
Simple Variable Selection 
LASSO: Sparse Regression



Sparsity
■ Vector w is sparse, if many entries are zero
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Sparsity
■ Vector w is sparse, if many entries are zero

– Efficiency:  If size(w) = 100 Billion, each prediction is expensive: 
■ If w is sparse, prediction computation only depends on number of 

non-zeros
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ŵj 6=0

ŷi =     ŵj hj(xi)byi = bw>
LSxi =
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xi[j] bwLS [j]



Sparsity
■ Vector w is sparse, if many entries are zero

– Interpretability:  What are the  
relevant dimension to make a  
prediction?

bwLS = argmin
w
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i=1

�
yi � xT

i w
�2

■ How do we find “best” 
subset among all possible?

$ ?

Lot	size
Single	Family
Year built
Last	sold	price
Last	sale	price/sqft
Finished	sqft
Unfinished	sqft
Finished	basement	sqft
#	floors
Flooring	 types
Parking	type
Parking	amount
Cooling
Heating
Exterior	materials
Roof	type
Structure	style

Dishwasher
Garbage	disposal
Microwave
Range	/	Oven
Refrigerator
Washer
Dryer
Laundry location
Heating	type
Jetted	Tub
Deck
Fenced	Yard
Lawn
Garden
Sprinkler	System



Finding best subset: Exhaustive
> Try all subsets of size 1, 2, 3, … and one that 

minimizes validation error
> Problem?



Finding best subset: Greedy
Forward stepwise:
Starting from simple model and iteratively add features most useful to fit

Backward stepwise:
Start with full model and iteratively remove features least useful to fit

Combining forward and backward steps:
In forward algorithm, insert steps to remove features no longer as important

Lots of other variants, too.

Forward Greedy 
1:  
2: For  do 

3:      

4:    

T ← ∅
j = 1,…, k

j* ← arg min
ℓ

min
w

n

∑
i=1

( yi − ∑
j∈T∪{ℓ}

w[ j] × xi[ j] )2

T ← T ∪ {j*}



Finding best subset: Regularize
Ridge regression makes coefficients small

bwridge = argmin
w
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Finding best subset: Regularize
Ridge regression makes coefficients small

bwridge = argmin
w

nX
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Thresholded Ridge Regression
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0

Why don’t we just set small ridge coefficients to 0?
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Consider two related features (bathrooms, showers)

Thresholded Ridge Regression
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What if we didn’t include showers? Weight on bathrooms increases!

Thresholded Ridge Regression

Can another regularizer perform selection automatically? 



Recall Ridge Regression

■ Ridge Regression objective: 
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Ridge vs. Lasso Regression

■ Ridge Regression objective: 
 
 
 
 
 
 

■ Lasso objective: 
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Example: house price with 16 features

Lasso regression
<latexit sha1_base64="LrD51XcJNQoq4QKrNIRFlAT9+jA=">AAAB+XicbVC7TsMwFHXKq5RXgJHFokJiqpIywFjBwsBQJPqQ2qhy3JvWqmNHtlOpivonLAwgxMqfsPE3uGkGaDnSlY7Oude+94QJZ9p43rdT2tjc2t4p71b29g8Oj9zjk7aWqaLQopJL1Q2JBs4EtAwzHLqJAhKHHDrh5G7hd6agNJPiycwSCGIyEixilBgrDVz3gWgtsYKRAq1zqerVvBx4nfgFqaICzYH71R9KmsYgDOX2sZ7vJSbIiDKMcphX+qmGhNAJGUHPUkFi0EGWbz7HF1YZ4kgqW8LgXP09kZFY61kc2s6YmLFe9Rbif14vNdFNkDGRpAYEXX4UpRwbiRcx4CFTQA2fWUKoYnZXTMdEEWpsWBUbgr968jpp12v+Va3+WK82bos4yugMnaNL5KNr1ED3qIlaiKIpekav6M3JnBfn3flYtpacYuYU/YHz+QOv0ZOw</latexit>

