Cross-Validation




> How do we pick the number of basis functions...

> We could use the test data, but...



> How do we pick the number of basis functions...

> We could use the test data, but...

= Never ever ever ever ever ever ever ever ever ever
ever ever ever ever ever ever ever ever ever ever ever
ever ever ever ever ever ever train on the test data



(LOO) Leave-one-out cross validation

> Consider a validation set with 1 example:
- D - training data
- D\j — training data with j th data point (x; ,y;) moved to
validation set
> Learn classifier fj,; with D\j dataset

> Estimate true error as squared error on predicting y;:

- Unbiased estimate of error,, . (fp)!



(LOO) Leave-one-out cross validation

> Consider a validation set with 1 example:
- D - training data
- D\j — training data with j th data point (x; ,y;) moved to
validation set
Learn classifier fy; with D\j dataset

Estimate true error as squared error on predicting y;:
- Unbiased estimate of error,, . (fp)!

> LOO cross validation: Average over all data points j:
- For each data point you leave out, learn a new classifier fp,

- Estimate error as:
mn

1
eIrrory,oo = E Z(yg — fD\j(ajj))2

g=1



LOO cross validation is (almost) unbiased estimate!

> When computing LOOCYV error, we only use N-1 data points
- So it’s not estimate of true error of learning with N data points

- Usually pessimistic, though — learning with less data typically
gives worse answer

> LOO is almost unbiased! Use LOO error for model selection!!!
- E.g., picking degree



Computational cost of LOO

> Suppose you have 100,000 data points

> You implemented a great version of your learning
algorithm

- Learns in only 1 second
> Computing LOO will take about 1 day!!!



Use k-fold cross validation

> Randomly divide training data into k equal parts
- D1,---,Dk
> Foreach i

Train

- Learn classifier fj,; using data point not in D;
- Estimate error of f,,; on validation set D;:

1
€eITorp, = W Z (yj — fD\D,L- (mj))2

(z5,y5)€D;
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Use k-fold cross validation

Randomly divide training data into k equal parts
- Dy,...,Dy

For each i
- Learn classifier fj,; using data point not in D;

Train

- Estimate error of f,; on validation set D;:

1
€eITorp, = W Z (yj — fD\DL- (mj))2
" (z,y;)€ED;

k-fold cross validation error is average over data splits:
1 K
ErTOTk_ fold = z 231 ETTOTD,
1=

k-fold cross validation properties:
- Much faster to compute than LOO
- More (pessimistically) biased — using much less data, only n(k-1)/k
- Usually, k=10



Recap

> Given a dataset, begin by splitting into

TRAIN TEST

> Model selection: Use k-fold cross-validation on TRAIN to
train predictor and choose magic parameters such as degree

TRAIN-1 VAL-1

TRAIN TRAIN-2 VAL-2 TRAIN-2

> Model assessment: Use TEST to assess the accuracy of the
model you output

= Never ever ever ever ever train or choose
parameters based on the test data



Example 1

> You wish to predict the stock price of zoom.us given
historical stock price data

> You use all daily stock price up to Jan 1, 2020 as
TRAIN and Jan 2, 2020 - April 13, 2020 as TEST

> What’s wrong with this procedure?



http://zoom.us

Example 2

> Given 10,000-dimensional data and n examples, we pick
a subset of 50 dimensions that have the highest
correlation with labels in the entire dataset:

| Z?:l T35 Yil

D ie1 T
> After picking our 50 features, we then breal% data into
train and test dataset.

> We train linear regression on these selected features on
the training set. We compute the test error and report it

> What’s wrong with this procedure?

50 indices j that have largest



Recap

> Learning is...
- Collect some data

> E.g., housing info and sale price
- Randomly split dataset into TRAIN, VAL, and TEST

> E.g., 80%, 10%, and 10%, respectively
- Choose a hypothesis class or model

> E.g., linear with non-linear transformations
- Choose a loss function

> E.g., least squares on TRAIN
- Choose an optimization procedure

> E.g., set derivative to zero to obtain estimator, cross-
validation on VAL to pick num. features

> Justifying the accuracy of the estimate
> E.g., report TEST error



Bias-Variance Tradeoff

UNIVERSITY of WASHINGTON



Optimal Prediction

Goal: Predict Y €¢ R given X € R? if (X,Y) ~ Pxy

Find function n that minimizes

Exy[(Y = n(X))*)= Ex |Eyix[(Y - n(®))?X = 2]

