ?’:1 Ti € Rd, y; € {—1,1}
1

P(Y = =
( yl, w) 1+ exp(—ywTx)

mn
WM LE = arg mng P(yi|zi, w)
i1

= arg min Z log(1 + exp(—y; x; w))
i=1

Logistic Loss: ¢;(w) = log(1 + exp(—y; ] w))

Squared error Loss: £;(w) = (y; — zl w)?

(MLE for Gaussian noise)



Logistic regression for binary classification

.Data D = {(x; e R%,y, € {—1,+ 1D},

. Model: § =xTw + b

. Loss function: logistic loss Z(3, y) = log(1 + e¢™?)
- Optimization: solve for

(/b\, W) = arg min Z log(1 + e_yi(b+xiTW))
A

 As this is a smooth convex optimization, decision boundary at
it can be solved efficiently wlix+b=0
using gradient descent T » ‘\
- Prediction: sign(b + XTW) 2 ...’.j::
T2 e
S ";’.i .'. % e iy .. °
. pe 1
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Example

4
3 - -
i - T -

—_ 1} = e

X 0 - + :. -+#
. - TRy 7

- -+ +

_2 Ja=)
-3

-5 -4 -3 -2 -1 0O

x[1]

1 2

data: x in 2-dimensions, y in {+1,-1}

features: polynomials

model: linear on polynomial features

flz) =

3

: adding more polynomial features

Polynomial
features
ho(iIZ) —
hi(z) = x[1]
ho(x) = x|2]
hs(x) = z[1)?
hy(z) = x[2]?

woho(z) + wihi(x) +waha(x) + - -
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Learned decision boundary

f(x) :wo+ wiz|l] + wex|2) ;
: \ - - -
| U 7 l X 0 - + -
j ‘ : 1 . + + +
| | 2| - T
33[2] © I -3 R
| ! ~5 -4 -3 -2 -1
T|1] x(1]

Coefficient

ho(X) 1 0.23
hi(x) x[1] 1.12
ha(x) x[2] -1.07

e Simple regression models had smooth
* Simple classifier models have smooth
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Learned decision boundary

Flay o + wiz)] + wsal)

' 4
. . / 3 -
_— . - 2 - e
‘ _,,:—_'7": .
¥ ';" , ,’ 7 . { 1
S L 0

x[2]

1 - TR 7
Ll - +
.4 -3
. -5 -4 -3 -2 -1 0 1 2
wll] X[1]

Coefficient

ho(X) 1 0.23
hi(x) x[1] 1.12
ha(x) x[2] -1.07

e Simple regression models had smooth
* Simple classifier models have smooth
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Learned decision boundary

f(x) = wo—l—wlx[l]—i—wgscz[Q] . ;
| " , Y -
y = -
~ s = -
< 0 - *+ 4 = #
1 e I
._.2 - — +
! 352 -3 =2 -1 0 1 2
&[] x[1]

Coefficient

ho(x) 1 0.23
hi(x) x[1] 1.12
ha(x) x[2] -1.07

e Simple regression models had smooth
* Simple classifier models have smooth
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Adding quadratic features

F p
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x[1]

Coefficient

ho(X)
hi(x)
ha(X)
h3(x)
ha(x)
hs(x)

1
x[1]
x[2]

(x[1]1)?
(x[2])?
x[1]x[2]

e Adding more features gives more complex models
e Decision boundary becomes more complex

1.68
1.39
-0.59
-0.17
-0.96
Omitted




Adding quadratic features

20

4

3 - =

, - - -

3 - %3 Ted

. - B

ol - + +

35 -4 -3 -2 -1 0 1 2 3

x[1]

ho(x) 1 1.68
h1(x) x[1] 1.39
ha(x) x[2] -0.59
h3(x) (x[1])2 -0.17
ha(x) (x[2])2 -0.96
hs(x) x[1]x[2] Omitted

e Adding more features gives more complex models
e Decision boundary becomes more complex
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e Adding more features gives more complex models
e Decision boundary becomes more complex

Adding quadratic features ,
, - - -
5 10 - - Ty g
< 0 - + 4 =
. - B
ol = + +
35 -4 -3 -2 -1 0 1 2 3
x[1]
ho(x) 1 1.68
h1(x) x[1] 1.39
ho(x) x[2] -0.59
hs(x) (x[1])2 0.17
ha(x) (x[2])2 -0.96
hs(x) x[1]x[2] Omitted