Ridge regression
<latexit sha1_base64="Ffjmx9iRTWAIsZKnisngig+hBW0=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0nqQY9FLx6r2A9oQ9lsJunSzSbsbgol9J948aCIV/+JN/+N2zQHbX0w8Hhvhpl5fsqZ0o7zbVU2Nre2d6q7tb39g8Mj+/ikq5JMUujQhCey7xMFnAnoaKY59FMJJPY59PzJ3cLvTUEqlognPUvBi0kkWMgo0UYa2fYjCyLAEiIJShVS3Wk4BfA6cUtSRyXaI/trGCQ0i0FoyolSA9dJtZcTqRnlMK8NMwUpoRMSwcBQQWJQXl5cPscXRglwmEhTQuNC/T2Rk1ipWeybzpjosVr1FuJ/3iDT4Y2XM5FmGgRdLgozjnWCFzHggEmgms8MIVQycyumYyIJ1SasmgnBXX15nXSbDfeq0Xxo1lu3ZRxVdIbO0SVy0TVqoXvURh1E0RQ9o1f0ZuXWi/VufSxbK1Y5c4r+wPr8AYv+k5k=</latexit>

log10 �
<latexit sha1_base64="DR0XXdRWEOLTydWJtSA+D8qm/SY=">AAAB/XicbVC7TsMwFL3hWcorPDYWixaJqUrKAGMFC2OR6ENqoshx3NaqE0e2g1Siil9hYQAhVv6Djb/BbTNAy5EsHZ1zj+71CVPOlHacb2tldW19Y7O0Vd7e2d3btw8O20pkktAWEVzIbogV5SyhLc00p91UUhyHnHbC0c3U7zxQqZhI7vU4pX6MBwnrM4K1kQL7uOpxMQhy15kgj5tchFE1sCtOzZkBLRO3IBUo0AzsLy8SJItpognHSvVcJ9V+jqVmhNNJ2csUTTEZ4QHtGZrgmCo/n10/QWdGiVBfSPMSjWbq70SOY6XGcWgmY6yHatGbiv95vUz3r/ycJWmmaULmi/oZR1qgaRUoYpISzceGYCKZuRWRIZaYaFNY2ZTgLn55mbTrNfeiVr+rVxrXRR0lOIFTOAcXLqEBt9CEFhB4hGd4hTfryXqx3q2P+eiKVWSO4A+szx+sMZQQ</latexit>

log10 �
<latexit sha1_base64="DR0XXdRWEOLTydWJtSA+D8qm/SY=">AAAB/XicbVC7TsMwFL3hWcorPDYWixaJqUrKAGMFC2OR6ENqoshx3NaqE0e2g1Siil9hYQAhVv6Djb/BbTNAy5EsHZ1zj+71CVPOlHacb2tldW19Y7O0Vd7e2d3btw8O20pkktAWEVzIbogV5SyhLc00p91UUhyHnHbC0c3U7zxQqZhI7vU4pX6MBwnrM4K1kQL7uOpxMQhy15kgj5tchFE1sCtOzZkBLRO3IBUo0AzsLy8SJItpognHSvVcJ9V+jqVmhNNJ2csUTTEZ4QHtGZrgmCo/n10/QWdGiVBfSPMSjWbq70SOY6XGcWgmY6yHatGbiv95vUz3r/ycJWmmaULmi/oZR1qgaRUoYpISzceGYCKZuRWRIZaYaFNY2ZTgLn55mbTrNfeiVr+rVxrXRR0lOIFTOAcXLqEBt9CEFhB4hGd4hTfryXqx3q2P+eiKVWSO4A+szx+sMZQQ</latexit>

error
<latexit sha1_base64="3srcD6Q8A6U49q6u0/IMHrACHCg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqST1oMeiF48VTFtoQ9lsJ+3SzW7Y3Qgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5UcqZNp737ZQ2Nre2d8q7lb39g8Oj6vFJW8tMUQyo5FJ1I6KRM4GBYYZjN1VIkohjJ5rczf3OEyrNpHg00xTDhIwEixklxkoBKiXVoFrz6t4C7jrxC1KDAq1B9as/lDRLUBjKidY930tNmBNlGOU4q/QzjSmhEzLCnqWCJKjDfHHszL2wytCNpbIljLtQf0/kJNF6mkS2MyFmrFe9ufif18tMfBPmTKSZQUGXi+KMu0a688/dIVNIDZ9aQqhi9laXjoki1Nh8KjYEf/XlddJu1P2reuOhUWveFnGU4QzO4RJ8uIYm3EMLAqDA4Ble4c0Rzovz7nwsW0tOMXMKf+B8/gAQxI7Y</latexit>

