
Lecture 12: 
Classification with 
logistic regression (continued)

Logistics: 

- New Office Hours now on course website. Some on zoom some in-person. 

- Regression: label is continuous valued

- Classification: label is discrete valued, e.g., {0,1} 

- Note that logistic regression is  
a classification algorithm not a regression algorithm



Training data for a binary classification problem

• in this example, each input is  


• Red points have label =-1, blue points have label =1


• We want a predictor that maps any  to a prediction 

xi ∈ ℝ2

yi yi

x ∈ ℝ2 ̂y ∈ {−1, + 1}

x[1]
<latexit sha1_base64="G4qQjwHB5qu/snoWuKUhnnxkpFg=">AAAB7XicbVA9T8MwEL2Ur1K+CowsFi0SU5WUAcYKFsYi0Q8pjSrHdVpTx45sB1FF/Q8sDCDEyv9h49/gthmg5UknPb13p7t7YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tUEdoikkvVDbGmnAnaMsxw2k0UxXHIaScc38z8ziNVmklxbyYJDWI8FCxiBBsrtatPvhdU++WKW3PnQKvEy0kFcjT75a/eQJI0psIQjrX2PTcxQYaVYYTTaamXappgMsZD6lsqcEx1kM2vnaIzqwxQJJUtYdBc/T2R4VjrSRzazhibkV72ZuJ/np+a6CrImEhSQwVZLIpSjoxEs9fRgClKDJ9Ygoli9lZERlhhYmxAJRuCt/zyKmnXa95FrX5XrzSu8ziKcAKncA4eXEIDbqEJLSDwAM/wCm+OdF6cd+dj0Vpw8plj+APn8wdyRI5h</latexit>

x[2]
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Example: linear classifier trained on 100 samples

• We fit a linear model: 


• predict using 

• decision boundary is the line (or hyperplane in higher dimensions) defined by  

                              


• note that a model  has the same predictions as 

• How do we find such a good linear classifier that fits the data?

w0 + w1x[1] + w2x[2] = 0.8 − 1.1x[1] + 0.9x[2]
̂y = sign(0.8 − 1.1x[1] + 0.9x[2])

0.8 − 1.1x[1] + 0.9x[2] = 0
2wT x + 2b wT x + b

x[1]
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x[2]
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+1

-1

simple decision boundary at wT x + b = 0



Logistic loss ℓ( ̂y, y) = log(1 + e−y ̂y)

• differentiable and convex in 


• how do we show  is convex? 

• approximation of 0-1

• Most popular choice of a loss function for classification problems

̂y
ℓ( ⋅ , y)

`(ŷ,�1) = log(1 + eŷ)
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true y
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true y
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`(ŷ,+1) = log(1 + e�ŷ)
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̂y ̂y



Logistic regression for binary classification

• Data 

• Model: 
• Loss function: logistic loss 
• Optimization: solve for  

             

• As this is a smooth convex optimization,  
it can be solved efficiently  
using gradient descent 

• Prediction: 

𝒟 = {(xi ∈ ℝd, yi ∈ {−1, + 1})}n
i=1

̂y = xTw + b
ℓ( ̂y, y) = log(1 + e−y ̂y)

( ̂b , ̂w ) = arg min
b,w

n

∑
i=1

log(1 + e−yi(b+xT
i w))

sign(b + xTw)

x[1]
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x[2]
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+1

-1

decision boundary at 
wT x + b = 0



Multi-class regression



How do we encode general categorical data y?

• so far, we considered Binary case where there are two categories

• encoding  is simple: {+1,-1}


• We output a scalar prediction , and take the sign


• multi-class classification predicts categorial  

• taking values in  

• ’s are called classes or labels


• examples:


• a k-class classifier predicts  given , but we need to represent 
categorical  with numerical values

y
̂y = b + wT x

y
y ∈ C = {c1, …, ck}

cj

y x
y

Country of birth
(Argentina, Brazil, USA,...)

Zipcode
(10005, 98195,...)