Addlng hlgher degree polynomial features

fficien
Feature Value Coefficient
learned

ho(x)
h(x)
ha(x)
hs(x)
ha(x)
hs(x)
he(x)
h7(x)
hg(x)
h(x)
hg(x)
h11(x)
h1,(x)

1
x[1]
x[2]

(x[1])?
(x[2])?
(x[1])3
(x[2])?
(x[1])*
(x[2])*
(x[1])®
(x[2])®
(x[1])®
(x[21)

21.6
= Coefficient values

getting large

x[2]

Overfitting leads to
non-generalization

\

4

3 - -
’ - = | =
1 = -

0 - -+: b
. - =g st
INE - + +
-3

-5 -4 -3 -2 -1 0 1 2



Adding higher degree polynomial features

fficien
Feature Value Coefficient
learned

ho(x)
h(x)
ha(x)
hs(x)
ha(x)
hs(x)
he(x)
h7(x)
hg(x)
h(x)
hg(x)
h11(x)
h1,(x)

1
x[1]
x[2]

(x[1])?

(x[2])?

(x[1])3

(x[2])?

(x[1])*

(x[2])*

(x[1])®

(x[2])®

(x[1])®

(x[21)

21.6

Coefficient values
getting large

xX[2)

Overfitting leads to
non-generalization

4

3 -

: - = | =
1 I

0 - +I --+".
1 - =4 4t
Ll - + +
-3




Adding higher degree polynomial features

Coefficient
Value
learned

ho(x)
h(x)
ha(x)
hs(x)
ha(x)
hs(x)
he(x)
h7(x)
hg(x)
h(x)
hig(x)
h11(x)
h1,(x)

1
x[1]
x[2]

(x[1])?
(x[2])?
(x[1])3
(x[2])?
(x[1])*
(x[2])*
(x[1])®
(x[2])®
(x[1])®
(x[2])®

21.6

Coefficient values
getting large

xX[2)

Overfitting leads to
non-generalization

* Qverfitting leads to very large values of
f(il?) — woho(ZE) + wlhl(x) + thQ(Qj) 4+ ...




Loss function: Conditional Likelihood

Have a bunch of iid data:  {(z;,4;)}i—; x; € RY, y,; € {—-1,1}
1

P(Y = =
( yle, w) 1+ exp(—ywTx)

n
Wy LE = arg mng Py, w)
i=1

= arg H?ljnz log(l + eXp(_yz' :C?UJ)) — J(UJ)
1=1

What does J(w) look like? Is it convex?



Loss function: Conditional Likelihood

Have a bunch of iid data:  {(z;,4;)}i—; x; € RY, y,; € {—-1,1}
1
1+ exp(—yw!z)

PY =ylz,w) =
mn
Wy LE = arg max H Py, w)
1=1

= arg H?ljnz log(l + eXp(_yz' :C?UJ)) — J(w)
1=1

Good news: J(w) is convex function of w, no local optima problems
Bad news: no closed-form solution to maximize J(w)

Good news: convex functions easy to optimize



One other concern... overfitting.

Have a bunch of iid data: {(xz,yz) i1 T € RY, y, € {—1,1}
1

P(Y = =
( Yl,w) 1+ exp(—ywTx)

mn
WNLE = arg mng P(y;|x;, w)
i=1

= argmin'y " log(L + exp(—y; 7 w))
1=1

Does anyone see a situation when this minimization might overfit?



Overfitting and Linear Separability

n
argmin ) log(1 + exp(—y; z; w)) When is this loss small?
w
1=1
Eﬂ:l =]

el -

Eﬂ:l =]

ok ¥ _ =
el

o - -

Eﬂ:l Eﬂ:l =] =]




Large parameters — Overfitting

When data is linearly separable, weights = oo

1 1
1+e?* 1+e 22

Overfitting

Penalize high weights to prevent overfitting?

14 6—10033



Regularized Conditional Log Likelihood

Add a penalty to avoid high weights/overfitting?:

argmleog 1+ exp(—y; (z; w+b))) + Al|w||5
1=1

Be sure to not regularize the offset b!



How do we encode categorical data y?