̂w [ j]

Test error is RED and  
Train error is BLUE

• Regularization path for Lasso shows that weights drop to exactly zero as  increasesλ

-sparse16 -sparse2

Bathroom & shower



Lasso regression naturally gives sparse features
• feature selection with Lasso regression


1. Model selection: choose  based on cross validation error

2. Feature selection: keep only those features with non-zero  

(or not-too-small) parameters in  at optimal 

3. retrain with the sparse model and  

 
why do we need to retrain?

λ

w λ
λ = 0



• We use Lasso on the piece-wise linear example


• de-biasing (via re-training) is critical!

Example: piecewise-linear fit
h0(x) = 1

hi(x) = [x+ 1.1� 0.1i]+
<latexit sha1_base64="bbltdX5+2ONTCGn5WQqgIVQs4UY=">AAACHnicbVDLSgMxFM34rPU16tJNsCiVYpmpikIRim5cVrAPmBmHTJp2QjMPkoy0lH6JG3/FjQtFBFf6N6btLGrrgXs5nHMvyT1ezKiQhvGjLSwuLa+sZtay6xubW9v6zm5dRAnHpIYjFvGmhwRhNCQ1SSUjzZgTFHiMNLzuzchvPBIuaBTey35MnAB1QtqmGEklufq57xr53jE8sstXdhma0LazvkunJKsHC9AsmvAEGqpT56EAXT1nFI0x4DwxU5IDKaqu/mW3IpwEJJSYISEs04ilM0BcUszIMGsngsQId1GHWIqGKCDCGYzPG8JDpbRgO+KqQgnH6vTGAAVC9ANPTQZI+mLWG4n/eVYi25fOgIZxIkmIJw+1EwZlBEdZwRblBEvWVwRhTtVfIfYRR1iqRLMqBHP25HlSLxXN02Lp7ixXuU7jyIB9cADywAQXoAJuQRXUAAZP4AW8gXftWXvVPrTPyeiClu7sgT/Qvn8B8ZObiA==</latexit>

� = 10�8
<latexit sha1_base64="GR6TMKQjJrXOJg5PrJWciCuXFGE=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgxpJUwW6EohuXFewD2lgmk0k7dDIJM5NCCf0TNy4UceufuPNvnLZZaOuBgcM553LvHD/hTGnH+bYKa+sbm1vF7dLO7t7+gX141FJxKgltkpjHsuNjRTkTtKmZ5rSTSIojn9O2P7qb+e0xlYrF4lFPEupFeCBYyAjWRurbdo+bcIBvkOs8ZRe1ad8uOxVnDrRK3JyUIUejb3/1gpikERWacKxU13US7WVYakY4nZZ6qaIJJiM8oF1DBY6o8rL55VN0ZpQAhbE0T2g0V39PZDhSahL5JhlhPVTL3kz8z+umOqx5GRNJqqkgi0VhypGO0awGFDBJieYTQzCRzNyKyBBLTLQpq2RKcJe/vEpa1Yp7Wak+XJXrt3kdRTiBUzgHF66hDvfQgCYQGMMzvMKblVkv1rv1sYgWrHzmGP7A+vwB40yShQ==</latexit>