All English words



Embedding ’s in real valuescj
• Since we rely on optimization, which are numerical solvers,  

we need to embed raw categorical ’s into real valued vectors


• there are many ways to embed categorial data

• True->1, False->-1,  

can we use it for all binary classification?

• Yes->1, Maybe->0, No->-1 

can we use it for all ternary classification?

• Yes->(1,0), Maybe->(0,0), No->(0,1) 

• Apple->(1,0,0), Orange->(0,1,0), Banana->(0,0,1) 

• we use one-hot embedding (a.k.a. one-hot encoding),  
because it is neutral representation with no domain knowledge


• each class is a standard basis vector in dimension

cj

k−

Country of birth
(Argentina, Brazil, USA,...)

x =

196 categories

1-hot 
encoding x h1(x) h2(x) … h195(x) h196(x)

Brazil
Zimbabwe

196 features

1
1

−1 +1

−1 +10

0 0 0
000

0
0



Multi-class logistic regression
• data: categorical  in  with  categories 

 we use one-hot encoding, s.t.  implies that 


• model: linear vector-function makes a linear prediction  
 

 
 
with model parameter matrix  and sample  
 

  

 
 

y {c1, …, ck} k

y =

1
0
0
0
0

y = c1

̂y ∈ ℝk

̂yi = f(xi) = wT xi ∈ ℝk

w ∈ ℝd×k xi ∈ ℝd

f(xi) =

f1(xi)
f2(xi)

⋮
fk(xi)

=

w1,0 w1,1 w1,2 ⋯
w2,0 w2,1 w2,2 ⋯

⋮
wk,0 wk,1 wk,2 ⋯

wT

1
xi[1]

⋮
xi[d]

xi

=

w1,0 + w1,1xi[1] + w1,2xi[2] + ⋯
w2,0 + w2,1xi[1] + w2,2xi[2] + ⋯

⋮
wk,0 + wk,1xi[1] + wk,2xi[2] + ⋯

w = [w[: ,1] w[: ,2] ⋯ w[: , k]]
Model parameter for category 1



2 equivalent approaches for binary Logistic regression
• What we learned so far:  

single model parameter w ∈ ℝd

Maximum Likelihood Estimator
<latexit sha1_base64="obyMf5CLUC8LFJMMYsPnTNbfIwI=">AAACBXicbVC7SgNBFJ31GeNr1VKLwSBYhd1YaBkUwUIhgnlAsoTZ2dlkyDyWmVkxLGls/BUbC0Vs/Qc7/8ZJsoUmHhg4nHPvnXtPmDCqjed9OwuLS8srq4W14vrG5ta2u7Pb0DJVmNSxZFK1QqQJo4LUDTWMtBJFEA8ZaYaDi7HfvCdKUynuzDAhAUc9QWOKkbFS1z24QQ+Upxxe04Ed0pcygpfaUI6MVF235JW9CeA88XNSAjlqXferE0mcciIMZkjrtu8lJsiQMhQzMip2Uk0ShAeoR9qWCsSJDrLJFSN4ZJUIxlLZJwycqL87MsS1HvLQVtrt+nrWG4v/ee3UxGdBRkWSGiLw9KM4ZdBIOI4ERlQRbNjQEoQVtbtC3EcKYWODK9oQ/NmT50mjUvZPypXbSql6nsdRAPvgEBwDH5yCKrgCNVAHGDyCZ/AK3pwn58V5dz6mpQtO3rMH/sD5/AGUm5if</latexit>

ℙ(yi = − 1 |xi) = 1 − ℙ(yi = + 1 |xi)

ℙ(yi = + 1 |xi) =
1

1 + e−wT xi
=

ewT xi

1 + ewT xi

maximizew∈ℝd
1
n

n

∑
i=1

log( eyiwT xi

1 + eyiwT xi )
maximizew

1
n

n

∑
i=1

log(ℙ(yi |xi))

maximizew1,w2∈ℝd
1
n

n

∑
i=1

{ log( ewT
yi xi

ewT
1 xi + ewT

2 xi ) }

ℙ(yi = 2 |xi) =
ewT

2 xi

ewT
1 xi + ewT

2 xi

ℙ(yi = 1 |xi) =
ewT

1 xi

ewT
1 xi + ewT

2 xi

• Another approach: two parameters 


•  represents how much category 1 is more 
likely at a data point  (relatively to )