* so far, we considered Binary case where there are two categories
e encoding y is simple: {+1,-1}

e multi-class classification predicts categorial y
e taking valuesin C = {cy, ..., ¢}

e (.S are called classes or labels

J .
* examples: .
2 | :
%‘ 10095 All English words
Y \§‘ I|:FT; thv Btl;‘&stl:ee
Country of birth Zipcode
(Argentina, Brazil, USA,...) (10005, 98195,...)

e a k-class classifier predicts y given x



Embedding ¢;’s in real values

o for optimization we need to embed raw categorical cj’s into real
valued vectors

* there are many ways to embed categorial data
e True->1, False->-1
e Yes->1, Maybe->0, No->-1
e Yes->(1,0), Maybe->(0,0), No->(0,1)
e Apple->(1,0,0), Orange->(0,1,0), Banana->(0,0,1)

e Ordered sequence:
(Horse 3, Horse 1, Horse 2) -> (3,1,2)

* we use one-hot embedding (a.k.a. one-hot encoding)
e each class is a standard basis vector in k—dimension

1-h
encoding Chy) | b)) | o | o) | hyggle) |
1

Country of birth 1
\ (Argentina, Brazil, USA,...) ] | J

Y |
38 196 categories 196 features



39

Multi-class logistic regression

e data: categorical yin {c, ..

we use one-hot encoding, s.t. y =

., C} With k categories

1

-

0

-

0

implies that y = ¢,

e model: linear vector-function makes a linear prediction y € R*

with model parameter matrix w € R4k and sample x; € R4

Silx) (W10 Wi Wip o

fay = |POD| o Mo War W2
i/ . - .

_fk(xl.)_ | Wko Wit W2

w = [w[: A1 wl: 2]

w

T

wl:, k]]

1
xi[l]

_xi[d]_

X

wio + wpxl +wyox[2] + -

Wo o+ wo 1 X[ 1]+ wy o x[2] + -

_Wk,o + wk,lxi[l] + wk,le-[Z] + .-




* Logistic regression

2 classes

Py =—11x) =———
I +ev X
T

eV Xi

PO =+11%) =

1+ e N 1 + e

k classes
o ew[:,l]Txi
(yl - Cl |xl) - eW[:,l]Txi + v _|_ ew[:,k]Txi
ew[:,k]Tx,-
P(y; = ¢ lx) =

el x4 ewliklTx;

Without loss of generality setting w[:,1]=0 when
k = 2 recovers the original binary class case

Maximum Likelihood Estimator

. 1 ¢
maximize, — Z log(P(y; | x;)
n

i=1

.o I ¢ 1 l
maximize, cra ; Z:J Og( 1 + e viv'x )
=

ew[:’j]T'xi )

Yh el
j=1

1 n k
maximize,,c gaxc— Z z Hy; = ¢;}1og (
n
i=1 [j=1

I{y; = j} is an indicator that is one only if y; = j




Kernels

UNIVERSITY of WASHINGTON




Creating Features

e Feature mapping ¢ : R? — R” maps original data
into a rich and high-dimensional feature space (usually d < p)

For example, for d>1,

For example, in d=1, one can use ) ;
one can generate vectors {u;j}i—; CR

_¢1(x)_ [ x| et
_ || _ x* and detine Teatures:
Px) = : a .k ¢(x) — COS(u.Tx)
_¢k(x)_ | X

00 = W x)?

1+ exp(uTx)



Creating Features

e Feature mapping ¢ : RY — R” maps original data
into a rich and high-dimensional feature space (usually d < p)

For example, for d>1,

For example, in d=1, one can use ) ;
one can generate vectors {u;j}i—; CR

_¢1(x)_ [ X ] et
_ || _ x? and detine Teatures:
$(x) = : B .k ¢(x) — COS(u.Tx)
_¢k(x)_ | X

00 = W x)?

1+ exp(uTx)

« How many coefficients/parameters are there for degree-k polynomials
forx = (x,...,x;) € R4 7



How do we deal with high-dimensional lifts/data?

