Gradient Descent

- how are we going to find the solution for
n
arg min Z £(b+wlx,y,)
bw 4
i=1
- e.g., Lasso, Logistic Regression do not have closed form solution for

YV, Lb,w) =0
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Running example: linear regression

. Givendata: {(z;,y;)}"~; x; € R? y; € R

= Learning model parameters:

f(wﬁ,wb)j,ﬂw,ﬁ@,,w~~v,

WLS = arg min ly — XW”% 100~
weR? |

fw)

50

e Although we know the optimal solution 25
in a closed form, we will use this as 9
a running example to understand GD

W, 20 -20 W,



1-dimensional gradient descent

Let w, be an initial guess. How can we improve this solution?

Taylor series approximation:
For w very close to w, we have

df(w)

dw W=Ww,
is very close to f(w)

Swy) + (w —wyp)

Sf(wp)

Jw)

I
ws = arg min f(w)
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Let w, be an initial guess. How can we improve this solution?

Taylor series approximation:
For w very close to w, we have

df(w)

dw W=w,
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. df(w) "
if w, =wy—17 then :
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1-dimensional gradient descent

Let w, be an initial guess. How can we improve this solution?

Taylor series approximation:
For w very close to w, we have

df(w)

dw W=Ww,
is very close to f(w)

Swy) + (w —wyp)

Thus, for very small 7 > 0, Wy W, W, W wi = arg min f(w)
" df(w) 0 "
ifw, = w, — en
: 01 dw lw=w, Gradient descent
df(w) 5 For k=0,1,2,3,...
Jwp) — ’7( df(w)
dw w=w, Wil = W, — e
is very close to f(w,) < f(w) T
d
Note that as k — 0o we have % — 0

W=wp



Running example: linear regression

. Givendata: {(z;,y;)}"~; x; € R? y; € R

= Learning model parameters:

WLS = arg min ly — XW”% 100\3---

weR® j 75e

= Gradient descent:
e Initialize: wy = 0
e For t=0,1,2,...

oW W, — 1 wa(wz)



ew, = (900, — 0.1)
eFort=0,1,2,...

{( : ) n Wiy < W, =1V, f(W)
LiyYi) fi=1

700 ' '
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Evolution of the predictor GD dynamics in the Parameter space

e Which direction will the GD move?
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Gradient descent for linear regression

e |[n this example of linear regression,
we can derive exactly the gradient For linear regression, we have

descent trajectory
e Initialize: wy = 0 Wis = afgvalélugd ly — XW||2

eFor t=0,1,2,... flw)
ow,. —w—n-V, fw)
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Gradient descent for linear regression

e |[n this example of linear regression,
we can derive exactly the gradient For linear regression, we have

descent trajectory
e Initialize: wy = 0 Wis = afgvalélugd ly — XW||2
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Gradient descent for linear regression

e Initialize: wy = 0 For linear regression, we have
eFor t=0,1,2,...
ew. < w—n-V, fw) Wig = argggﬂ% ly — XW”%
JSw)

Vilw,) = — 2XT(y — Xw,)
Wi = W+ X'y = Xw,) = (I-2nX"X)w, + 25Xy

Let the least-squares solution be w* = (X7X)™ ' X"y

we —wt = I=2nX"X)w, + 2nX"y — w*
I - 2nXIX)(w, — w*) + 2nXTy — 2nXT X
(1 = 27X X)(w, — w)



How do you choose step size?

Let w, be an initial guess. How can we improve this solution?

Jw)

Taylor series approximation: fwp)
For w very close to w, we have

df(w)

dw W=Ww,
is very close to f(w)

Swy) + (w —wyp)

I
W ws = arg min f(w)

If 7 too big, does not converge!
If 7 too small, converges very, very slowly.

