Convexity

- When is an optimization (or learning) easy/fast to solve?
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Recap: Ridge vs. Lasso

- Ridge

n
minimize,, Z (wlx; — yi)2 + lllwll%
i=1
 Very fast:
 Closed form solution if used with linear models

. Even with other loss functions, optimization is fast for squared ¢,
regularization, because ||w||% is convex and smooth

« Lasso

n
minimize,, 2 wlx;, —y)* + Alwll,
i=1
- Slower than Ridge:
- Requires iterative optimization algorithm like sub-gradient descent
. In particular, it is slower because ||w||; is convex but non-smooth



What is a convex set?

A set K C R?is convex if (1 — AN)z + Ay € K for all 2,y € K and X € [0, 1]

(1 —Ax+ Ay



What is a convex set?

A set K C R?is convex if (1 — AN)z + Ay € K for all 2,y € K and X € [0, 1]
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What is a convex function?

A function f: R¢ — R is convex if f((1 — XNz + Ay) < (1 = X)f(z) + \f(y)
for all z,y € RYand A € [0, 1]
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What is a convex function?

for all z,y € RYand A € [0, 1]

A function f : R? — R is convex if f((1 — Nz + Ay) < (1 —N)f(z) + Mf(y)
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Convex functions and convex sets?

A set K C R%is convex if (1 — Az + A y € K for all z,y € K and \ € [0,1]7

I

A function f: R? — R is convex if f((1 — Nz + Ay) < (1 —N)f(x) + Af(y)
for all z,y € RYand A € [0, 1]

A function f : R? — R is convex if the set {(z,t) € R : f(z) <t} is convex -

Graph of fid defined as {(x,?) : f(x) = t}
Epigraph offls defined as {(x, 1) : f(x) <t} CH




More definitions of convexity

A set K C R?is convex if (1 — AN)z + Ay € K for all 2,y € K and X € [0, 1]

A function f : R? — R is convex if the set {(z,t) € R : f(z) <t} is convex

A function f :R? — R that is differentiable everywhere is convex if
fly)> f(x) +Vf(z) (y — ) for all z,y € dom(f)
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More definitions of convexity Y

A function f : R? — R that is twice-differentiable everywhere is convex if

V2f(g;) é 0 for all x € dom(f)

J(x)
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More definitions of convexity

A set K C R?is convex if (1 — AN)z + Ay € K for all 2,y € K and X € [0, 1]

A function f: R% — R is convex if f((1 — XNz + Ay) < (1 =N f(z) + A f(y)
for all z,y € RYand A € [0, 1]

A function f : R? — R is convex if the set {(z,t) € R : f(z) <t} is convex

A function f :R? — R that is differentiable everywhere is convex if
fly) > f(z) + V() (y — ) for all z,y € dom(f)

A function f:R?% — R that is twice-differentiable everywhere is convex if

V2 f(x) = 0 for all x € dom(f)




Why do we care about convexity?

A ({ a ([oan[ winins
NN $(2)2 $12,)+0F)T (X %)
Convex functions > ()

- All local minima are global minima

- Efficient to optimize (e.g., gradient descent)

Convex Function Non-convex Function

We only need to find a point with Vf(x) = 0, For non-convex functions, a stationary point
which for convex functions implies that it is with Vf(x) = 0 could be a local minima,
a local minima and a global minima a local maxima, or a saddle point



Gradient Descent on min f(w)
w

Initialize: wg = 0
fort=1,2,...
w1 = wy — NV f(wy)

Convex Function Non-convex Function

e Strength: Can find global minima of a convex function efficiently
e Weakness: Can only be applied to smooth functions
e |.e., functions that is differentiable everywhere,

e otherwise Vf(x) is not defined and gradient descent cannot be applied



f(2) =lxz| e

H vl > £(6) +q'
Sub-Gradient M fgr Il 0= 43
1912 £ + 3y

Definition: a function is non-smooth if it is not differentiable everywhere

Definition: a vector g € R%is a sub-gradient at x if it satisfies

fO) > fx)+gl(y—x)forally € R?

Non-smooth Convex Function
Smooth Convex Function FO) +87(r—x) withg € [2. — 1]

f(x) +g'(y — x) Z1/2.17

X

. « for non-smooth convex functions,
» for smooth convex functions,

« the minimum is achieved at
points where sub-gradient set

* the global minimum is achieved at points includes the zero vector
where gradient is zero

« gradient is the unique sub-gradient, and



Sub-Gradient Descent for non-smooth functions
<5~ 2
Initialize: wg = 0 ?;76 e % l, ©°

fort=1,2,...
Find any g; such that f(y) > f(ws) + g, (y — we)

Wil < Wy — N8

Convex Function Non-convex Function

e Strength: finds global minima for non-smooth convex functions

* Weakness: it is slower than gradient descent on convex smooth functions,
because the gradient do not get smaller near the global minima

e Instead of last iterate w,, we use the best one we saw in all iterates
e The stepsize needs to decrease with 7



Optimization

= You can always run gradient descent whether f is
convex or not. But you only have guarantees if f is
convex

= Many bells and whistles can be added onto gradient
descent such as momentum and dimension-specific
step-sizes (Nesterov, Adagrad, ADAM, etc.)



