Ridge Regression




Regularization in Linear Regression

Recall Least Squares: g = arg minz (y@ B x;pw)2
R
— arg min(y — Xw)* (y — Xw)

when (XTX)_l exists.... = (XTX)_lXTY
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Regularization in Linear Regression

Recall Least Squares: g = arg minz (yz B :E?w)2
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— arg min(y — Xw)* (y — Xw)
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In general: = arg muin wT(XTX)w — 29T Xw
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(y1 — iUlT’w)z + (y2 — szw)Q + 4 (Yn — SL’gw)Q - Z(yi — $?w)2
i=1

What if z; € R? and d > n?
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Regularization in Linear Regression

n
~ : 2
Recall Least Squares: ;¢ = arg min E (yi — ] w)
w
i=1

When z; € R? and d > n the objective function is flat in some directions:

Implies optimal solution is not unique and unstable ’ ’

due to lack of curvature:

e small changes in training data result in large
changes in solution

e often the magnitudes of w are “very large”

Regularization imposes “simpler” solutions by a
“complexity” penalty



Ridge Regression

= Old Least squares objective:
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Minimizing the Ridge Regression Objective
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Shrinkage Properties
N 70
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Bias-Variance Properties
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Bias-Variance Properties
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Wridge = (X' X + M) X'y
. Assume: X' X = nland {fgjf Xw +£ € ~ N(O, 02])
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Bias-Variance Properties

Wridge = (X' X + M) X'y
. Assume: X' X = nland y = Xw + € € ~ N(O, 02])

If z € R and Y ~ N (2w, 0?), what is Ey |y train[(Y — 27 Wriage)?| X = |7

Ey|xp[(Y — ' Wriage)’| X = 7]
=Eyx[(Y = Ey|x[Y]|X = 2])*|X = 2] + Ep[(By |x [V X = ] — 2" @riage)’]
=Eyx[(Y — vt w)?| X = 2] + Ep[(z'w — 2" Wrigge)?]

ZLQ + (27w — Ep[o! Wrigge))® + Ep[(Ep[r! Wridge] — 1 Wriage)
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Bias-Variance Properties

Wridge = (X' X + M) X'y
. Assume: X' X = nland y = Xw + € e ~ N(0,0%1)

If z € R and Y ~ N (2w, 0?), what is Ey |y train[(Y — 27 Wriage)?| X = |7

Ey xp[(Y — 2" ®ridgge)’| X = 7]
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Bias-Variance Properties

Wridge = (X' X + M) X'y
. Assume: X' X = nland y = Xw + € € ~ N(O, 02])

If z € R and Y ~ N (2w, 0?), what is Ey |y train[(Y — 27 Wriage)?| X = |7

Ey xp[(Y — 2" ®ridgge)’| X = 7]
=Eyx[(Y —Eyx[V|X = 2])*|X = 2] + Ep[(Ey x [V |X = 2] — 2 @rjage)’]

— By [(V — ")’ X = o] + Epl(a"w — 2" Briage)’]

— 0% + (OUT’LU —Ep [xT{U\ridge])Q + ED[(]ED [xT@ridge] - xT{U\TidQG)Q]
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WX =VAVT  X<\r X
Bias-Variance Properties
Wridge = (XTX + )\I)_lXTy

. Assume: X' X = nland y = Xw + € e ~N(0,0°1)

If € R and Y ~ N (2w, 0?), what is Ey |4 train[(Y — 21 Wriage)?| X = 2]?

IEY|X,D[()/ — xT@ridge)2‘X — 33]

A2 - o’n

__ 2 2 2
__U + (n + )\)2 (w x) + (n + )\)2 ”33”2 (verify at home)
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Ridge Regression: Effect of Regularizatio
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= Solution is indexed by the regularization parameter A
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Ridge Regression: Effect of Regularization

i.d.
D "X Pxy TRAIN error:
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Ridge Regression: Effect of Regularization

1.1.d.

D "~ Pxy TRAIN error:
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> Typical approach: select A using cross validation, up next



Ridge regression: minimize 2 wix;+b—y)* + Awll;
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e this gain in test MSE comes from

shrinking w’s to get a less sensitive
predictor
(which in turn reduces the variance)
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Example: piecewise linear fit

e we fit a linear model forx € [—1,1]:
fx) = b+ wihi(x) + wyhy(x) + wihs(x) + wihy(x) + wshs(x)

e with a specific choice of features using piecewise linear functions .

h(x) =

[a]t =

max{a,0}

hy(x)
h,(x)
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hs(x)
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» X
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Example: piecewise linear fit

e we fit a linear model:
fx) = b+ wihi(x) + wyhy(x) + wihs(x) + wihy(x) + wshs(x)
e with a specific choice of features using piecewise linear functions

h(x) = h3(x)

[a]®
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2 max{a,0)}
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slope: w,
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|
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the weights capture the change in the slopes



Example: piecewise linear fit

e we fit a linear model:
fx) = b+ wihi(x) + wyhy(x) + wihs(x) + wihy(x) + wshs(x)
e with a specific choice of features using piecewise linear functions
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Example: piecewise linear fit (ridge regression)
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A=1 A = 0.005 A = 0.000001

We do not observe overfitting, as d=5 and n=100



Can avoid overfitting even w &€ R0 and n=11 samples
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What you need to know...

> Regularization

- Penalizes complex models towards preferred,
simpler models

> Ridge regression
- L, penalized least-squares regression

- Regularization parameter trades off model
complexity with training error

- Never regularize the offset!