In practice: choose the largest value of 7 that converges (guess and check)



Gradient descent for Ridge regression

e Initialize: wy = 0
eFor t=0,1,2,...

oW, < w—n-V, fw)

For Ridge we have

A o1 2, A 2
Wrigge = arg min, [y = Xwil; +3 1wl
w

Jw)

Viw,)

Wil =



Gradient descent for Ridge regression

e Initialize: wy = 0
eFor t=0,1,2,...
oW, < w—n-V, fw)

For Ridge we have

A o1 2, A 2
Wrigge = arg min, [y = Xwil; +3 1wl
w

Jw)

Viw,) = — X (y - Xw,) + Aw,

wep = (I =2Dw, + nX'(y — Xw,)



Gradient descent for Lasso regression

e Initialize: wy = 0
eFor t=0,1,2,...

oW, < w—n-V, fw)

For Lasso we have

A o 1 2
Wlasso = aIg nél[R{ld Elly_XWHQ‘l'/l”W“l
w

Jw)

Viw,)

Wil =



Gradient descent for Lasso regression

e Initialize: wy = 0
eFor t=0,1,2,...
oW, < w—n-V, fw)

For Lasso we have

A o 1 2
Wlasso = aIg nél[R{ld Elly_XWHQ‘l'/l”W“l
w

Jw)

Vilw,) = — X (y - Xw,) + Asign(w,)

W, = w,+ X (y — Xw,) — Asign(w,)



Gradient Descent Demo
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Prediction pitfalls
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Linear coefficients

n
Given data {(x;,y:)}", consider a linear model: @ = are min — (x., 0))?
lyl =1 g 0 yl 1°
i=1

N\ N\

Claim: 6, > € means feature i is more important than feature j to the model.



Linear coefficients

n
Given data {(x;,y:)}", consider a linear model: @ = are min — (x., 0))?
l yl l—l g 0 yl 1°

N\

Claim: 0, > /9\1 means feature i is more important than feature j to the model.

False: if | rescaled jth dimension of data by some large constant (i.e., instead
of square-feet, | change it to square-inches so that x; ; — 144x; ;) the

magnitude of 0. — 0./144 but the predictive power did not change!
J J

This is why we frequently normalize our data by mean and varlance

x; . — (x. . — u;)/o. where —le anda — 1)?
ij = \Xij T K)o H= irj ij — Hj

i=1



Linear coefficients

n
Given data {(x;,y:)}", consider a linear model: @ = are min — (x., 0))?
lyl =1 g 0 yl 1°
i=1

Claim: If /9\]- = (0 then the jth feature has no predictive power of target y



Linear coefficients

n
Given data {(x;,y:)}", consider a linear model: @ = are min — (x., 0))?
l yl l—l g 0 yl 1°

Claim: If /Q\j = (0 then the jth feature has no predictive power of target y

False: Suppose feature 1 is #bathrooms and feature 2 is #toilets. Reasonable
to assume these features extremely correlated S0 any chorce of followrng gives

same answer: (91, 02) (a,0), (91, 02) (0,a), (91, 02) —( a, )



Correlation is not causation

n
Given data {(x;,y;) };_, consider a linear model: 6 = arg min 2 (y; — {(x;, 0))?
0
i=1

Claim: Suppose /9\]- = 30,000 and the jth feature represents #fireplaces. If |
add m fireplaces in my house, | can expect to sell my house for 30,000 more!



Correlation is not causation

n
Given data {(x;,y;) };_, consider a linear model: 6 = arg min Z (y; — {x;, 0))?
0
i=1

Claim: Suppose (/9\]- = 30,000 and the jth feature represents #fireplaces. If |
add m fireplaces in my house, | can expect to sell my house for 30,000 more!

False:
1) Correlation is not causation. If Qj is large, it is correlated with the house

price, but it is not necessarily the cause for the house price. More expensive
houses are typically bigger and size correlates with more fireplaces.
Absurd example: fireman and fires seem to co-occur. Do fireman cause fire?

2) Train != Test dataset. A linear model may fit your data perfectly, but that
doesn’t mean it accurately extrapolates to data outside your training data.
Moreover, this is impossible to know just using your training data.



How was the dataset collected?

Citizen reporting:

In the early 2010s, the city of Boston wanted to repair pot holes but
wanted to allocate resources as efficiently as possible. So they released a
smart phone app that automatically detects potholes via accelerometer
data and sends back the GPS coordinates.

