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The regression problem, 1-dimensional

Given past sales data on zillow.com, predict:

y = House sale price from

x = {# sq. ft.}
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Fit a function to our data, 1-d

Given past sales data on zillow.com, predict:

y = House sale price from
x = {#sq. ft.}

Training Data:
; €ER
(24, yi) biey "o

o
best linear fit 4

S . e Hypothesis/Model: linear

(o' ..

% .Q Yi = T;0 + €; €; Z.r’{,\.Jd. N(O, 0_2)
(V)

# square feet
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Fit a function to our data, 1-d

Given past sales data on zillow.com, predict:

y = House sale price from
x = {#sq. ft.}

Training Data:
; €ER
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The regression problem, d-dim

Given past sales data on zillow.com, predict:

y = House sale price from

x = {# sq. ft., zip code, date of sale, etc.}

d
Training Data: Zi €R
5 n y; € R

g {(CBZa y%) 1=1
Sale price 100 Hypothesis/Model: linear
[ 0 x;-rw + € ¢ 5 N (0, 02)
=100
[ —200
#2)2_1 i V2 -2 -1 0 1 2 b=

a
l‘hroorns # square feet
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The regression problem, d-dim

Given past sales data on zillow.com, predict:

y = House sale price from

x = {# sq. ft., zip code, date of sale, etc.}

Sale price

£

=100

[ —200
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The regression problem, d-dim

Given past sales data on zillow.com, predict:

y = House sale price from

x = {# sq. ft., zip code, date of sale, etc.}

Sale price

Training Data:

56k {(CB’M yz)

T

=100

[ —200
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-1 0 1 2
# square feet
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x; € Rd
n y; € R
1=1

100 Hypothesis/Model: linear

1.1.d. (O, 0_2)
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Maximizing log-likelihood

d
Training Data: % €R 1 yaTw)?/202
n YeER p(ylz, w,0) = e
{(Cl?z,yz) i—1 V2102

6—(,%—33,?11))2/202

Likelihood: P(Dlw, ) = [] plyilzs, w, ) = !

1=1 1
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Maximum Likelihood Estimation

Observe X1, Xs,..., X, drawn IID from f(x;#) for some “true” 6 = 0,

Likelihood function L,(0)=]] f(X;0)
=1
Log-Likelihood function [,(0) =log(L,(0)) = Zlog(f(Xi; 6))

1=1

Maximum Likelihood Estimator (MLE) 0,5 = arg max Ly, (0)

Under benign assumptions, as the number of observations n — co we have 0 ,,;  — 0

Why is it useful to recover the “true” parameters 6. of a probabilistic model?

- Estimation of the parameters 0. is the goal
* Help interpret or summarize large datasets
« Make predictions about future data

« Generate new data X ~ f(-; 0,/ 5)



Maximizing log-likelihood

d
Training Data: % €R 1 T2 o
Ui R p(y|x7w70-) — e (y—x w)* /20
{(xzjyz) n 1 \/27'(-0-2
TPRT - ol T o)? /262
Likelihood: P(D|w,0) = Y|z, w, o) = e~ Wi—w w)* /20
(Pluso) = [Tt =

_— - 1 T \2 /6 2
Maximize (wrt w): log P(D|w,0o) = log <| | e~ (Wi w)*/20
V2
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Maximizing log-likelihood

d
Training Data: % €R 1 yaTw)?/202
U, Ys) b Vamo?
TPRT - ol T o)? /262
Likelihood: P(D|w,0) = Y|z, w, o) = e~ Wi—w w)* /20
(Dlw,0) 7,1;[1 il EW

_— 51 2 902
Maximize (wrt w): log P(Djw, o) = log (H e~ (vi—z] w) /2a>

i—1 7TO'

DO

mn
. : T N2
@yrp =argmin ) (y; — 2] w)
1=1
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Maximizing log-likelihood

n
. : T N2
@yrp = argmin ) (y; — 2 w)
1=1

Set derivate=0, solve for w
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Maximizing log-likelihood

n

~ - Z T2 .
W LE — argimin (yz — X, w) Set derivate=0, solve for w
w

1=1

n —1 n
~ T
WMLE = E X;x; E LilYq
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The regression problem in matrix notation

WNMLE = argmui)n E (s
i—1
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Y1

Yn

n

T

— T, W

-

L1

T
L,

)2

d : # of features
n : # of examples/datapoints



The regression problem in matrix notation

mn
A~ . T 2
@yrp = argmin ) (y; — 2 w)
1=1
Yy | Exl d : # of features
n : # of examples/datapoints
y = X=|: ples/datap
yz-:a:;‘;rerei y = Xw + €
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The regression problem in matrix notation