The kernel trick:

A function K : R¢ x R? - R is a kernel for a map
¢ : RY - RPif K(x,x") = (¢p(x), p(x")) for all x, x’

Big idea: if we can represent our

e training algorithms and

e decision rules for prediction
as functions of dot products of feature maps (i.e. {{¢(x), $(x"))}) and we can find a kernel
for our feature map such that

K(x.x") = (p(x), p(x))

then we can avoid explicitly computing and storing (high-dimensional) and

instead only work with the kernel matrix of the training data



Recap: Kernels are much more efficient to
compute than features

e Asillustrating examples, consider polynomial features of degree exactly k

X
P = X; fork = 1 and d = 2, then K(x, X') = x,x| + x,x}

X

2
dp(x)=| *2 |fork =2andd =2, then K(x, x") = (xTx)?




Recap: Kernels are much more efficient to
compute than features

e Asillustrating examples, consider polynomial features of degree exactly k

X
P = x; fork = 1 and d = 2, then K(x, X') = x,x| + x,x}

X

2
dp(x)=| *2 |fork =2andd =2, then K(x, x") = (xTx)?

e Note that for a data point x;, explicitly computing the feature ¢(x;)

takes memory/time p = d*
e For a data point x;, if we can make predictions by only computing the kernel, then
computing { K(x;, xj) }}”zl takes memory/time dn

e The features are implicit and accessed only via kernels, making it efficient



Examples of popular Kernels

. Polynomials of degree exactlyk

K(x, x") = (xTx")k
. Polynomials of degree up to k

K@, x") = (1 + xTx)



Examples of popular Kernels

. Polynomials of degree exactlyk

K(x, x") = (xTx")k
. Polynomials of degree up to k

K@, x") = (1 + xTx)

- Gaussian (squared exponential) kernel
(a.k.a RBF kernel for Radial Basis Function)

2
l|x — x/“2 )
202

K(x,x") = exp( —



Examples of popular Kernels

. Polynomials of degree exactlyk

K(x, x") = (xTx")k
. Polynomials of degree up to k

K@, x") = (1 + xTx)

- Gaussian (squared exponential) kernel
(a.k.a RBF kernel for Radial Basis Function)

2
l|x — x/||2 )
202

K(x,x") = exp( —
 Sigmoid

K(x,x") = tanh(yx'x' + r)

 All these kernels are efficient to compute, but the corresponding
features are in high-dimensions



Ridge Linear Regression as Kernels

. Recall Ridge regression: W = arg mi[RPd ly — lel% + ﬂllwll%
we

e Consider the trivial kernel K(x, x") = x’x’

e Training: W = (X'X+I, ) X7y = XT(XX"+1L, )"y



Ridge Linear Regression as Kernels

. Recall Ridge regression: W = arg mi[RPd ly — lel% + ﬂllwll%
we

e Consider the trivial kernel K(x, x") = x’x’

e Training: W = (X'X+I, ) X7y = XT(XX"+1L, )"y

/\T

d S —
S R ynew = W xnew

=y'XX?T + 21, )" Xx, ..,

e Prediction: X,



Ridge Linear Regression as Kernels

. Recall Ridge regression: W = arg mi[RPd ly — lel% + ﬂllwll%
we

e Consider the trivial kernel K(x, x") = xTx’

e Training: W = (X'X+ I, )" X7y = XI'(XX"+1L )"y

/\T

e Prediction:  x.., € R? View = W' X

new new

=y'XX?T + 21, )" Xx, ..,

e Hence, to make prediction on any future data points, all we need to know is

xlTxnew K(xy, Xpew) K(xp, xp)  K(xy,x5) -
Xx .. = : = : eR" and XX = : : € R™"

K(x, Xpevy) K(x,, x) K(x,,xy) -

[ ]
T
X, X n® “*new

n “"new

n
Key idea: Now consider W = arg min Z (yl- — qub(xi))2 + /1||w||% and use an any
* weR?

kernel K(x, x') = ¢p(x)T p(x")! i=1



The Kernel Trick

. Given data {(x;, y;) }'_,, pick a kernel K

‘RYx RY > R

1. For a choice of a loss, use a linear predictor of the form

aq

n
W = Z a.x;| forsomea = | ¢ | € R"tobe learned
i=1

a,

n
LA _ =T — T
Predictionis ¥ joy = W Xpow = Z A Xi Xnew
1

1=

2. Design an algorithm that finds a while accessing the data only via {xl.ij}

3.