Claim: By fixing the potholes that are reported most frequently, resources are
allocated to minimize the greatest number of total interactions with potholes

Crawford “The Hidden Biases in Big Data” https://hbr.org/2013/04/the-hidden-biases-in-big-data


https://hbr.org/2013/04/the-hidden-biases-in-big-data

How was the dataset collected?

Citizen reporting:

In the early 2010s, the city of Boston wanted to repair pot holes but
wanted to allocate resources as efficiently as possible. So they released a
smart phone app that automatically detects potholes via accelerometer
data and sends back the GPS coordinates.

Claim: By fixing the potholes that are reported most frequently, resources are
allocated to minimize the greatest number of total interactions with potholes

False. Counts are correlated with geographical areas with more
smartphone ownership, which is correlated with wealthier areas versus
those less wealthy or more elderly.

Crawford “The Hidden Biases in Big Data” https://hbr.org/2013/04/the-hidden-biases-in-big-data


https://hbr.org/2013/04/the-hidden-biases-in-big-data

ML automates bias of humans

Hiring example:
In an effort to avoid bias in its hiring practices, a company trains a
machine learning model to predict Y from X where

X =resume
Y = whether applicant was hired, or job performance on the job

Claim: By using a data-driven process, any bias of the human resume
screener is avoided.

https://www.reuters.com/article/us-amazon-com-jobs-automation-insight/amazon-scraps-secret-ai-recruiting-tool-that-showed-bias-against-women-
idUSKCN1MKO08G



ML automates bias of humans

Hiring example:

In an effort to avoid bias in its hiring practices, a company trains a
machine learning model to predict Y from X where

X =resume

Y = whether applicant was hired, or job performance on the job

Claim: By using a data-driven process, any bias of the human resume
screener is avoided.

False. The label Y (e.g., job performance) was evaluated by a human. If
bias existed in these labels then all you've done is automated a system
that is just as biased.

https://www.reuters.com/article/us-amazon-com-jobs-automation-insight/amazon-scraps-secret-ai-recruiting-tool-that-showed-bias-against-women-
idUSKCN1MKO08G



Further reading

Excellent textbook:
“Fairness and Machine learning” Solon Barocas, Moritz Hardt, Arvind

Narayanan https://fairmlbook.org/

Relevant conferences:
ACM Conference on Fairness, Accountability, and Transparency https://

facctconference.org/


https://fairmlbook.org/

Convexity

- When is an optimization (or learning) easy/fast to solve?
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Recap: Ridge vs. Lasso

- Ridge

n
minimize,, Z wlx; = y)* + Allwll3
i=1
 Very fast:
« Closed form solution if used with linear models

. Even with other loss functions, optimization is fast for squared ¢,
regularization, because ||w||% is convex and smooth

« Lasso

n
minimize,, Z (wlx, — yi)2 + Allwll,
i=1
- Slower than Ridge:
* Requires iterative optimization algorithm like sub-gradient descent
. In particular, it is slower because ||w||; is convex but non-smooth



What is a convex set?

A set K C RY is convex if (1 — Az + Ay € K for all 2,y € K and ) € [0, 1]

(1 = D)x + Ay



What is a convex set?

A set K C RY is convex if (1 — Az + Ay € K for all 2,y € K and ) € [0, 1]

| $O




What is a convex function?

A function f: R — R is convex if f((1 — XNz + Ay) < (1 = N)f(x) + Af(y)
for all z,y € R9and \ € [0, 1]

£ (I = A)fx) + 4 (y)




What is a convex function?

A function f: R — R is convex if f((1 — XNz + Ay) < (1 = N)f(x) + Af(y)
for all z,y € R9and \ € [0, 1]

J)

—
[\




Convex functions and convex sets?