� = 10�4
<latexit sha1_base64="awMTbVU0ksiJhoe0tjNl3qQmP3c=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgxpLUgm6EohuXFewD2lgmk0k7dDIJM5NCCf0TNy4UceufuPNvnLZZaOuBgcM553LvHD/hTGnH+bYKa+sbm1vF7dLO7t7+gX141FJxKgltkpjHsuNjRTkTtKmZ5rSTSIojn9O2P7qb+e0xlYrF4lFPEupFeCBYyAjWRurbdo+bcIBvkOs8ZRe1ad8uOxVnDrRK3JyUIUejb3/1gpikERWacKxU13US7WVYakY4nZZ6qaIJJiM8oF1DBY6o8rL55VN0ZpQAhbE0T2g0V39PZDhSahL5JhlhPVTL3kz8z+umOrz2MiaSVFNBFovClCMdo1kNKGCSEs0nhmAimbkVkSGWmGhTVsmU4C5/eZW0qhX3slJ9qJXrt3kdRTiBUzgHF66gDvfQgCYQGMMzvMKblVkv1rv1sYgWrHzmGP7A+vwB3TiSgQ==</latexit>

� = 2⇥ 10�4
<latexit sha1_base64="/RH6KMhlFJGJ3NwSP2Al7e+moKk=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWAR3FiSWtCNUHTjsoJ9QBPLZDJph04ezNwIJdSNv+LGhSJu/Qt3/o3TNgttPTBwOOdc7tzjJYIrsKxvo7C0vLK6VlwvbWxube+Yu3stFaeSsiaNRSw7HlFM8Ig1gYNgnUQyEnqCtb3h9cRvPzCpeBzdwShhbkj6EQ84JaClnnngCB32ySWuOsBDprBt3WentXHPLFsVawq8SOyclFGORs/8cvyYpiGLgAqiVNe2EnAzIoFTwcYlJ1UsIXRI+qyraUT0MjebXjDGx1rxcRBL/SLAU/X3REZCpUahp5MhgYGa9ybif143heDCzXiUpMAiOlsUpAJDjCd1YJ9LRkGMNCFUcv1XTAdEEgq6tJIuwZ4/eZG0qhX7rFK9rZXrV3kdRXSIjtAJstE5qqMb1EBNRNEjekav6M14Ml6Md+NjFi0Y+cw++gPj8weAhJWh</latexit>

� = 0
<latexit sha1_base64="cC5c9OizxYlg4VXj7jJqlLITW5w=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBFclZkq6EYounFZwT6wHUomc6cNzWSGJCOU0r9w40IRt/6NO//GtJ2Fth4IHM45l9x7glRwbVz321lZXVvf2CxsFbd3dvf2SweHTZ1kimGDJSJR7YBqFFxiw3AjsJ0qpHEgsBUMb6d+6wmV5ol8MKMU/Zj2JY84o8ZKj11hoyG9Jm6vVHYr7gxkmXg5KUOOeq/01Q0TlsUoDRNU647npsYfU2U4EzgpdjONKWVD2seOpZLGqP3xbOMJObVKSKJE2ScNmam/J8Y01noUBzYZUzPQi95U/M/rZCa68sdcpplByeYfRZkgJiHT80nIFTIjRpZQprjdlbABVZQZW1LRluAtnrxMmtWKd16p3l+Uazd5HQU4hhM4Aw8uoQZ3UIcGMJDwDK/w5mjnxXl3PubRFSefOYI/cD5/AIt9kCw=</latexit>

but only use selected features
<latexit sha1_base64="3hivhK+oV0gF0onoY/mKskG+f10=">AAACCHicbVC7SgNBFJ31GeNr1dLCwSBYhd1YaBm0sYxgHpAsYXb2bjJkdnaZhxCWlDb+io2FIrZ+gp1/4yTZQhMvDBzOuY85J8w4U9rzvp2V1bX1jc3SVnl7Z3dv3z04bKnUSApNmvJUdkKigDMBTc00h04mgSQhh3Y4upnq7QeQiqXiXo8zCBIyECxmlGhL9d2T0GicCj7GRgHGdhFQDRGOgWgjQfXdilf1ZoWXgV+ACiqq0Xe/elFKTQJCU06U6vpepoOcSM0oh0m5Z+9khI7IALoWCpKACvKZkQk+s4y9nUr7hMYz9vdEThKlxkloOxOih2pRm5L/aV2j46sgZyIzGgSdH4oNxzrF01RwxKT1bVOIGKGS2b9iOiSS2CykKtsQ/EXLy6BVq/oX1dpdrVK/LuIooWN0is6Rjy5RHd2iBmoiih7RM3pFb86T8+K8Ox/z1hWnmDlCf8r5/AFObpmF</latexit>

minimizew ℒ(w) + λ∥w∥1 minimizew ℒ(w)

|wj |

Step 1: find optimal λ*

Step 2: select features

Step 3: retrain



Penalized Least Squares

bwr = argmin
w

nX

i=1
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+ �r(w)