4. Make prediction with y ., = Z a.K(x;, x,

Substitute xiij with K(x;, xj), and find a

—1
(repIaCing xiTxneW with K(xi’ xlllew))

using the above algorithm from step 2.

ew)



The Kernel Trick for regularized least squares

n
W = argmin Z (v; = wix)? + Allwll3
w
i=1

n
There exists an a € R": w = Z O T (Step 1. We will prove it later)
i=1



The Kernel Trick for regularized least squares

N~

n
w = argmin Z (y; — WT)CZ-)2 + /1||W||%
w
i=1

n
There exists an a € R": w = Z O T (Step 1. We will prove it later)
i=1
n n n n
a = arg min Z(yz - Z (T, )% + A Z Z ;o (Ti, T )
i=1 j=1 i=1 j=1

(Step 2. Write an algorithm in terms of &)



The Kernel Trick for regularized least squares

N~

w o= argmln Z(yl wlx)? + Allwll3
i=1

There exists an a € R": w = Z O T (Step 1. We will prove it later)
i=1
n n n n
a = arg min Z(yz - Z (T, )% + A Z Z ;o (Ti, T )
i=1 j=1 i=1 j=1

(Step 2. Write an algorithm in terms of &)

n n
Xernel — argmoini :(y’& o E :OéjK(ﬁU,L-,CEJ + A E E OézOéj QS'Z,ZCJ
=1 j=1

=1 7=1
(Step 3. Switch inner product with kernel)

= argmin|ly — Ka||3 + Ao’ Ka Where K;; = K(x;, x;) = (¢(x)), p(x)))

(Solve for @yq )

ThUS akemel (K + /11an) Yy



Why do we need regularization when using
kernels?

e ¢ =argmin|ly — Ka|3 + Ao’ Ka
e Typically, K is invertible so that & = (K + /IIan)_ly is well defined.
e What if A = 0? What goes wrong?



X — X Xy X
RBF kernel k(x;, x) = exp{ _ 16 . 12 } K( )
samples {(x;, y,) }'_; 20 [

: : : ’.. : : bandwidth :\ o
1 6 i e /o
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predictor f(x) = 2 a;K(x;, x) is taking weighted sum of n kernel functions

centered at each lszalmple points



2
loc; — 12 }

RBF kernel k(x, x) = exp{ R
0]

e L) = |[Ka—yll; + Awll;

« The bandwidth 67 of the kernel regularizes the predictor, and the regularization
Coeff|C|ent A also regularlzes the predlctor

c=10" =104 o =10~ 2 =10"* c=10"" A=10"*
y N [ —— True f(x) v A —— True f(x) ) ' - — Trueflx)
‘ Fitted f(x) ) Fitted f(x) . Fitted f(x)

. + Data 60 /.\ "
’ 5.

.ﬁ +  Data o X - + Data
.- . A ) f ’;‘.50 .
\ " .

a 06 08 10 00 _1 06 0 10

0—100>\—104 0—10 A=10"
” —— True f(x)
— Truefix) Fitted fix)

Fitted f(x) o . Data
. Data [t
flx) = a; K(x;,x) | ‘
=1

/
.
. ‘-
02 04 06 08 10
x1




RBF kernel and random features

N~

w = argmin —Zlog(l + exp(— yl(b+w x;))) + /1||w||2
w,b I’ll )

N\

a,b = arg min — ) log(1 +exp(—=y,(b+ ) oK(x;,x)))) + 4 .o K(x;, x;
gaeng g(1 + exp(—y( Jz} (X X)) iz%‘,ﬂ K(x;, x)

Bandwidth o is Iarge enough Bandwidth o is small




Features vs. RBF kernel vs. random features
K(u,v) =exp <_|u—v||%>

202

If n is very large, allocating an n-by-n matrix is tough.
Instead, consider generating random feature maps of the form:

(V2 cos(wTz 4 b1)] wy, ~ N(0,2v1)
o(z) = :

_\/QCOS(w'g%pr)_ b ~ uniform(0, )

withp < n
One can show that
1 T ’ n2
[Ew,b[;¢<x> $p(x)] = exp(—yllx —x'|I3)

So this choice of random features approximate the desired RBF kernel with y = ﬁ
c

[Rahimi, Recht NIPS 2007]
“NIPS Test of Time Award, 2018



Fixed Feature V.S. Learned Feature

Can we learn the feature mapping ¢ : R4 — R? from data also?



Questions?