(Hint: for any x, n(x) = ¢, where ¢, minimizes Ey|x[(Y — ¢;)%| X = z])

2 [ [(t(-c)z/Y:zj

sc  fIx
B EWY[Z(‘/-@("/) ) X+ I]
tvz(/%,y[wxczkﬁ -0
Co = 7 () = /Em[',/}Xr)c]



Optimal Prediction

Goal: Predict Y € R? given X € R? if (X,Y) ~ Pxy

Find function n that minimizes

Exy [(V = 1(X))] = Ex |Ey x[(Y = n(a))*|X = ]|

(Hint: for any x, n(x) = ¢, where ¢; minimizes EIEly|X[(Y — ;)% X = x])

d — e
=y [ (Y — )2|X =g
— LY |X dCa; x —

Squared Error Optimal Predictor: n(x) = Ey | x|Y|X = x|




Statistical Learning,

Py X =,V =g




Statistical Learning,
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Statistical Learning,

Pxvy (X — 2, Y = y) Ideally, we want to find:

ny(Y - y‘X - Q?())

Rt
‘1
.........................................................



Statistical Learning

Pxvy (X — 2, Y = y) Ideally, we want to find:
nN(x) =Ey x|V X = x]




Statistical Learning

Pxvy (X — 2, Y = y) Ideally, we want to find:
nN(x) =Ey x|V X = x]

But we only have samples:
(jS,yi) IL'}\.Jd. PXY for 1 = 1,...,n

D T I L e



Statistical Learning

; O - LS Efyfe)) = B (- £20)
E [ -~ Z[*j;%cm)} &Z\’t&\/ / “j, 2,) ]
Py (¥ =8,V =g Ideally, we want to find:

n(z) = Ey|x|Y|X = 2]

But we only have samples:
(jS,yi) IL'}\.Jd. PXY for 1 = 1,...,7L

and are restricted to a
function class (e.g., linear)
SO we compute:

2 e

f = amgumin — 3 (g — fla))”

Fer m =
="

_J

z |
7E i 7(\ Z [j;aﬁ@f«s)> _E’; E [(k{_ §(}(}>z} = EY[ IE{I){‘[([{”F(A)Y}X‘;J‘

i}w o]

f,
U



Statistical Learning

Pxvy (X — 2, Y = y) Ideally, we want to find:
nN(x) =Ey x|V X = x]

But we only have samples:
(jS,yi) z'de. PXY for 1 = 1,...,n

and are restricted to a

function class (e.g., linear)
SO we compute:

P i

f=argmin—» (y; — f(z:))’

Fn
X fe i=1

AN

We care about future predictions: Exv[(Y — f(X))?]




Statistical Learning

Pyl =3,V =g Ideally, we want to find:
n(z) = By x[Y|X = 1]

But we only have samples:

(azi,yz)”dPXy fOIiZl,...,n

and are restricted to a
function class (e.g., linear)
SO we compute:

F=argmin— > (yi — f(x:))?

eEFnN
X / 1=1

Each draw D = {(z;,y;)} ', results in different f



Statistical Learning

Pxy(X =z,Y =y) Ideally, we want to find:
HEYW)( }/l)( ——iﬁ]

3/&5

But we only have samples

(@, 40) HdPXy for i =1,...,m

and are restricted to a
function class (e.g., linear)
SO we compute:

F=argmin— > (yi — f(x:))?

eEFnN
X / 1=1

Each draw D = {(z;,y;)} ', results in different f



Bias-Variance Tradeoff

1

n(z) = Eyx[Y|X = ] f = argmin ~ z(y = @)
Ey x[Ep[(Y — fp(2))?]|X = 2] EY|X[ED[(LY__ n(z) +nx) — fp(x))?]| X = 1]
a b

(a46) = &'t 26b £



Bias-Variance Tradeoff

1

n(z) = By x[Y]X = 2] f = argmin - E;(y — f(=:))*
Eyx[Ep[(Y — fp(2))?]| X = 2] = Ey|x[Ep[(Y — 1(@) + () p(2))?]|X = ]

:EY|X[ED[(Y 27( z))’ +W):O
R q 2.5
+ (n(a) = fo(e))?]|X =
=Ey|x[(Y = n(2))?|X = a] + Ep[(n(z) - fo(x))?]

irreducible error learning error
Caused by stochastic Caused by either using too
label noise “simple” of a model or not

enough data to learn the model
accurately



Bias-Variance Tradeoff

o i i
n(r) =Ey x|[Y|X = z] f = argmin ;(y — f(=;))?