Ridge : r(w) = ||w||22
Lasso : r(w) = ||w||1

• Regularized optimization: 



Penalized Least Squares

bwr = argmin
w

nX

i=1

�
yi � xT

i w
�2

+ �r(w)

Ridge : r(w) = ||w||22
Lasso : r(w) = ||w||1

• For any  for which  achieves the minimum, there exists a  such that 

the solution of the constrained optimization, , is the same as the solution of the 

regularized optimization , , where

λ* ≥ 0 ŵr μ* ≥ 0
̂w ĉw r

subject to r(w) ≤ μ*

• so there are pairs of  whose optimal solution  are the same  

for the regularizes optimization and constrained optimization

(λ, μ) ̂w r

• Regularized optimization: 

̂w C = arg min
w

n

∑
i=1

(yi − xT
i w)2



Why does Lasso give sparse solutions?

         

 
        

minimizew

n

∑
i=1

(wT xi − yi)2

subject to ∥w∥1 ≤ μ

w1

w2

• the level set of a function  is defined 
as the set of points  that have the same 
function value


• the level set of a quadratic function is an oval

• the center of the oval is the least squares 

solution 

ℒ(w1, w2)
(w1, w2)

ŵμ=∞ = ŵLS
ŵμ=∞

w1

ℒ(w1)
1-D example with quadratic loss

1

a b
Level set of  at value 1 is [a,b]ℒ(w1)



Why does Lasso give sparse solutions?

         

 
        

minimizew

n

∑
i=1

(wT xi − yi)2

subject to ∥w∥1 ≤ μ

w1

w2

• as we decrease  from infinity, the feasible set 
becomes smaller


• the shape of the feasible set is what is known as  
 ball, which is a high dimensional diamond


• In 2-dimensions, it is a diamond  
               


• when  is large enough such that  , 
then the optimal solution does not change as the 
feasible set includes the un-regularized optimal 
solution

μ

L1

{(w1, w2) |w1 | + |w2 | ≤ μ}
μ ∥ŵμ=∞∥1 < μ

ŵμ=∞

feasible set: {w ∈ ℝ2 | ∥w∥1 ≤ μ}



Why does Lasso give sparse solutions?

         

 
        

minimizew

n

∑
i=1

(wT xi − yi)2

subject to ∥w∥1 ≤ μ

w1

w2

ŵμ=∞

feasible set: {w ∈ ℝ2 | ∥w∥1 ≤ μ}

• As  decreases (which is equivalent to 
increasing regularization ) the feasible 
set (blue diamond) shrinks


• The optimal solution of the above 
optimization is ? 

μ
λ

1

2

3

4



feasible set: {w ∈ ℝ2 | ∥w∥1 ≤ μ}

Why does Lasso give sparse solutions?

         

 
        

minimizew

n

∑
i=1

(wT xi − yi)2

subject to ∥w∥1 ≤ μ

w1

w2

ŵμ=∞

• For small enough , the optimal solution 
becomes sparse 

• This is because the -ball is 
“pointy”,i.e., has sharp edges aligned 
with the axes

μ

L1



Penalized Least Squares
• Lasso regression finds sparse solutions, as -ball is “pointy”


• Ridge regression finds dense solutions, as -ball is “smooth”

L1

L2

         

 
        

minimizew

n

∑
i=1

(wT xi − yi)2

subject to ∥w∥1 ≤ μ

         

 
        

minimizew

n

∑
i=1

(wT xi − yi)2

subject to ∥w∥2
2 ≤ μ



Memory vs compute

For each block compute the memory required in terms of n, p, d. 

If d << p << n, what is the most memory efficient program (blue, green, red)?   