Neural Networks
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Single Node

“bias unit”

-

/ \
‘\ L0 ,\\CIZ’O =1 X =
~N_7 \\
~ 0o
6, s

N\

@ 92 ,Z/—>h9(x)

Sigmoid (logistic) activation function: g(z) —

Based on slide by Andrew Ng

L0 0o
1 . (91
L9 0= (92
I3 il i (93 _
Binar
g (HTX) Logis’Zic
1 Regression

14 e 0'x

1




Slide by Andrew Ng

Neural Network

Layer 1

(Input Layer)

Layer 2 Layer 3
(Hidden Layer) (Output Layer)

11



OV = weight matrix stores parameters
from layerj to layerj + 1

e al) = “activation” of unit/ in layer
JaY ‘2>a53)_>h9(x) - : :

a\? = g(8\)xo + O\Va1 + 0 zs + 01 3)
a§2) = g((-')%)a:o + @( )£C + @( )x + @(1) 3)
a:(f) = g(@(l)x + @( )x —|—@( )2 —I—('-)%):B )
ho(@) = a® = g(02a® + 6P + 64?1+ 0@2)

If network has s; units in Iayerj and S;,; units in layer j+1,
then ©U) has dlmen5|on Siv1 X (S+1)

@(1) c R3X4 @(2) c R1X4

Slide by Andrew Ng



Multi-layer Neural Network - Binary Classification

o) = (@1 M)

L(y, y) = ylog(y) + (1 — y)log(1l — )

1 Binary
g(2) = Logistic
l+e= p .
egression

y=g(0Mah)




Multi-layer Neural Network - Binary Classification

al) = x

0@ = (0 g1

y=9(

O(L) (L)

L(y, y) = ylog(y) + (1 — y)log(1l — )

1 Binary
o(z) = max{0, z} g(z) = | —, Logistic
tTe Regression




Multiple Output Units: One-vs-Rest

OO

0
when pedestrian

Slide by Andrew Ng

>
2905

o O = O

when car

> 40“
ARK RN P

‘ N '
L
‘é.vo‘r« 9
NOZENF

s
2
o O

K
< he (X) c R
Multi-class
Logistic
Regression
E E
0 0
h@(X) ~ 1 h@(X) =~ O
- O - - 1 -
when motorcycle when truck



Multi-layer Neural Network - Regression

al) = x

0@ = (0 g1

L(ya @\) — (y - @\)2

o(z) = max{0, z} Regression

7= L)L)




Neural Networks are arbitrary function approximators

Theorem 10 (Two-Layer Networks are Universal Function Approx-
imators). Let F be a continuous function on a bounded subset of D-
dimensional space. Then there exists a two-layer neural network F with a

finite number of hidden units that approximate F arbitrarily well. Namely,
for all x in the domain of F, |F(x) — F(x)| <.

Cybenko, Hornik (theorem reproduced from CIML, Ch. 10)



Training Neural
Networks

UNIVERSITY of WASHINGTON



a) = x
,@ — @y

a® = g (z®)

Z(l+1) — D40
al+) = g (Z(z+1))

7= g(O®aD)

L(y,y) =ylog(y)+ (1 — y)log(l — y)
1
1l +e%

g(z) =

Gradient Descent: O «+ @Y — nVgou L(y, §) Vi




Gradient Descent: ©W) « @) _ nVew L(y,y) Vi

Seems simple enough, why are packages like PyTorch, Tensorflow,
Theano, Cafe, MxNet synonymous with deep learning?

1. Automatic differentiation




Gradient Descent: @(l) — @(l) — nV@(Z)L(y, Z/U\) \4/

Seems simple enough, why are packages like PyTorch, Tensorflow,
Theano, Cafe, MxNet synonymous with deep learning?

1. Automatic differentiation

2. Convenient libraries




Gradient Descent:

Seems simple enough,
Theano, Cafe, MxNet ¢

1. Automatic differ

2. Convenient Iibra‘

class Net(nn.Module):

def

def

__init__(self):

super(Net, self).__init__()

# 1 input image channel, 6 output channels, 3x3 square convolution
# kernel

self.convl = nn.Conv2d(1, 6, 3)

self.conv2 = nn.Conv2d(6, 16, 3)

# an affine operation: y = Wx + b

self.fcl = nn.Linear(16 * 6 * 6, 120) # 6#6 from image dimension
self.fc2 = nn.Linear(120, 84)
self.fc3 = nn.Linear(84, 10)

forward(self, x):