AN AN

Ep[(n(z) - fp())’] = Ep[(n(z) — Ep[fo(2)] + En[fp(w)] — fp(z))’




Bias-Variance Tradeoff

o i i
n(r) =Ey x|[Y|X = z] f = argmin ;(y — f(=;))?

Ep[(n(z) - fp())’] = Ep[(n(z) — Ep[fo(2)] + En[fp(w)] — fp(z))’

=Ep[(n(z) — Ep[fn(2)])? + 2(n(z) = Extfotm)(Ep[fo(z)] — fo(z))
+ (Ep[fp(x)] — fo(z))?]

—(n(x) — Ep|fp(2)))* + Ep[(Ep[fp(z)] — fo(x))’

biased squared variance




Bias-Variance Tradeoff

Eyx[Ep[(Y — fp(2))?]|X = 2] = Ey x[(Y — n(z))?|X = 2]

irreducible error

+(n(xz) — Ep[fp(2)))* + Ep[(Ep[fo(2)] - fo(x))’]

biased squared variance

—— bias?
—— variance
— t{otal

error

04 0.6
complexity



Bias-Variance demo




Ridge Regression




Regularization in Linear Regression

Recall Least Squares: g = arg minz (y@ B x;pw)2
R
— arg min(y — Xw)* (y — Xw)

when (XTX)_l exists.... = (XTX)_lXTY



Regularization in Linear Regression

n

. . 2
Recall Least Squares: i, ¢ = arg mmz (yz _ :r;;rw)
w o =

1=1
— arg min(y — Xw)* (y — Xw)

Ingeneral: = argminw’ (X' X)w — 2y’ Xuw



Regularization in Linear Regression

Recall Least Squares: g = arg minz (yz B :E?w)2
w
i=1
— arg min(y — Xw)* (y — Xw)
w

In general: = arg muin wT(XTX)w — 29T Xw
A
N— .
’/ -+ \\ + + — — \ A /

n

(y1 — iUlT’w)z + (y2 — szw)Q + 4 (Yn — SL’gw)Q - Z(yi — $?w)2
i=1

What if z; € R? and d > n?



Regularization in Linear Regression

n
~ : 2
Recall Least Squares: ;¢ = arg min E (yi — ] w)
w
i=1

When z; € R? and d > n the objective function is flat in some directions:



Regularization in Linear Regression

n
~ : 2
Recall Least Squares: ;¢ = arg min E (yi — ] w)
w
i=1

When z; € R? and d > n the objective function is flat in some directions:

Implies optimal solution is not unique and unstable ’ ’

due to lack of curvature:

e small changes in training data result in large
changes in solution

e often the magnitudes of w are “very large”

Regularization imposes “simpler” solutions by a
“complexity” penalty



Ridge Regression

= Old Least squares objective:

T 2
Wrs = arg mln g — X w)

A

= Ridge Regression obJectlve -

2
wmdge — arg mlnz — 4y w) T AHng

_ A

2+\\ +...+E Y ~ 4




Minimizing the Ridge Regression Objective

n

~ . 2

Wridge — al'g HluI)HZ (yz — xfzrw) + )‘HwH%
1=1



Shrinkage Properties

n

~ . 2

Wridge — aI'g Hlul)HZ (yz — x;rw) + )‘HwH%
1=1

= (X*X+ )" X"y



Bias-Variance Properties

Wridge = (X' X + M) X'y
. Assume: X' X = nland y = Xw + € € ~ N(O, 02])

If z € R and Y ~ N (2w, 0?), what is Ey |y train[(Y — 27 Wriage)?| X = |7



Bias-Variance Properties

Wridge = (X' X + M) X'y
. Assume: X' X = nland y = Xw + € e ~N(0,0°1)

If z € R and Y ~ N (2w, 0?), what is Ey |y train[(Y — 27 Wriage)?| X = |7

Ey xp[(Y — 2" ®ridgge)’| X = 7]
=Eyx[(Y —Eyx[V|X = 2])*|X = 2] + Ep[(Ey x [V |X = 2] — 2 @rjage)’]

Irreducible Error Learning Error




Bias-Variance Properties

Wridge = (X' X + M) X'y
. Assume: X' X = nland y = Xw + € € ~ N(O, 02])

If z € R and Y ~ N (2w, 0?), what is Ey |y train[(Y — 27 Wriage)?| X = |7

Ey|xp[(Y — ' Wriage)’| X = 7]
=Eyx[(Y = Ey|x[Y]|X = 2])*|X = 2] + Ep[(By |x [V X = ] — 2" @riage)’]
=Eyx[(Y — vt w)?| X = 2] + Ep[(z'w — 2" Wrigge)?]

