
Lecture 13:
Gradient Descent for linear 
regression

 



Gradient descent for linear regression

• For linear regression, we have

∇f(wt) = − 2XT(y − Xwt)

w* = arg min
w∈ℝd

∥y − Xw∥2
2

f(w)

wt+1 = wt + η2XT(y − Xwt) = (I − 2ηXTX)wt + 2ηXTy

wt+1 − w* = (I − 2ηXTX)wt + 2ηXTy − w*

Let the least-squares solution be w* = (XTX)−1XTy

= (I − 2ηXTX)(wt − w*) + 2ηXTy − 2ηXTXw*
= (I − 2ηXTX)(wt − w*)

• Gradient Descent:  
• Initialize:  
• For t=0,1,2,… 

•

w0 = 0

wt+1 ← wt − η ⋅ ∇w f(wt)



Gradient Descent (GD) for Linear Regression (LR)

wt+1 = wt − η∇f(wt) ⟹ wt+1 − w* = (I − 2ηXTX)(wt − w*)

• We use this analytical derivation of GD for LR  
to understand how the choice of step size  impacts the algorithmη



Converges

Gradient descent for linear regression

wt+1 = wt − η∇f(wt) ⟹ wt+1 − w* = (I − 2ηXTX)(wt − w*)

= (I − 2ηXTX)t+1(w0 − w*)

= (I − 2ηXTX)2(wt−1 − w*)

In one dimension,  is a scalar, and 2XTX = a wt+1 − w* = (1 − ηa)t+1(w0 − w*)

η = 1/a η > 2/a1/a < η < 2/a0 < η < 1/a

⋮

η
1
a

2
a0 Converges Diverges

1 > 1 − ηa > 0 1 − ηa = 0 0 > 1 − ηa > − 1 −1 > 1 − ηa



Gradient descent for linear regression

wt+1 = wt − η∇f(wt) ⟹ wt+1 − w* = (I − 2ηXTX)t+1(w0 − w*)

• In multi dimensions, eigenvalues of  are important  

• Let the eigenvalue decomposition of  be ,  

• Where  is a diagonal matrix with Eigen values  in the diagonal 
• And  is an orthogonal matrix, with each Eigen vector as in a row

I − 2ηXTX
I − 2ηXTX Q−1DQ

D {Dii}d
i=1

Q



Gradient descent for linear regression

wt+1 = wt − η∇f(wt) ⟹ wt+1 − w* = (I − 2ηXTX)t+1(w0 − w*)

• In multi dimensions, eigenvalues of  are important  

• Let the eigenvalue decomposition of  be  
Then,  

                                 

                                  
       
• This defines a series of equations capturing how the error evolves in  
Directions defined by the rows of , which are the  
Eigen vectors of  

I − 2ηXTX
I − 2ηXTX Q−1DQ

wt+1 − w* = (Q−1DQ)t+1(w0 − w*)
= Q−1DQQ−1DQ⋯Q−1DQ

t+1 times

(w0 − w*)

= Q−1Dt+1Q (w0 − w*)
Q(wt+1 − w*) = Dt+1Q (w0 − w*)

Q
I − 2ηXTX



Q(wt+1 − w*) = Dt+1Q (w0 − w*)

Gradient descent for linear regression

• Where eigenvalue decomposition of  is  

•
Let , then the above multi-dimensional dynamics  

of GD can be decomposed into multiple 1-d dynamics we saw before 
• The eigenvector-eigenvalue pairs  of the matrix  

determines the behavior of gradient descent 
•  In direction , the error decreases multiplicatively according to 

I − 2ηXTX Q−1DQ

Q =
− qT

1 −
− qT

2 −
⋮

{(qi, Dii)}d
i=1 I − 2ηXTX

q1 D11
qT

1 (wt+1 − w*) = Dt+1
11 qT

1 (w0 − w*)
qT

2 (wt+1 − w*) = Dt+1
22 qT

2 (w0 − w*)⋮
Error in direction q1



Gradient descent for linear regression

wt+1 = wt − η∇f(wt) ⟹ wt+1 − w* = (I − 2ηXTX)t+1(w0 − w*)
      ⟹ Q(wt+1 − w*) = Dt+1Q (w0 − w*)

In direction  q1
0 < D11 < 1

In direction  q2
−1 < D22 < 0

q2

q1

qT
1 (wt+1 − w*) = Dt+1

11 qT
1 (w0 − w*)

qT
2 (wt+1 − w*) = Dt+1

22 qT
2 (w0 − w*)

• For example suppose, the step size  
is chosen such that 

η



= arg min
w

Gradient descent for logistic regression

∇f(w) =
n

∑
i=1

1
1 + exp(−yixT

i w) exp(−yixT
i w)(−yixi)

• Now we know how to find the global minimum of a logistic regression 
problem, numerically



What is known for Gradient descent

•  is -smooth if  for all 

•  is -strongly convex if 

• For -smooth functions, with a fixed step size 
• if  is convex, 

            

• if  is -strongly convex,  
           

• Gradient Descent is oftentimes called full-batch gradient descent to 
differentiate it from stochastic gradient descent, which uses only a (randomly 
chosen) subset of training data at each iteration 

• In practice, people use Stochastic Gradient Descent (SGD).

f( ⋅ ) L ∥∇f(w) − ∇f(v)∥2 ≤ L∥w − v∥2 w, v ∈ ℝd

f( ⋅ ) μ f(w) ≥ f(v) + ∇f(v)T(w − v) + μ
2 ∥w − v∥2

2

L η < 1/L
f(w)

f(wt) − f(w*) ≤ ∥w0 − w*∥2
2

2ηt
f(w) μ

f(wt) − f(w*) ≤ (1 − ημ)t (f(w0) − f(w*))



Questions?