If you have unlimited memory, what do you think is the fastest program?

1 float in NumPy = 8 bytes
106 ⇡ 220 bytes = 1 MB
109 ⇡ 230 bytes = 1 GB



Gradient Descent
- how are we going to find the solution for  

              

- e.g., Lasso, Logistic Regression do not have closed form solution for 
               

arg min
b,w

n

∑
i=1

ℓ(b + wT xi, yi)

∇b,wℒ(b, w) = 0



Running example: linear regression

{(xi, yi)}ni=1 xi 2 Rd yi 2 R■ Given data:

w1 w2

ŵLS = arg min
w∈ℝd

∥y − Xw∥2
2

f(w)

■ Learning model parameters:
f (w1, w2)

• Although we know the optimal solution  
in a closed form, we will use this as  
a running example to understand GD



1-dimensional gradient descent

f(w)

w* = arg min
w

f (w)w0

Let  be an initial guess.  How can we improve this solution?w0

Taylor series approximation:  
For  very close to  we have  

  

is very close to  

w w0

f (w0) + (w − w0) df (w)
dw w=w0

f (w)

f (w0)



1-dimensional gradient descent

f(w)

w* = arg min
w

f (w)w0

Let  be an initial guess.  How can we improve this solution?w0

Taylor series approximation:  
For  very close to  we have  

  

is very close to  

w w0

f (w0) + (w − w0) df (w)
dw w=w0

f (w)

Thus, for very small ,  

if  then 

   

is very close to  

η > 0

w1 = w0 − η
df (w)

dw w=w0

f (w0) − η( df (w)
dw w=w0

)2

f (w1) < f (w0)

w1 = w0 − η df(w)
dw w=w0

f (w0)

f (w1)



1-dimensional gradient descent

f(w)

w* = arg min
w

f (w)w0

Let  be an initial guess.  How can we improve this solution?w0

Taylor series approximation:  
For  very close to  we have  

  

is very close to  

w w0

f (w0) + (w − w0) df (w)
dw w=w0

f (w)

Thus, for very small ,  

if  then 

   

is very close to  

η > 0

w1 = w0 − η
df (w)

dw w=w0

f (w0) − η( df (w)
dw w=w0

)2

f (w1) < f (w0)

w1 = w0 − η df(w)
dw w=w0

f (w0)

f (w1)

Gradient descent 
For k=0,1,2,3,… 

wk+1 = wk − η df(w)
dw w=wk



1-dimensional gradient descent

f(w)

w* = arg min
w

f (w)w0

Let  be an initial guess.  How can we improve this solution?w0

Taylor series approximation:  
For  very close to  we have  

  

is very close to  

w w0

f (w0) + (w − w0) df (w)
dw w=w0

f (w)

Thus, for very small ,  

if  then 

   

is very close to  

η > 0

w1 = w0 − η
df (w)

dw w=w0

f (w0) − η( df (w)
dw w=w0

)2

f (w1) < f (w0)

w1

f (w0)

f (w1)

w2

f (w2)

Gradient descent 
For k=0,1,2,3,… 

wk+1 = wk − η df(w)
dw w=wk



1-dimensional gradient descent

f(w)

w* = arg min
w

f (w)w0

Let  be an initial guess.  How can we improve this solution?w0

Taylor series approximation:  
For  very close to  we have  

  

is very close to  

w w0

f (w0) + (w − w0) df (w)
dw w=w0

f (w)

Thus, for very small ,  

if  then 

   

is very close to  

η > 0

w1 = w0 − η
df (w)

dw w=w0

f (w0) − η( df (w)
dw w=w0

)2

f (w1) < f (w0)

w1

f (w0)

f (w1)

w2

f (w2)

w3

f (w3)

Gradient descent 
For k=0,1,2,3,… 

wk+1 = wk − η df(w)
dw w=wk



1-dimensional gradient descent

f(w)

w* = arg min
w

f (w)w0

Let  be an initial guess.  How can we improve this solution?w0

Taylor series approximation:  
For  very close to  we have  

  

is very close to  

w w0

f (w0) + (w − w0) df (w)
dw w=w0

f (w)