WNMLE = argmui)n E (s
i—1

y:

T

Yi = T; W+ €

Wps = argmin |ly — Xwl|;

= arg min(y — Xw)* (y — Xw)

Y1

Yn

T

— T, W

-

L1

T
L,

d : # of features
n : # of examples/datapoints

y = Xw + €

: n 2 T
£ynorm: [l2lly =/ T, 7 = Ve
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The regression problem in matrix notation

WNMLE = argmui)n E (s
i—1

y:

T

Yi = T; W+ €

Wps = argmin |ly — Xwl|;

= arg min(y — Xw)* (y — Xw)
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Y1

Yn

T

— T, W

-

L1

T
L,

d : # of features
n : # of examples/datapoints

y = Xw + €



The regression problem in matrix notation

n

~ . T, \2
@yrp = argmin ) (y; — 2 w)
1=1
Yy | _aj?_ d : # of features
. n : # of examples/datapoints
y=: X =|: ples/datap
| Yn | _ajg_
_ T
Yi = T; W+ € y = Xw + €
A~ ) £ o«
Wrs = argmin ||y — Xw||3 Wue i goln e
w

— arg nrbi)n(y — Xw)T(y — Xw) Y'Y = )(7'\/

Wrs = Wpnre = (X X) ' X'Y
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The regression problem in matrix notation

s = argmin ||y — Xwl|;

_ (XTx)—ley

o X/ +6
What about an offset? ‘j X

n

@LS,/b\LS — arg min (yz — (:B;r’w + b))2

w,b 4
1=1

= argmin [ly — (Xw + 1b)||3

w,
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Dealing with an offset

Wrs,brs = argrgigl ly — (Xw + 1b)]]3



S TD

=X K
T (or
r XTX X,ﬂ- LmLE K

x| bee) LTy

@,bLS — argmmHy Xw+1b)|y
XT X5 + b}gxy— Xy
1 Xars + brs1T1 =17y

Ff X1 = ﬂe if each feature is mean-zero t]%en ,/V‘r /

nvdsl

@LS_(XnX) XY vy [X l]

Dealing with an offset

>
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~ 1

b - i N
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A T ~ A
Ynew — LTpewWLS + bLS



Process

Decide on a model for the likelihood function f(x; 8)

Find the function which fits the data best
Choose a loss function- least squares
Pick the function which minimizes loss on data

Use function to make prediction on new examples



Linear regression demo
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Linear regression with non-
linear basis functions

W
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Recap: Linear Regression

label
’ f(x) =400 x
O
5 0 0’ 9 y - f(x) = 100,000 + 200 x
O 00, %9 A 0 O
oS OOO
/ o
input x

* In general hlgh -dimensions, we fit a linear model with intercept
yi~wlx +b, orequwalently yvi=wlx +b+e
with model parameters (w € R4, b € R) that minimizes z,”z-loss

L(w,b) = 2 01 = (W + b))’

error €;




Recap: Linear Regression

« The least squares solution, i.e. the minimizer of the L”z-loss can be
written in a closed form as a function of data X and y as

or equivalently using
straightforward linear algebra
by setting the gradient to zero:

5] - (1 ) B



Quadratic regression in 1-dimension

Data: X = , Y=

« Linear model with parameter (b, w)):

« ¥, =b+wx

Y1
Y2

Yn

label y

_—

mput x



Quadratic regression in 1-dimension

X1 Y1

label
X y
Data: X = :2 , Y= y.2

'X;n )}:n
| " |1 //

« Linear model with parameter (b, w)):

« ¥, =b+wx
lwll ) / input x

. Quadratic model with parameter (b, w =

-
’

1%)

« V;=b+w x;+w,x?




Quadratic regression in 1-dimension

X1 Y1 bl

X abel y
Data: X = :2 , Y= y.2

'xn yn

* Linear model with parameter (b, w)):
« ¥, =b+wx

Wy nput x
. Quadratic model with parameter (b, w = ):

e Vi=b+wx;+w,x?
W,
Degree-p polynomial model with parameter (b,w = | : |):
* w
p

e Vi=b+wix+wy x4+ . +w,xP




Quadratic regression in 1-dimension

X1 Y1 bl

X abel y
Data: X = :2 , Y= y.2

xn yn

Linear model with parameter (b, w)):
« ¥, =b+wx

wq input x
. Quadratic model with parameter (b, w = ):
W2 ! A T
e« V.=b+w X+ w, x? 2t - L\(x«'—\ tJ
Vi 1Y 2 h Cz’) - . _ ¢
X Wl L)
Degree-p polynomial model with parameter (b,w = | : |): (:: - [w\
Wp | Wae
e Vi=b+wix+wy x4+ . +w,xP
W
General p-features with parameter w = | :
* w
p

* 3’\1' = (w, h(x;)) where h : R — R?