ZLQ + (27w — Ep[o! Wrigge))® + Ep[(Ep[r! Wridge] — 1 Wriage)

Irreduc. Error Bias-squared Variance

’]




Bias-Variance Properties

Wridge = (X' X + M) X'y
. Assume: X' X = nland y = Xw + € e ~ N(0,0%1)

If z € R and Y ~ N (2w, 0?), what is Ey |y train[(Y — 27 Wriage)?| X = |7

Ey xp[(Y — 2" ®ridgge)’| X = 7]
=Eyx[(Y — Eyx[Y|X =2])?|X = 2] + Ep[(By|x[Y|X = 2] — 2" @riage)”]
= ]EY|X[(Y — af;Tw)2\X = x| + ED[(a:Tw — ZCTQ/U\Mdge)2]

:iQ + (xT'LU — ED [xT@Tidge])Q + ED[(]ED [xT@Tidge] — xT@ridge)Q]

Irreduc. Error Bias-squared Variance
Wridge = (XX + X)) X! (Xw + €)
n 1
— - ). &
ntX A




Bias-Variance Properties

Wridge = (X' X + M) X'y
. Assume: X' X = nland y = Xw + € € ~ N(O, 02])

If z € R and Y ~ N (2w, 0?), what is Ey |y train[(Y — 27 Wriage)?| X = |7

Ey xp[(Y — 2" ®ridgge)’| X = 7]
=Eyx[(Y —Eyx[V|X = 2])*|X = 2] + Ep[(Ey x [V |X = 2] — 2 @rjage)’]

— By [(V — ")’ X = o] + Epl(a"w — 2" Briage)’]

— 0% + (OUT’LU —Ep [xT{U\ridge])Q + ED[(]ED [xT@ridge] - xT{U\TidQG)Q]
22 a’n
2 T N2 2
=0+ (w” z)” + |z|3
(n+A)? (n+ A)? (verify at home)

Irreduc. Error Bias-squared Variance




Bias-Variance Properties
Wridge = (XTX + )\I)_lXTy
. Assume: X' X = nland y = Xw + € e ~N(0,0°1)

If € R and Y ~ N (2w, 0?), what is Ey |4 train[(Y — 21 Wriage)?| X = 2]?

IEY|X,D[()/ — xT@Tidge)2‘X — ZE]

2 A2 T N2 a’n 2
=0t (n + )2 (w” )" + (n+ A)? 12 (verify at home)
Irreduc. Error Bias-squared Variance

175 A
150 A

125

d=10, n=20,
6% =3.0,|w|)? = 10

100

0.75 1

0.50 A1

- bias
—\ariance
- bias+variance

0 2 % 2 8 10

0.25 1

0.00 1




Ridge Regression: Effect of Regularizatio

n
~ . 2
Wridge — al'g HluI)HZ (yz — xfzrw) + )‘HwH%
1=1

= Solution is indexed by the regularization parameter A

= Larger A
= Smaller A
= AsA—> O, w’ridge —

. Ash oo wridge —



Ridge Regression: Effect of Regularization

i.d.
D "X Pxy TRAIN error:
- .1 1 R
wg\’)mdge = argnrhljn ﬁ Z (yZ — x?w)Z + )\||’w||§ 3 Z (yi — :E;-ng\)mdge)Q
(a:i,yi)ED | | (a:z,yz)ED
TRUE error:
T ~(A) 2
E[(Y - X wD,m’dge) ]
TEST error:
4.,
T “~" Pxy
1 ~(\
= Z (y’b — x;rwg),)ridge)2
T
(zi,y:)€D

Important: DNT =0




Ridge Regression: Effect of Regularization

1.7.d.
D '~ Pxy
N 1 T N2 2
wD,m'dge — arg H,Ll,n ﬁ Z (y’& — X w) + )‘||w||2
(ri,y:)€ED

N High Bias Low Bias
T Low Variance High Variance
e
@® _
o
© _
o
<
o
N
o
s - Each line is i.i.d. draw of D or T