Stochastic Gradient Descent

-What do we use in practice?



Machine Learning Problems

{(xi, yi)}ni=1 xi 2 Rd yi 2 R

• Learning a model’s parameters:

• Given data:

• Stochastic Gradient Descent (SGD): one update takes  operations/timecd
It drawn uniform at
random from {1, . . . , n}

E[r`It(w)] =

1
n

n

∑
i=1

ℓi(w) = 1
n

n

∑
i=1

ℓ( fw(xi), yi)

• Gradient Descent (GD):  
one update takes  operations/time for some constant >0cdn c

• SGD is an unbiased estimate of the GD

wt+1 ← wt − η
1
n

n

∑
i=1

∇ℓi(wt)

wt+1 ← wt − η∇ℓIt
(wt)



Stochastic Gradient Descent

wt+1 = wt � ⌘rw`It(w)
���
w=wt

It drawn uniform at
random from {1, . . . , n}

Let so that

If sup
w

max
i

kr`i(w)k2  Gand then

E[`(w̄)� `(w⇤)] 
R

2T⌘
+

⌘G

2


r
RG

T
⌘ =

r
R

GT

Theorem

(In practice use last iterate)

E
⇥
r`It(w)

⇤
=

1

n

nX

i=1

r`i(w) =: r`(w)

∥w0 − w*∥2
2 ≤ R 2

w = 1
T

T

∑
t=1

wt

(Fixed optimal step size)
Convergence rate: O( 1

T )
− R

2Tη2 + G
2 = 0

Taking the derivative of RHS to zero



E[||wt+1 � w⇤||22] = E[||wt � ⌘r`It(wt)� w⇤||22]Proof

We want to show that  

 

                                                     

                                                    

-[ ℓ( 1
T

T

∑
t=1

wt ) − ℓ(w*) ] ≤ -[ 1
T

T

∑
i=1

ℓ(wt) − ℓ(w*) ]
≤ 1

T

T

∑
i=1

-[ℓ(wt) − ℓ(w*)]

≤ R
2Tη

+ ηG
2

Follows from convexity of  
and Jensen’s inequality  
(3 slides later)

ℓ( ⋅ )

Follows from  
linearity of expectation

We are left to show this



Stochastic Gradient Descent

E[||wt+1 � w⇤||22] = E[||wt � ⌘r`It(wt)� w⇤||22]
Proof

≤ -[∥wt − w*∥2
2] + η2G − 2η(ℓ(wt) − ℓ(w*))



Stochastic Gradient Descent

E[||wt+1 � w⇤||22] = E[||wt � ⌘r`It(wt)� w⇤||22]

= E[||wt � w⇤||22]� 2⌘E[r`It(wt)
T (wt � w⇤)] + ⌘2E[||r`It(wt)||22]

E[r`It(wt)
T (wt � w⇤)] = E

⇥
E[r`It(wt)

T (wt � w⇤)|I1, w1, . . . , It�1, wt�1]
⇤

= E
⇥
r`(wt)

T (wt � w⇤)
⇤

� E
⇥
`(wt)� `(w⇤)

⇤

 E[||wt � w⇤||22]� 2⌘E[`(wt)� `(w⇤)] + ⌘2G

TX

t=1

E[`(wt)� `(w⇤)] 
1

2⌘

�
E[||w1 � w⇤||22]� E[||wT+1 � w⇤||22] + T⌘2G

�

 R

2⌘
+

T⌘G

2

Proof



We have:

ℓ(w)

ww1 w2

E[`(w̄)� `(w⇤)] 
1

T

TX

t=1

E[`(wt)� `(w⇤)] w̄ =
1

T

TX

t=1

wt

≤ R
2ηT

+ ηG
2

Jensen’s inequality:  
For any  and a convex function , we have  

                

{w1, …, wT} ℓ( ⋅ )

ℓ( 1
T

T

∑
t=1

wt ) ≤ 1
T

T

∑
t=1

ℓ(wt)

w1 + w2
2

T

∑
t=1

-[ℓ(wt) − ℓ(w*)] ≤ R
2η

+ TηG
2



Mini-batch SGD

• Instead of one iterate, average B stochastic gradient together 

• Advantages: 
• Smaller variance: the variance of the stochastic gradient  

is smaller by a factor of 

• Parallelization: each gradient in the mini-batch  

can be computed in parallel 
 


• If you have regularizer, , then update  

with the stochastic gradient of the loss and gradient of the 
regularizer

1/ B

1
n

n

∑
i=1

ℓi(w) + r(w)



Convex but  
non-smooth

Convex and  
smooth

non-convex and  
non-smooth

Sparsity/Complexity tradeoff

• -norm of a vector is defined as 


• Consider regularized least squares problem of minimizing 



• This is ridge regression for  and Lasso for 

ℓp ∥w∥p ≜ (wp
1 + wp

2 + ⋯ + wp
d )

1/p

ℒ(w) =
n

∑
i=1

(yi − wT xi)2 + λ ∥w∥p
p

p = 2 p = 1

p = ∞p = 0 p = 1 p = 2
# of non-zero entries∥w∥0 = ∥w∥∞ = max{wi}

convex but  
non-smooth∥w∥1 = 1

w1

SPARSE DENSE

w2

w

f (w) = ∥w∥1

∥w∥2 = 1



Questions?