Quadratic regression in 1-dimension

X1 Y1 el
X abel y
Data: X = .2 , ¥y = y.2
_-xn_ _yn_ /
]
General p-features with parameter w = | :
* w
p

e V.= (w,h(x))where h : R - R”

Note: h can be arbitrary non-linear functions!

§
h(x) = llog(x), x2, sin(x), \/}]



Quadratic regression in 1-dimension

X1 Y1 |
X abel y
Data: X = .2 , ¥y = y.2
_xn | _yn ] /
]
General p-features with parameter w = | :
* w
p

e V.= (w,h(x))where h : R - R”

How do we learn w?



Quadratic regression in 1-dimension

X1 Y1 el
X abel y
Data: X = :2 , Y= y.2
_xn_ _yn_
/
W
General p-features with parameter w = | :
* w
- p_
e V.= (w,h(x))where h : R - R”
How do we learn w?
] ] W = argmin ||[Hw — y||3
— —h(x)" — - w
H= : € R™? For a new test point x, predict
|~ h)" =~ y =(W,hx))




Which p should we choose?

* First instance of class of models with different
representation power = model complexity

label y degree 3 label y degree 20 overfits

0.10 0.10 -

0.05 0.05 -

0.00 0.00 -
~0.05 1 ~0.05 -
~0.10 1 ~0.10 -
0154 * -0.15 -
-0.20 - ° -0.20 A

~1.00 -0.75 -0.50 -0.25 000 025 050 075 100 2100 —075 —050 -025 000 025 050 075 100
input x input x

« How do we determine which is better model?



Generalization

* we say a predictor generalizes if it performs as well on unseen data
as on training data (we will formalize the next lecture)

* the data used to train a predictor is training data or in-sample data
e we want the predictor to work on out-of-sample data

* we say a predictor fails to generalize if it performs well on in-
sample data but does not perform well on out-of-sample data



Generalization

* we say a predictor generalizes if it performs as well on unseen data
as on training data (we will formalize the next lecture)

* the data used to train a predictor is training data or in-sample data
e we want the predictor to work on out-of-sample data

* we say a predictor fails to generalize if it performs well on in-
sample data but does not perform well on out-of-sample data

e train a cubic predictor on 32 (in-sample) white circles: Mean Squared Error (MSE) 174
e predict label y for 30 (out-of-sample) blue circles: MSE 192

e conclude this predictor/model generalizes, as in-sample MSE ~ out-of-sample MSE



Split the data into training and testing

e away to mimic how the predictor performs on unseen data

« given asingle dataset § = {(x;, y)}'_,

e we split the dataset into two: training set and test set (e.g., 90/10)
* fraining set used to train the model

1
minimize £, (W)= Y Gi—xlw)?

° | Strain | icS

train

e test set used to evaluate the model

1
o Zz test(w) = Z (y i xiTW)z
[Sieat| 4

e this assumes that test set is similar to unseen data




Train/test error vs. complexity

Error
0.0035 -
. - —&— train error
'/ & test error
0.0030 - N
0.0025 -
0.0020 -
0.0015 -
0.0010 - —
—— —
0.0005

25 50 75 100 125 150 175 200
degree p of the polynomial regression

- Degree p = 3, since it achieves minimum

test error

 Train error monotonically decreases with model
complexity

» Test error has a U shape

test set should never be used in training or picking degree

degree 3

0.00 1
-0.05 1
-0.10 1
-015{ *®
-0201
-100 -0.75 -050 -025 000 025 050 075 100
degree 5
y 0.10

0.05 4

0.00 4

-0.05 A

-0.10 A

-0.15 A

-0.20 A

-1.00 -0.75 -0.50 -025 000 025 050 075 100

degree 20 overfits

y010<

0.05
0.00 1
-0.05 1
-0.10 A
-0.15 1

-0.20 1

-100 -0.75 -0.50 -025 000X 025 050 075 100
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Cross-Validation




> How do we pick the number of basis functions...

> We could use the test data, but...



> How do we pick the number of basis functions...

> We could use the test data, but...