Questions?



Stochastic Gradient Descent

W
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Machine Learning Problems X
Zx/"D = (Y,- WS

« Given data:
{(rs,yi)}imy @ € RY y; € R

n
_ : : o
Learning a model’s parameters: FZ i (w)
1=1

Gradient Descent: | o
— — Ve | — l; ‘
s =% (1300 |

1=1



Machine Learning Problems

« Given data:
{(rs,yi)}im, @ € R y; € R

= Learning a model’s parameters: Z i (w

Gradient Descent: n
26w |
w — w —
t+1 t — n & ) w—10,

Stochastic Gradient Descent:

I; drawn uniform at
————
W=w,; random from {1,...,n}

Wyl = Wy — NVuly, (’w)|

B[V, (w)] = 2 PEe) VAR - L 7 oan) =g (4 The)



Machine Learning Problems
= Learning a model’s parameters: Z i(w)
1=1

Stochastic Gradient Descent:

I; drawn uniform at

wt_|_1 o wt — T}vwéft (w) ‘w:’LUt random from {1, .. ,n}

E[VLr, (w)] = Vé(w)



Stochastic Gradient Descent R
wA/: &@:/o E‘Z[(ﬂ»

Theorem
Let w1 = wy — NV lr, (W) |w:w f;f;;":lnfg;fo{rlm at al so that
E[Ver, (w Z \ A (w)

It Hw _"UJOH < R and sup max ||VZ;(w)||s < G  then
4 2 Up 1

_ R nG RG R
i) — ) < e+ B <\ B2 w=ygg

1 T
w = Tzlwt

(In practice use last iterate)



Stochastic Gradient Descent

Proof

Efl|wer1 — wi3] = E[Jw; — nVLr, (we) — w.[3]



Stochastic Gradient Descent

Proof
Ell|werr — wil|3] = Ef||wy — nVez, (we) — w.]]3]
= E[||wy — w.||3] — 20E[VEy, (we)" (we — w)] + n”E[| VL7, (wy)]]3]
< E[f|wy — wy|5] — 2nE[l(w;) — L(ws)] + n*G

E[V {7, (we)" (we — w.)]

E[E[Ver, (w) (wy — w1, w1,y L1, we—1]]

=E[Vl(w)" (wy — w,)]
> E[ﬁ(wt) — Z(w*)}

T

1
> El(wy) — £(w,)] < o (El||wy — w.|3] — E[[|lwrs1 — wsl|3]) + TH*G)
=1 ﬁ TnG

277jL 2



Stochastic Gradient Descent

Proof

Jensen’s inequality:
For any random Z € R? and convex function ¢ : R? — R, ¢(E[Z]) < E[¢(Z)]

T

T
1
B{t(@) — f(w)] < 3 SO Blew) —fw)] 0=
t=1

t=1



Mini-batch SGD

e Instead of one iterate, average B stochastic gradient together

e Advantages:
- Smaller variance: the variance of the stochastic gradient

is smaller by a factor of 1/4/B

 Parallelization: each gradient in the mini-batch
can be computed in parallel

1 n
_ If you have regularizer, — Z Z(w) + r(w), then update
n

i=1
with the stochastic gradient of the loss and gradient of the
regularizer



Questions?



Memory vs compute

# generate some nonsense data for an example 1 ﬂoatin.PﬁlHﬂ?y =8 bytes
X = np.random.randn(n,d) 106 Q;QQO'byteS:: 1 MB
y = np.random.randn(n) 109 QjQBO byteS:: 1 GB
]
# generate the random features
G = np.random.randn(p, d)*np.sqrt(.1)
b = np.random.rand(p)*2*np.pi H = np.dot(X, G.T) + b.T

 ————m
‘,aff”” HTH = np.dot(H.T, H)

# construct HTH HTy = np.dot(H.T, y)
HTH = np.zeros((p,p)) y4
HTy = np.zeros(p) # construct HTH
for i in range(n): HTH = np.zeros((p,p))
hi = np.dot(X[i,:], G.T)+b HTy = np.zeros(p)
HTH += np.outer(hi, hi) block = p
HTy += y[i]*hi for i in range(int(np.ceil(n/block))+1):
if i % 1000==0: print(i) Hi = np.dot(X[i*block:min(n, (i+l)*block),:], G.T)+b
HTH += np.dot(Hi.T, Hi)

\ HTy += np.dot(Hi.T, y[i*block:min(n, (i+1)*block)])

w = np.linalg.solve(HTH + lam*np.eye(p), HTy)

For each block compute the memory required in terms of n, p, d.
If d << p << n, what is the most memory efficient program (blue, green, red)?

If you have unlimited memory, what do you think is the fastest program?