A set K C RY is convex if (1 — Az + Ay € K for all 2,y € K and ) € [0, 1]

A function f: RY — R is convex if f((1 — XNz + \y) < (1 = N)f(2) + Af(y)
for all z,y € R%and A € [0, 1]

A function f : R? — R is convex if the set {(z,t) € R4l : f(x) <t} is convex

Graph of fid defined as {(x, 1) : f(x) =t}
Epigraph of fis defined as {(x,7) : f(x) <t}
J&x) Jx)




More definitions of convexity

A set K C RY is convex if (1 — Az + Ay € K for all 2,y € K and ) € [0, 1]

A function f:R? — R is convex if the set {(z,t) € R : f(x) <t} is convex

A function f : R? — R that is differentiable everywhere is convex if
fly) > f(x) +Vf(z)" (y—z) for all z,y € dom(f)

N

J)




More definitions of convexity

A function f:R? — R that is twice-differentiable everywhere is convex if

sz(ilf) = 0 for all x € dom(f)

Jf(x)
Jx)
X X
df(x) df (x)
dx dx
X X
d2f(x) d*f(x)
dx? dx?
X




More definitions of convexity

A set K C RY is convex if (1 — Az + Ay € K for all 2,y € K and ) € [0, 1]

A function f: RY — R is convex if f((1 — XNz + \y) < (1 = N)f(2) + Af(y)
for all z,y € R%and A € [0, 1]

A function f :R? — R is convex if the set {(z,t) € R : f(x) <t} is convex

A function f : R? — R that is differentiable everywhere is convex if
fly) = f(z) + Vf(z)' (y — 2) for all z,y € dom(f)

A function f : R? — R that is twice-differentiable everywhere is convex if
V2f(z) = 0 for all x € dom(f)




Why do we care about convexity?

Convex functions
- All local minima are global minima

- Efficient to optimize (e.g., gradient descent)

Convex Function Non-convex Function

N

We only need to find a point with Vf(x) =0, For non-convex functions, a stationary point
which for convex functions implies that it is with Vf(x) = O could be a local minima,
a local minima and a global minima a local maxima, or a saddle point




Gradient Descent on min f(w)
w

Initialize: wg =0
fort=1,2,...
w1 = wr — NV f(wy)

Convex Function Non-convex Function

e Strength: Can find global minima of a convex function efficiently
e Weakness: Can only be applied to smooth functions
* j.e., functions that is differentiable everywhere,

e otherwise Vf(x) is not defined and gradient descent cannot be applied



Sub-Gradient

Definition: a function is non-smooth if it is not differentiable everywhere

Definition: a vector g € R?is a sub-gradient at x if it satisfies

f() = f(x) + g'(y — x) forally € R?
Non-smooth Convex Function
Smooth Convex Function FOO) +87(v = x) withg € [=2, — 1]

) + g (y —x) z e [-1/2,1]

X -

. « for non-smooth convex functions
« for smooth convex functions, ’

+ the minimum is achieved at
points where sub-gradient set

* the global minimum is achieved at points includes the zero vector
where gradient is zero

 gradient is the unique sub-gradient, and



Sub-Gradient Descent for non-smooth functions

Initialize: wg =0
fort=1,2,...
Find any ¢; such that f(y) > f(ws) + ¢, (y — wy)

Wi < W — 08,

Convex Function Non-convex Function

* Strength: finds global minima for non-smooth convex functions

* Weakness: it is slower than gradient descent on convex smooth functions,
because the gradient do not get smaller near the global minima

e Instead of last iterate w,, we use the best one we saw in all iterates
e The stepsize needs to decrease with 7



Optimization

= You can always run gradient descent whether f is
convex or not. But you only have guarantees if f is
convex

= Many bells and whistles can be added onto gradient
descent such as momentum and dimension-specific
step-sizes (Nesterov, Adagrad, ADAM, etc.)



Questions?