Thus, for very small ,  

if  then 

   

is very close to  

η > 0

w1 = w0 − η
df (w)

dw w=w0

f (w0) − η( df (w)
dw w=w0

)2

f (w1) < f (w0)

w1

f (w0)

f (w1)

Gradient descent 
For k=0,1,2,3,… 

wk+1 = wk − η df(w)
dw w=wk

w2

f (w2)

w3

f (w3)

Note that as  we have k → ∞ df(w)
dw w=wk

→ 0



Running example: linear regression

{(xi, yi)}ni=1 xi 2 Rd yi 2 R■ Given data:

w1 w2

ŵLS = arg min
w∈ℝd

∥y − Xw∥2
2

f(w)

■ Learning model parameters:
f (w1, w2)

■ Gradient descent:
• Initialize:  

• For t=0,1,2,… 

•

w0 = 0

wt+1 ← wt − η ⋅ ∇w f(wt)



y

w[1]

w[2]

•  
•For t=0,1,2,… 

•

w0 = (900, − 0.1)

wt+1 ← wt − η ⋅ ∇w f(wt){(xi, yi)}ni=1

y = wt[1] + wt[2]x
= 900 − 0.1x

GD dynamics in the Parameter space Evolution of the predictor

• Which direction will the GD move?

w*

w0



•  
•For t=0,1,2,… 

•

w0 = (900, − 0.1)

wt+1 ← wt − η ⋅ ∇w f(wt)
w0w1

w[1]

w[2]

GD dynamics in the Parameter space Evolution of the predictor



•  
•For t=0,1,2,… 

•

w0 = (900, − 0.1)

wt+1 ← wt − η ⋅ ∇w f(wt)
w0w1

w2

GD dynamics in the Parameter space Evolution of the predictor

w[1]

w[2]



•  
•For t=0,1,2,… 

•

w0 = (900, − 0.1)

wt+1 ← wt − η ⋅ ∇w f(wt)
w0w1

w2

w3

GD dynamics in the Parameter space Evolution of the predictor

w[1]

w[2]



•  
•For t=0,1,2,… 

•

w0 = (900, − 0.1)

wt+1 ← wt − η ⋅ ∇w f(wt)
w0w1

w2

w3

w4

GD dynamics in the Parameter space Evolution of the predictor

w[1]

w[2]



•  
•For t=0,1,2,… 

•

w0 = (900, − 0.1)

wt+1 ← wt − η ⋅ ∇w f(wt)
w0w1

w2

w3

w4
w5

GD dynamics in the Parameter space Evolution of the predictor

w[1]

w[2]



•  
•For t=0,1,2,… 

•

w0 = (900, − 0.1)

wt+1 ← wt − η ⋅ ∇w f(wt)
w0w1

w2

w3

w4
w5
w6

GD dynamics in the Parameter space Evolution of the predictor

w[1]

w[2]



•  
•For t=0,1,2,… 

•

w0 = (900, − 0.1)

wt+1 ← wt − η ⋅ ∇w f(wt)
w0w1

w2

w3

w4
w5

w6
w7

GD dynamics in the Parameter space Evolution of the predictor

w[1]

w[2]



•  
•For t=0,1,2,… 

•

w0 = (900, − 0.1)

wt+1 ← wt − η ⋅ ∇w f(wt)
w0w1

w2

w3

w4
w5

w6w7
w8

GD dynamics in the Parameter space Evolution of the predictor

w[1]

w[2]

w*LS



Gradient descent for linear regression

For linear regression, we have

ŵLS = arg min
w∈ℝd

∥y − Xw∥2
2

f(w)

•In this example of linear regression, 
we can derive exactly the gradient 
descent trajectory 

•Initialize:  
•For t=0,1,2,… 

•

w0 = 0

wt+1 ← wt − η ⋅ ∇w f(wt)
∇f(wt) = − 2XT(y − Xwt)



Gradient descent for linear regression

For linear regression, we have

ŵLS = arg min
w∈ℝd

∥y − Xw∥2
2

f(w)

