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Regularization in Linear Regression
> Last time we turned a small number of features (low complexity) into a 

large number of features (high complexity) through non-linear feature 
maps. What if start with many features (high complexity) and not enough 
examples to learn? 

> Overfitting (too complex of a model, too little data) usually leads to very 
large parameter choices, e.g.: 
 
 
 
 
 
 
How do we prevent this these huge coefficient values?

> Regularization imposes a “complexity” penalty
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Recall Least Squares:
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When xi 2 Rd and d > n the objective function is flat in some directions:

Implies optimal solution is not unique and unstable 
due to lack of curvature: 
• small changes in training data result in large 

changes in solution 
• often the magnitudes of w are “very large”

Regularization imposes “simpler” solutions by a 
“complexity” penalty

Recall Least Squares:



Ridge Regression

■ Old Least squares objective:  

■ Ridge Regression objective: 
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Minimizing the Ridge Regression Objective
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Is XXXI invertible
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Shrinkage Properties

bwridge = (XTX+ �I)�1XTy
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Bias-Variance Properties

■ Assume:                        and 

bwridge = (XTX+ �I)�1XTy

y = Xw + ✏ ✏ ⇠ N (0,�2I)

If x 2 Rd and Y ⇠ N (xTw,�2), what is EY |x,train[(Y � xT bwridge)2|X = x]?

XTX = nI

XTX 21 it
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Bias-Variance Properties

■ Assume:                        and 
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(verify at home)
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Ridge Regression: Effect of Regularization

■ Solution is indexed by the regularization parameter λ 

■ Larger λ 

■ Smaller λ  

■ As λ  0, 

■ As λ ∞, 
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Ridge Regression: Effect of Regularization

TRAIN error: 

TRUE error: 

TEST error: 

D i.i.d.⇠ PXY

T i.i.d.⇠ PXY

Important: D \ T = ;
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Ridge Regression: Effect of Regularization

D i.i.d.⇠ PXY

T i.i.d.⇠ PXY

Important: D \ T = ;Each line is i.i.d. draw of D or T
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> Typical approach: select λ using cross validation, up next

From  
Kevin Murphy 
textbook

1/�

Ridge regression: minimize
n

∑
i=1

(wT xi + b − yi)2 + λ∥w∥2
2

O



training MSE
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test MSE
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• this gain in test MSE comes from 
shrinking w’s to get a less sensitive 
predictor 
(which in turn reduces the variance)

Ridge regression: minimize
n

∑
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(wT xi + b − yi)2 + λ∥w∥2
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Example: piecewise linear fit

• we fit a linear model for : 



• with a specific choice of features using piecewise linear functions 
 

x ∈ [−1,1]
f(x) = b + w1h1(x) + w2h2(x) + w3h3(x) + w4h4(x) + w5h5(x)

h(x) =

h1(x)
h2(x)
h3(x)
h4(x)
h5(x)

=

x
[x + 0.75]+

[x + 0.2]+

[x − 0.4]+

[x − 0.8]+

[a]+ ≜ max{a,0}

-0.75 -0.2 0 0.4 0.8

h1(x)

x

x-0.75 -0.2 0 0.4 0.8

h2(x)

x-0.75 -0.2 0 0.4 0.8

h3(x)



Example: piecewise linear fit
• we fit a linear model: 



• with a specific choice of features using piecewise linear functions 

 

f(x) = b + w1h1(x) + w2h2(x) + w3h3(x) + w4h4(x) + w5h5(x)

h(x) =

h1(x)
h2(x)
h3(x)
h4(x)
h5(x)

=

x
[x + 0.75]+

[x + 0.2]+

[x − 0.4]+

[x − 0.8]+

[a]+ ≜ max{a,0}

y = b + h(x)Tw

x

the weights capture the change in the slopes

slope:    w1

 w1 + w2

 w1 + w2 + w3

 w1 + w2 + w3 + w4

 w1 + w2 + w3 + w4 + w5

-0.75 -0.2 0.4 0.8



Example: piecewise linear fit
• we fit a linear model: 



• with a specific choice of features using piecewise linear functions

f(x) = b + w1h1(x) + w2h2(x) + w3h3(x) + w4h4(x) + w5h5(x)

x

y



Example: piecewise linear fit (ridge regression)

� = 0.005
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� = 0.000001
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� = 1
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We do not observe overfitting, as d=5 and n=100



Can avoid overfitting even  and n=11 samplesw ∈ ℝ10

Test MSE

Train MSE

log10(λ) log10(λ)

’swi



What you need to know…

> Regularization
– Penalizes complex models towards preferred, 

simpler models
> Ridge regression

– L2 penalized least-squares regression
– Regularization parameter trades off model 

complexity with training error
– Never regularize the offset!


