Lecture 13:
Gradient Descent for linear
regression
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Gradient descent for linear regression

e For linear regression, we have w* = arg mind ly — Xw||%
weR

e Gradient Descent: flw)
e Initialize: wy =0
e Fort=0,1,2,...

oW, <= w,—n-V, fw)

Viw,) ==2X"(y — Xw)
woey = w+ 12Xy = Xw) = I -2X"X)w, + 27Xy

Let the least-squares solution be w* = (XTX)_lXTy

wo —w* = (I=2nX"X)w, + 2nXTy — w*
= (I-2nXTX)(w, — w*) + 2nXTy — 2pXT Xw*
= (I-27X"X)(w, — w¥)



Gradient Descent (GD) for Linear Regression (LR)

e We use this analytical derivation of GD for LR

to understand how the choice of step size 7 impacts the algorithm
W =w,—nVfiw) = w, —w* = A- ZﬂXTX)(Wt — w*)

= (T 14 X%) (T~ XxHoens)
= (72750 )
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Gradient descent for linear regression

Wi =w,—nVfiw) = w,— I - 27]XTX)(W[ — w*)

(I = 27X"X)2(w,_, — w*)

= (I - 2pXTX)"* (W, — w*)
0
In one dimension, 2X'X = atls a scalar, and w,,; — w* = (1 — na)™(w, —
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Gradient descent for linear regression

Wi =w,—nVfiw) = wy —w* = d- 2;7XTX)’+1(WO — w*)

e In multi dimensions, eigenvalues of I — 27X’ X are important
o Let the(éﬁenvalue decomposition)of I-2yX"Xbe 0'DOQ,

e Where D is a diagonal matrix with Eigen values {Dil-}?=1 in the diagonal

e And Q is an orthogonal matrix, with each Eigen vector asinarow

T2p%=ntoa , D= ):aou ’] &[ :(
* ot
Wee, &"’0@ @"OQ/ a'oQ. - Cl/o-t»")

ft’«r(

. Gl

TG DN 8 Gt D D AU
t&
L ] o e gD

§ (&, 0u}



Gradient descent for linear regression

W =w,—nVfw) = w,—w* = I=2nX"X)*(w, — w*)

e In multi dimensions, eigenvalues of I — 27X’ X are important
o Let the eigenvalue decomposition of I — 27X” X be 0~'DO
Then, w,,; —w* = (Q~'DQ)* ! (wy — w*)
= 07'DQQ™'DQ--Q7'DQ (wy — w¥)
t+1 times
— 0~'D™10 (Wy — W)
QW —w*) = DtHQ (W — w*)
e This defines a series of equations capturing how the error evolves in
Directions defined by the rows of O, which are the

Eigen vectors of I — 27X’ X




Gradient descent for linear regression

QW —w¥) = D™ (wy — w¥)

e Where eigenvalue decomposition of I — 27X’ X is 0~'DQ

Let O =

_qlT_

_qu_

, then the above multi-dimensional dynamics

of GD can be decomposed into multiple 1-d dynamics we saw before

« The eigenvector-eigenvalue pairs {(g;, Dii)}?=1 of the matrix I — 2yX’X

determines the behavior of gradient descent
e Indirection g, the error decreases multiplicatively according to D,

Error in direction g; —» qlT(WtH — w*) = Dﬂ'l qlT(WO — w¥)

qu(WtH — w¥) = D;zrl C]zT(WO — w¥)



Gradient descent for linear regression

W =w,—nVfw) = w,—w* = I=2nX"X)*(w, — w*)
= QW —w¥) = D"TIQ (w,— w*)

qlT(WtH —w¥) = Dﬁrl %T(WO — w¥)

qu(WtH —w¥) = Dﬁ? CIZT(WO — w¥)

e For example suppose, the step size i

is chosen such that

In direction ¢, In direction ¢,
01 ~%.




Gradient descent for logistic regression

- Now we know how to find the global minimum of a logistic regression
problem, numerically

Loss function: Conditional Likelihood
{(®i,¥i) fie1  z €RY, gy € {—1,1}

1
1+ exp(—ywTz)

n
WMLE =argm3xHP(yi|xi,w) P(Y =ylz,w) =
i=1

arg min Z log(1 + exp(—vy; =7 w))

wooi=1
L 1

— —vxIw) (= vy.x;
VW) = 2} oy SR Iy




What is known for Gradient descent = coner Jc.)