# Max pooling over a (2, 2) window

x = F.max_pool2d(F.relu(self.convli(x)), (2, 2))

# If the size is a square you can only specify a single number
F.max_pool2d(F.relu(self.conv2(x)), 2)

x.view(-1, self.num_flat_features(x))

F.relu(self.fcl(x))

F.relu(self.fc2(x))

self.fc3(x)

return x

X X X X X
n

# create your optimizer

optimizer = optim.SGD(net.parameters(), 1lr=0.01)

# in your training loop:

optimizer.zero_grad() # zero the gradient buffers

output = net(input)

loss = criterion(output, target)
loss.backward()

optimizer.step() # Does the update




Gradient Descent: @(l) — @(l) — nV@(Z)L(y, Z/U\) \4/

Seems simple enough, why are packages like PyTorch, Tensorflow,
Theano, Cafe, MxNet synonymous with deep learning?

1. Automatic differentiation

2. Convenient libraries

3. GPU support




Common training issues

Neural networks are non-convex

- For large networks, gradients can blow up or go to zero.
This can be helped by batchnorm or ResNet architecture

- Stepsize, batchsize, momentum all have large impact on
optimizing the training error and generalization performance

- Fancier alternatives to SGD (Adagrad, Adam, LAMB, etc.) can
significantly improve training

-Overfitting is common and not undesirable: typical to achieve 100%
training accuracy even if test accuracy is just 80%

- Making the network bigger may make training faster!



Common training issues

Training is too slow:

- Use larger step sizes, develop step size reduction schedule

- Use GPU resources

- Change batch size

- Use momentum and more exotic optimizers (e.g., Adam)

- Apply batch normalization

- Make network larger or smaller (# layers, # filters per layer, etc.)

Test accuracy is low
- Try modifying all of the above, plus changing other
hyperparameters



Common training issues

https://playground.tensorflow.org/



Backprop
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a) = x
;@ — @M

a® = g (z@)

a) — g(z(l))
+D) — @Dg0

al+h) = g (Z(1+1)>

5 = a@tD

Backprop

7
EXE
90 %%
IR\
P \ ‘

N
Ny

/)fO\‘t
2\

L(y,y) =ylog(y) + (1 — y)log(l — y)
1
1l +e¢

g(z) =




a) = x
-2 — @M

a® = g (z@)

a) — g(z(l))
+D) — @Dg0

al+h) = g (Z(l+1))

5 = a@tD

Backprop

Train by Stochastic Gradient Descent:

oL(y, y)

0V « eV —
® [
a 57.])

L, L,J

L(y, y) = ylog(y) + (1 — y)log(1l — )

1 + e < ] aZ(H_l)
l

g(z) =




Backprop

aL(ya 3}\) . aL(ya :/y\) ) aZi(H-l) —- 5(l+1) . Cl(l)

1) — O A0+ 0) :
al = x 00} 0z; 00" j
,@ — @Dy
a(2) =g (2(2)) Train by Stochastic Gradient Descent:

|
o 00

OV « @
i,J

o = g(z0)

+D) — @Dg0

(+1) — (I+1)
¢ _ 5 <Z ) L(y, y) = ylog(y) + (1 — y)log(1l — )

L SA+D) OL(y, y)
l +e= l aZ(l+1)
l

5 = q@+D 8(2) =




al) = x

,@ — @y

a® = g (z@)

a) — g(z(l))
+D) — @Dg0

gD = g (z(+D)

y

— L+

Backprop

aL(ya 3}\) . aL(ya :/y\) ) aZi(H-l) —- 5(l+1) . Cl(l)

0o oD el T

s _ OLO-9) _ 3 L0 ) o't
PO

- aZ]ng) azi(l)

L(y, y) = ylog(y) + (1 — y)log(1l — )

1 5(14.1) _ 0L(y9 37\)
1+ e i PECS)
l

g(z) =




a) = x
,@ — @y

a® = g (z@)

() _

g(=")

+D) — @Dg0

al+) = g (Z(l+1))

\

y:

CZ(L+1)

Backprop

aL(ya 3}\) . OL(ya :/y\) ) aZi(H_l) —- 5(l+1) . Cl(l)

0o oD el T

a (l+1)

oL(y, y) oL(y,y)
5O = =)

i 370 ~ " oD oD

= 2 5D ) g'(z")