= Never ever ever ever ever ever ever ever ever ever
ever ever ever ever ever ever ever ever ever ever ever
ever ever ever ever ever ever train on the test data



(LOO) Leave-one-out cross validation

> Consider a validation set with 1 example:
- D - training data
- D\j — training data with j th data point (x; ,y;) moved to
validation set
> Learn classifier fj,; with D\j dataset

> Estimate true error as squared error on predicting y;:

- Unbiased estimate of error,, . (fp)!



(LOO) Leave-one-out cross validation

> Consider a validation set with 1 example:
- D - training data
- D\j — training data with j th data point (x; ,y;) moved to
validation set
Learn classifier fy; with D\j dataset

Estimate true error as squared error on predicting y;:
- Unbiased estimate of error,, . (fp)!

> LOO cross validation: Average over all data points j:
- For each data point you leave out, learn a new classifier fp,

- Estimate error as:
mn

1
eIrrory,oo = E Z(yg — fD\j(ajj))2

g=1



LOO cross validation is (almost) unbiased estimate!

> When computing LOOCYV error, we only use N-1 data points
- So it’s not estimate of true error of learning with N data points

- Usually pessimistic, though — learning with less data typically
gives worse answer

> LOO is almost unbiased! Use LOO error for model selection!!!
- E.g., picking degree



Computational cost of LOO

> Suppose you have 100,000 data points

> You implemented a great version of your learning
algorithm

- Learns in only 1 second
> Computing LOO will take about 1 day!!!



Use k-fold cross validation

> Randomly divide training data into k equal parts
- D1,---,Dk
> Foreach i

Train

- Learn classifier fj,; using data point not in D;
- Estimate error of f,,; on validation set D;:

1
€eITorp, = W Z (yj — fD\D,L- (mj))2

(z5,y5)€D;



>

>

>

>

Use k-fold cross validation

Randomly divide training data into k equal parts
- Dy,...,Dy

For each i
- Learn classifier fj,; using data point not in D;

Train

- Estimate error of f,; on validation set D;:

1
€eITorp, = W Z (yj — fD\DL- (mj))2
" (z,y;)€ED;

k-fold cross validation error is average over data splits:
1 K
ErTOTk_ fold = z 231 ETTOTD,
1=

k-fold cross validation properties:
- Much faster to compute than LOO
- More (pessimistically) biased — using much less data, only n(k-1)/k
- Usually, k=10



Recap

> Given a dataset, begin by splitting into

TRAIN TEST

> Model selection: Use k-fold cross-validation on TRAIN to
train predictor and choose magic parameters such as degree

TRAIN-1 VAL-1

TRAIN TRAIN-2 VAL-2 TRAIN-2

> Model assessment: Use TEST to assess the accuracy of the
model you output

= Never ever ever ever ever train or choose
parameters based on the test data



Example 1

> You wish to predict the stock price of zoom.us given
historical stock price data

> You use all daily stock price up to Jan 1, 2020 as
TRAIN and Jan 2, 2020 - April 13, 2020 as TEST

> What’s wrong with this procedure?



http://zoom.us

Example 2

> Given 10,000-dimensional data and n examples, we pick
a subset of 50 dimensions that have the highest
correlation with labels in the entire dataset:

| Z?:l T35 Yil

D ie1 T
> After picking our 50 features, we then breal% data into
train and test dataset.

> We train linear regression on these selected features on
the training set. We compute the test error and report it

> What’s wrong with this procedure?

50 indices j that have largest



Recap

> Learning is...
- Collect some data

> E.g., housing info and sale price
- Randomly split dataset into TRAIN, VAL, and TEST

> E.g., 80%, 10%, and 10%, respectively
- Choose a hypothesis class or model

> E.g., linear with non-linear transformations
- Choose a loss function

> E.g., least squares on TRAIN
- Choose an optimization procedure

> E.g., set derivative to zero to obtain estimator, cross-
validation on VAL to pick num. features

> Justifying the accuracy of the estimate
> E.g., report TEST error



Bias-Variance Tradeoff
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Optimal Prediction

Goal: Predict Y € R? given X € R? if (X,Y) ~ Pxy

Find function n that minimizes

Exy[(Y = n(X))*)= Ex |Eyix[(Y - n(®))?X = 2]

(Hint: for any x, n(x) = ¢, where ¢, minimizes Ey|x[(Y — ¢;)%| X = z])



Optimal Prediction

Goal: Predict Y € R? given X € R? if (X,Y) ~ Pxy

Find function n that minimizes

Exy[(Y = n(X))*)= Ex |Eyix[(Y - n(®))?X = 2]

(Hint: for any x, n(x) = ¢, where ¢, minimizes Ey|x[(Y — ¢;)%| X = z])
d

= Eypx [ (¥ — ¢,)?X = a]
— Y|X dCa; x —

Squared Error Optimal Predictor: n(x) = Ey | x|Y|X = x|




Statistical Learning,

Py X =,V =g




Statistical Learning,
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Statistical Learning,

Pxvy (X — 2, Y = y) Ideally, we want to find:

ny(Y - y‘X - Q?())

Rt
‘1
.........................................................