. (- )is L-smooth if || Vf(w) — VFW)||, < L|lw =], forallw,v € R?
_f( - )is u-strongly convex if f(w) > f(v) + V)T (w — v) + %Ilw _—

. For L-smooth functions, with a fixed step size < 1/L

. if f(w) is convex, R , .
lwo — w¥|| L R, |
flon) —fo) S T &S o(3)

. if f(w) is u-strongly convex,

« Gradient Descent is oftentimes called full-batch gradient descent to
differentiate it from stochastic gradient descent, which uses only a (randomly
chosen) subset of training data at each iteration

* In practice, people use Stochastic Gradient Descent (SGD).



Questions?



Stochastic Gradient Descent

-What do we use in practice?
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Machine Learning Problems
- Givendata: {(z;, )}, z;, €eRY 4, €R
_ 1 ¢ 1 ¢
- Learning a model’s parameters: ;Z Zi(w) = ;2 C(fuX)s )

e Gradient Descent (GD):
one update takes cdn operations/time for some constant ¢>0

1
Wi < Wy — 77;2 VZw,)

e Stochastic Gradient Descent (SGD): one update takes cd operations/time

I; drawn uniform at
Wip1 < W — ’7@{1(“@)& e

random from {1,...,n}

e SGD is an unbiased estimate of the GD

E[Ver, (w)] = 3 0 vhes =53 vhey
= R

'-0
¥ Ms



Stochastic Gradient Descent

Theorem
: WFwwWMMH,gmﬁ%% it
oy len G finec o
E[Ver, (w Z Ve (w)

2
if |lwyg— we||2 <R and supmax|[Vi(w)[z <G then
0 2 " -

oftar T Wereons w“S‘W ﬂw

0 R
ww%WM]Qﬁ+_ e

1 (Fixed optlmal step size)
Convergence rate: O<—>
=—ZM % G
+—=0
2T77 2

(In practice use last iterate) Taking the derivative of RHS to zero



We want to show that
T Follows from convexity of £( - )

1 1 - .
El/( ?2 Wt) _ f(w*)l < [El? Z £(w,) — f(w*)] <+— and .Jensen s inequality
=1 i=1 (3 slides later)
T

wo 1 Follows from
< — ) E|£ — C(We —_—
- T ; [ (w2) w )] linearity of expectation
R G
< —+ Kk <+— We are left to show this
2Ty 2
Proof E[||wir1 — wy||3] = E[||ws — nV L, (wy) — wy|]3] <= Nes=We-7 frlox)

= BLlewsdl] + 72 Eliob o]~ 7B ) ot |
b\f\/ \_\/—\_/
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Stochastic Gradient Descent

Proof

= E[||ws — nVer, (wy) — wy|]3]
L F [ Nwe-tuell, ] + G ~2q () ‘Qw))

Efl[we+1 — welf3]

T

N
Tol,w/'l»ﬂ_

( Qéw.c) -Q,(_w,e) é ’L—l'? < E O ll k- lli] %ELllwbe(wl[f] {{2&)
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Stochastic Gradient Descent

Proof

Efl|wesr — wil[3] = E[|[we — Ve, (we) — w|[3]

= E[llwe — w.ll3] = 20E[V 1, (we) " (we — wi)] + 0" E[|[ VL, (we) | [3]

< E[fJw; — w.3] = 2nE[l(w:) — L(ws)] +1*G

RV, (w)! (w; — w,)] = E|E[V{;, (we) ! (wy — w) |, wi, ..o e, wy—1]]

— E[Vﬁ(wt)T(wt — wy)]
> B[((wy) — ()]

T

> Ell(w) — b(w,)] <

1
o (Elllwr — will2] = Elllwrir — wil3] + Tn*G)
t=1 R TG

<
<ot 3



C R TyG
We have: [Z [f(wt)m< 2—n+%

t=1
<+
- 2nT 2 )

(Dlensen’s inequality:
For any {wy, ..., wy} and a convex function £( - ), we have




Mini-batch SGD

e Instead of one iterate, average B stochastic gradient together

e Advantages:
- Smaller variance: the variance of the stochastic gradient

is smaller by a factor of 1/y/B

- Parallelization: each gradient in the mini-batch
can be computed in parallel

1 n
If you have regularizer, — Z Z(w) + r(w), then update
n

i=1
with the stochastic gradient of the loss and gradient of the
regularizer



Sparsity/Complexity tradeoff

1/p
. ¢,norm of a vector is defined as ||w]|, 2 <wf +w)+ e+ w5>

e Consider r%gularized least squares problem of minimizing

L) =Y i=wix)? + Allwl
i=1
e This is ridge regression for p = 2 and Lasso for p = 1

|lwl|y = # of non-zero entries lw||, = max{w;}
p=0 p=1 pz2 p=
—/—=<_ non-convex and Convex but Convex and -
non-smooth non-smooth smooth
convex but
fw) = ”Wlll A non-smooth
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Questions?