•In this example of linear regression, 
we can derive exactly the gradient 
descent trajectory 

•Initialize:  
•For t=0,1,2,… 

•

w0 = 0

wt+1 ← wt − η ⋅ ∇w f(wt)
∇f(wt) = − 2XT(y − Xwt)

wt+1 = wt + η2XT(y − Xwt) = (I − 2ηXTX)wt + 2ηXTy



Gradient descent for linear regression

For linear regression, we have

ŵLS = arg min
w∈ℝd

∥y − Xw∥2
2

f(w)

•In this example of linear regression, 
we can derive exactly the gradient 
descent trajectory 

•Initialize:  
•For t=0,1,2,… 

•

w0 = 0

wt+1 ← wt − η ⋅ ∇w f(wt)
∇f(wt) = − 2XT(y − Xwt)

wt+1 = wt + η2XT(y − Xwt) = (I − 2ηXTX)wt + 2ηXTy

wt+1 − w* = (I − 2ηXTX)wt + 2ηXTy − w*

Let the least-squares solution be w* = (XTX)−1XTy

= (I − 2ηXTX)(wt − w*) + 2ηXTy − 2ηXTXw*
= (I − 2ηXTX)(wt − w*)



Gradient descent for linear regression

For linear regression, we have

∇f(wt) = − 2XT(y − Xwt)

ŵLS = arg min
w∈ℝd

∥y − Xw∥2
2

f(w)

wt+1 = wt + η2XT(y − Xwt) = (I − 2ηXTX)wt + 2ηXTy

wt+1 − w* = (I − 2ηXTX)wt + 2ηXTy − w*

Let the least-squares solution be w* = (XTX)−1XTy

= (I − 2ηXTX)(wt − w*) + 2ηXTy − 2ηXTXw*
= (I − 2ηXTX)(wt − w*)

•Initialize:  
•For t=0,1,2,… 

•

w0 = 0

wt+1 ← wt − η ⋅ ∇w f(wt)



How do you choose step size?

f(w)

w* = arg min
w

f (w)w0

Let  be an initial guess.  How can we improve this solution?w0

Taylor series approximation:  
For  very close to  we have  

  

is very close to  

w w0

f (w0) + (w − w0) df (w)
dw w=w0

f (w)

f (w0)

If  too big, does not converge! 

If  too small, converges very, very slowly.

η
η

In practice: choose the largest value of  that converges (guess and check)η



Gradient descent for Ridge regression

For Ridge we have

∇f(wt) =

ŵRidge = arg min
w∈ℝd

1
2 ∥y − Xw∥2

2 + λ
2 ∥w∥2

2

f(w)

•Initialize:  
•For t=0,1,2,… 

•

w0 = 0

wt+1 ← wt − η ⋅ ∇w f(wt)

wt+1 =



Gradient descent for Ridge regression

For Ridge we have

∇f(wt) = − XT(y − Xwt) + λwt

ŵRidge = arg min
w∈ℝd

1
2 ∥y − Xw∥2

2 + λ
2 ∥w∥2

2

f(w)

•Initialize:  
•For t=0,1,2,… 

•

w0 = 0

wt+1 ← wt − η ⋅ ∇w f(wt)

wt+1 = (1 − λ)wt + ηXT(y − Xwt)



Gradient descent for Lasso regression

For Lasso we have

∇f(wt) =

ŵLasso = arg min
w∈ℝd

1
2 ∥y − Xw∥2

2 + λ∥w∥1

f(w)

•Initialize:  
•For t=0,1,2,… 

•

w0 = 0

wt+1 ← wt − η ⋅ ∇w f(wt)

wt+1 =



Gradient descent for Lasso regression

∇f(wt) = − XT(y − Xwt) + λsign(wt)

•Initialize:  
•For t=0,1,2,… 

•

w0 = 0

wt+1 ← wt − η ⋅ ∇w f(wt)

wt+1 = wt + ηXT(y − Xwt) − λsign(wt)

For Lasso we have

ŵLasso = arg min
w∈ℝd

1
2 ∥y − Xw∥2

2 + λ∥w∥1

f(w)



Gradient Descent Demo