_ a(l)(l (l)) Z sU+D | @(1)

L(y, y) = ylog(y) + (1 — y)log(1l — )

1 5(14.1) _ 0L(y9 37\)
1+ e i PECS)
l

g(z) =




Backprop
oL(y.5) _ OL(».3) o7(+D _. WD, L0
a(l) = X a@g’l]) aZi(l+1) a®§l]) ; ]

@ = D40

a(z) =g (Z(z))

D — D1 = 40 I+ . O
51‘ = 4 (1 4, )25k ®k,i
k

CL(Z) — g(z(l))
7D = @Dg "

(I+1) — (I+1)
a | 8 (Z ) L(y,y) = ylog(y) + (1 — y)log(l — )

L SA+D) oL(y,y)
Il +e= l (3z-(l+1)
l

5/\ — a(L+1) g(z) =




Backprop
oL(y.5) _ OL(».3) o7(+D _. WD, L0
a(l) = X a@g’l]) aZi(l+1) a@glj) ; ]

@ = D40

D — D1 = 40 I+ . O
51‘ = 4 (1 4, )25k ®k,i
k

a(z) =g (Z(z))

5(L+1) — aL(y, 5’\) _ 0

l — @ = oo 1ogE ) + (4 = ylog(1 — g )]
i Z;

(1) — ()
a — < __ Y
7 (l l ) (D) I — g(z+)
Z(l-l-l) — @( )a( ) =y — g(z&tD) = y — gL+D

(I+1) — (I+1)
a | 8 (Z ) L(y,y) = ylog(y) + (1 — y)log(l — )

L SA+D) oL(y,y)
Il +e= l 6Z-(l+1)
l

5/\ — a(L+1) g(z) =




Backprop
oL(y.5) _ OL(».3) o7(+D _. WD, L0
a(l) = X a@g]) aZi(l+l) 065,[]) ; ]

Z(2) — W40

, , 5i(l> = ai(l)(l _ ai(l)) Z 5]£z+1) 0
Cl( ) — g ( Z( )) -

k,i

SL+D — y— gL+

) = g(z\V)

Z(l+1) _ @(l)a(l) Recursive Algorithm!

(+1) — (I4+1)
¢ _ 5 <Z ) L(y,y) = ylog(y) + (1 — y)log(1l - y)

! 5(l+1) — aL(y’ 37\)
1 +e% i aZ-(H_l)
I

— a(.L+1) g(z) =

y




Backpropagation

Set A;lj) =0 Vi, (Used to accumulate gradient)
For each training instance (x;,y;):

Set all) = x;

Compute {a®, ... all)} via forward propagation

Compute §&) = all) —y,

Compute errors {6(Z—1 ... §3)})

Compute gradients AE? = AE? + a§l)5(l+1)

AY 120 if j#0

Compute ave regularized gradient D(l-) =
P 58 5 “J { A( otherwise

3|*—‘3|*—‘

D") is the matrix of partial derivatives of J(©)

Based on slide by Andrew Ng



Autodiff

Backprop for this simple network architecture is a special
case of reverse-mode auto-differentiation:

2 =® :fvl\ 0 ‘ y = f(z1,22) = In(z1) +z122 —sin(zy)
N

Forward Primal Trace Reverse Adjoint (Derivative) Trace
f V1= 21 =2 A 1 = V-1 =5.5
Vo = T2 =5 T2 = Vo = 1.716
v1 =lnv_1 =1n2 V_1=7V_1 +’U1% =v_1 ~|—51/’U_1 =55
Vg =V_1 XVg =2X5H Vo =ﬁo+ﬁz%2' =T+ U2 X v_1 = 1.716
T > U U3 Ry _
2 v 0 ’U_1='l)23—v_2; = V2 X Vo =5
v3 = sinwg =sind vg = 173%% = D3 X COS Vg = —0.284
vs =vi+vz =0.693+ 10 To =@4g—g§ =74 x1 =1
v = 1_)43—:;% =v4 x1 =1
vs =vg—ws = 10.693 4 0.959 U3 = U5 =vx(-1) =-1
Vg = 1_)5%45- =v5 X1 =1
VY oy =us = 11.652 U5 =7 =1

This is the special sauce in Tensorflow, PyTorch, Theano, ...