Statistical Learning

Pxvy (X — 2, Y = y) Ideally, we want to find:
nN(x) =Ey x|V X = x]




Statistical Learning

Pxvy (X — 2, Y = y) Ideally, we want to find:
nN(x) =Ey x|V X = x]

But we only have samples:
(jS,yi) IL'}\.Jd. PXY for 1 = 1,...,n




Statistical Learning

Pxvy (X — 2, Y = y) Ideally, we want to find:
nN(x) =Ey x|V X = x]

But we only have samples:
(jS,yi) IL'}\.Jd. PXY for 1 = 1,...,7L

and are restricted to a

function class (e.g., linear)
SO we compute:

F=argmin =S (i — f(2:))’

Fer m =
="




Statistical Learning

Pxvy (X — 2, Y = y) Ideally, we want to find:
nN(x) =Ey x|V X = x]

But we only have samples:
(jS,yi) z'de. PXY for 1 = 1,...,n

and are restricted to a

function class (e.g., linear)
SO we compute:

P i

f=argmin—» (y; — f(z:))’

Fn
X fe i=1

AN

We care about future predictions: Exv[(Y — f(X))?]




Statistical Learning

Pyl =3,V =g Ideally, we want to find:
n(z) = By x[Y|X = 1]

But we only have samples:

(azi,yz)”dPXy fOIiZl,...,n

and are restricted to a
function class (e.g., linear)
SO we compute:

F=argmin— > (yi — f(x:))?

eEFnN
X / 1=1

Each draw D = {(z;,y;)} ', results in different f



Statistical Learning

Pyl =3,V =g Ideally, we want to find:
n(z) = By x[Y|X = 1]

But we only have samples:

(xiayz)dePXY fOIiZl,...,n

and are restricted to a
function class (e.g., linear)
SO we compute:

F=argmin— > (yi — f(x:))?

eEFnN
X / 1=1

Each draw D = {(z;,y;)} ', results in different f



Bias-Variance Tradeoff

o i i
n(r) =Ey x|[Y|X = z] f = argmin z;(y — f(=;))?

AN

Eyix[Ep[(Y — fo(2))Y]|X = 2] = By x [Ep[(Y — n(z) + n(z) — fp(x))?]|X = 2]



Bias-Variance Tradeoff

1

n(z) = Eyx[Y|X = ] f = argmin ~ z(y = @)
Eyix[Ep[(Y — fo(2))Y]|X = 2] = By x [Ep[(Y — n(z) + n(z) — fp(x))?]|X = 2]

—EY|X Ep[(Y = n(x))? +2(Y = n(a))(n(x) - fp( )

+ () — Fo(2))?]| X = 2]
=Eyx[(Y = 1(2))*|X = 2] + Ep|(n(z) — fn(2))?]

irreducible error learning error
Caused by stochastic Caused by either using too
label noise “simple” of a model or not

enough data to learn the model
accurately



Bias-Variance Tradeoff

o i i
n(r) =Ey x|[Y|X = z] f = argmin ;(y — f(=;))?

AN AN

Ep[(n(z) - fp())’] = Ep[(n(z) — Ep[fo(2)] + En[fp(w)] — fp(z))’




Bias-Variance Tradeoff

o i i
n(r) =Ey x|[Y|X = z] f = argmin ;(y — f(=;))?

AN

Ep[(n(z) - fp())’] = Ep[(n(z) — Ep[fo(2)] + En[fp(w)] — fp(z))’

=Ep[(n(z) — Ep[fp(2)])* + 2(n(z) — Ep[fp(2)))(Ep[fp(z)] — fo(z))
+ (Ep[fp(2)] — fo(2))?

—(n(x) — Ep|fp(2)))* + Ep[(Ep[fp(z)] — fo(x))’

biased squared variance




Bias-Variance Tradeoff

Eyx[Ep[(Y — fp(2))?]|X = 2] = Ey x[(Y — n(z))?|X = 2]

irreducible error

+(n(xz) — Ep[fp(2)))* + Ep[(Ep[fo(2)] - fo(x))’]

biased squared variance

—— bias?
—— variance
— t{otal

error

04 0.6
complexity



Bias-Variance demo