I T | T I I T

0

5

10

15

1/

20

25

30

TRAIN error:

1 T ~(N) 2
ﬁ Z (yi — ; wD,ridge)

(z;,y:)€D
TRUE error:
T ~(X) 2
E[(Y - X wD,m’dge) ]
TEST error:
i.d.
T "< Pxy
1 N
m Z (yz o ',’E’Lng))\,)Tidge)Q
(zi,y:)€D

Important: DNT =0




n
Ridge regression: minimize Z wix;+ b —y)*+ Awll;
i=1

0.6

=== |Ccavol
=—8— |weight
051 —@— age
=== |bph
0.4} =O=svi

» “Icp
==@== gleason
—6— pgg45

From
Kevin Murphy
textbook

0.3r

0.2r

0.1

5 10 20 25 30

1/

> Typical approach: select A using cross validation, up next



Ridge regression: minimize 2 wix;+b—y)* + Awll;

0.130

0.125 1

0.120 -

test MSE

0.115 1

0.110 1

training MSE_~

30 25 <20 -15  -1p 05

High Low
model loglo (A) model
complexity complexity

e this gain in test MSE comes from

shrinking w’s to get a less sensitive
predictor
(which in turn reduces the variance)

i=1

0.25 -

0.20 -

0.15 -

0.10 1

0.05 -

0.00 4

-0.05 1

wz-’s




Example: piecewise linear fit

e we fit a linear model forx € [—1,1]:
fx) = b+ wihi(x) + wyhy(x) + wihs(x) + wihy(x) + wshs(x)

e with a specific choice of features using piecewise linear functions .

h(x) =

[a]t =

max{a,0}

hy(x)
h,(x)
h3(x)
hy(x)
hs(x)

[x +0.75]"
x+0.2]"
x —0.4]*

-0.75

-0.75

-0.75

-0.2

» X
0.4 0.8 > X
h3(x)
0.4 0.8 > X




Example: piecewise linear fit

e we fit a linear model:
fx) = b+ wihi(x) + wyhy(x) + wihs(x) + wihy(x) + wshs(x)
e with a specific choice of features using piecewise linear functions

h(x) = h3(x)

[a]®

hy(x) |
hQ(X)

h4(x)
h5(x)_

2 max{a,0)}

X
[x +0.75]F

x+0.2]"
x —0.4]*
x —0.8]"

slope: w,

-0.75

y=>b+ h(x)'w

|
-0.2

1+W2+M‘

W1+W2+W3+W4+W5

the weights capture the change in the slopes



Example: piecewise linear fit

e we fit a linear model:
fx) = b+ wihi(x) + wyhy(x) + wihs(x) + wihy(x) + wshs(x)
e with a specific choice of features using piecewise linear functions

0.10 - -
0.05 1
0.00 1
-0.05 A
-0.10 {

-0.15 -

-0.20 -

-1.00 -0.75 -0.50 —-0.25 000 025 050 075 100
X



Example: piecewise linear fit (ridge regression)

0.10 1

0.05 5

0.00

=0.05

=0.10 1

=0.15 1

0201 @ o {10

-100 -075 -050 -025 000 025 050 075 100 -1.00 -0.75 -050 -025 000 025 050 075 100 100 —075 <050 025 000 025 050 075 100

A=1 A = 0.005 A = 0.000001

We do not observe overfitting, as d=5 and n=100



Can avoid overfitting even w &€ R0 and n=11 samples

w;'s

2.0
0.040

Test MISE

15 4
0.035 4

0.030 4

0.025

0.020 4
0.015 4
0.010 4

Train MSE

0.000 +

N A
£y

0.10
® train data ® train data ® train data
— ground truth — ground truth — ground truth

— predictor —— predictor —— predictor
0.05 A

0.2 4

0.05 4

0.1 4

0.00 0.00 A

—0.05 - -0.05 -

0.0 4

—0.10 A -0.10 A

—-0.1 -

-0.15 - -0.15 -

0.2 1 —0.20 4 L -0.20 J'

-1.00 -0.75 —0.50 -0.25 000 025 050 075 100 -1.00 —0.75 -0.50 -0.25 000 025 050 075 100 -1.00 —0.75 -0.50 —0.25 000 025 050 075 100



What you need to know...

> Regularization

- Penalizes complex models towards preferred,
simpler models

> Ridge regression
- L, penalized least-squares regression

- Regularization parameter trades off model
complexity with training error

- Never regularize the offset!