Stochastic Gradient Descent

W
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Machine Learning Problems

» Given data:
{(zs,y)Hiew € RY yi € R

n
= Learning a model’s parameters: Z i (w)
1=1

Gradient Descent: | o
Wiyl = W — N (n Z (w)) I

=1



Machine Learning Problems

= Given data:
(@i, yi) Fien Ti € R y; € R

= Learning a model’s parameters: Z Ci(w

Gradient Descent: n
o7 2|
w — W —
t+1 t n 2 4i( _—

Stochastic Gradient Descent:

I; drawn uniform at
W=y random from {1,...,n}

Wil = Wy — NVl (w)‘

E[VEr, (w)] =



Machine Learning Problems
= Learning a model’s parameters: Z i(w)
1=1

Stochastic Gradient Descent:

I; drawn uniform at

Wiyl — Wt — nvwfft (UJ) |w:wt random from {1, “. ,n}

E[V{r, (w)] = VI(w)



Stochastic Gradient Descent

Theorem
let w1 = wr — VL, (w)‘w_w I{; fjﬁﬁnf;ﬁf?f“ | sothat
—w,  random from {1,...,
E[Ver, (w Z Vi (w)

If le — w()Hg < R and SUpm?XHV&-(w)Hg < (G then

_ R nG RG R
i) — ) < i+ < J BT =/

T

w = 121075

t=1
(In practice use last iterate)

~ |



Stochastic Gradient Descent

Proof

Efl|wesr — will3] = Elllwe — nVer, (we) — w|[3]



Stochastic Gradient Descent

Proof

Efl|wesr — will3] = Elllwe — nVer, (we) — w|[3]

= E[|lwy — w.|[3] — 20E[V 41, (wy) T (we — w,)] + n°E[| |V, (we)]|3]

< E[|we — w.[3] — 20E[¢(w,) — £(w.)] + G

E[V/{, (we) ! (wy — wy)] = E[E[Vﬁjt (we) (wy — wi)| L1, w1, ..., Ti—1, wt_lﬂ

=E [Vl (w)" (0 — w,)]
> E[{(w;) — L(w,)]

T

1
> E[l(w) — H(w.)] < P (Elllwr = wl[3] = Eflfwrs1 — wil3] + Tn*G)
= R TnG
<
27 2



Stochastic Gradient Descent

Proof

Jensen’s inequality:
For any random Z € R? and convex function ¢ : R — R, ¢(E[Z]) < E[p(Z)]

t=1

T
= 1
B{H(@) — f(w)] < 7 OBltw) —fws)] 0=
t=1



Mini-batch SGD

e Instead of one iterate, average B stochastic gradient together

e Advantages:
- Smaller variance: the variance of the stochastic gradient

is smaller by a factor of 1/\/§

- Parallelization: each gradient in the mini-batch
can be computed in parallel

1 n
If you have regularizer, — 2 Z(w) + r(w), then update
n

i=1
with the stochastic gradient of the loss and gradient of the
regularizer



Questions?



Memory vs compute

# generate some nonsense data for an example 1 float in NumPy = 8 bytes
X = np.random.randn(n,d) 108 ~ 220 bytes = 1 MB
y = np.random.randn(n) 109 R1230 bytes:: 1 GB

|
# generate the random features
G = np.random.randn(p, d)*np.sqrt(.1l)
b np.random.rand(p)*2*np.pi H = np.dot (X, G.T) + b.T

S ———
1r,¢f”’)’ HTH = np.dot(H.T, H)

# construct HTH HTy = np.dot(H.T, y)
HTH = np.zeros((p,p)) /
HTy = np.zeros(p) # construct HTH
for i in range(n): HTH = np.zeros((p,p))
hi = np.dot(X[i,:], G.T)+b HTy = np.zeros(p)
HTH += np.outer(hi, hi) block = p
HTy += y[i]*hi for i in range(int(np.ceil(n/block))+1):
if i % 1000==0: print(i) Hi = np.dot(X[i*block:min(n, (i+l)*block),:], G.T)+b
HTH += np.dot(Hi.T, Hi)

:k-------~=r HTy += np.dot(Hi.T, y[i*block:min(n, (i+1l)*block)])

w = np.linalg.solve(HTH + lam*np.eye(p), HTy)

For each block compute the memory required in terms of n, p, d.
If d << p << n, what is the most memory efficient program (blue, green, red)?

If you have unlimited memory, what do you think is the fastest program?