•  represents how much category 2 is more 
likely at a data point 

w1, w2 ∈ ℝd

wT
1 x

x wT
2 x

wT
2 x

x

Representing the two categories as {-1,+1}  
helps simplify the notations, where  

we used the fact that 
e−wT x

1 + e−wT x
= 1 −

ewT x

1 + ewT x

Representing the two categories as {1,2} is inline with 
the notation for the parameters  and ,  
and we simplify the numerator using 

w1 w2
wyi

• Do these two approaches give different solutions?

• The second approach is more symmetric, and hence generalizes to larger classes



Logistic regression

2 classes k classes

Maximum Likelihood Estimator
<latexit sha1_base64="obyMf5CLUC8LFJMMYsPnTNbfIwI=">AAACBXicbVC7SgNBFJ31GeNr1VKLwSBYhd1YaBkUwUIhgnlAsoTZ2dlkyDyWmVkxLGls/BUbC0Vs/Qc7/8ZJsoUmHhg4nHPvnXtPmDCqjed9OwuLS8srq4W14vrG5ta2u7Pb0DJVmNSxZFK1QqQJo4LUDTWMtBJFEA8ZaYaDi7HfvCdKUynuzDAhAUc9QWOKkbFS1z24QQ+Upxxe04Ed0pcygpfaUI6MVF235JW9CeA88XNSAjlqXferE0mcciIMZkjrtu8lJsiQMhQzMip2Uk0ShAeoR9qWCsSJDrLJFSN4ZJUIxlLZJwycqL87MsS1HvLQVtrt+nrWG4v/ee3UxGdBRkWSGiLw9KM4ZdBIOI4ERlQRbNjQEoQVtbtC3EcKYWODK9oQ/NmT50mjUvZPypXbSql6nsdRAPvgEBwDH5yCKrgCNVAHGDyCZ/AK3pwn58V5dz6mpQtO3rMH/sD5/AGUm5if</latexit>

maximizew
1
n

n

∑
i=1

log(ℙ(yi |xi))

ℙ(yi = 1 |xi) =
ew[:,1]T xi

ew[:,1]T xi + ⋯ + ew[:,k]T xi

ℙ(yi = k |xi) =
ew[:,k]T xi

ew[:,1]T xi + ⋯ + ew[:,k]T xi

⋮

maximizew∈ℝd×k
1
n

n

∑
i=1

log( ew[:,yi]T xi

∑k
j=1 ew[:, j]T xi

)maximizew1,w2∈ℝd
1
n

n

∑
i=1

{ log( ewT
yi xi

ewT
1 xi + ewT

2 xi ) }

ℙ(yi = 2 |xi) =
ewT

2 xi

ewT
1 xi + ewT

2 xi

ℙ(yi = 1 |xi) =
ewT

1 xi

ewT
1 xi + ewT

2 xi



Gradient Descent
- how are we going to find the solution for  

             


- e.g., Lasso, Logistic Regression do not have closed form solution for 
               

arg min
b,w

n

∑
i=1

ℓ(b + wT xi, yi)

∇b,wℒ(b, w) = 0



Gradient descent

• Learning rate or step-size

• A hyper-parameter to be chosen by the analyst

• Can be fixed over the iterations,  

or can also change, in which case we use   
to emphasize the fact that it changes over iteration 

ηt
t

−η × ∇f(wt)

Example of a general non-convex f(w)

• Initialize: 

• For t=0,1,2,…


•

w0 = 0

wt+1 ← wt − η ⋅ ∇w f(wt)

I will omit  in  when obviousw ∇w



Running example: linear regression

{(xi, yi)}ni=1 xi 2 Rd yi 2 R
■ Given data:

w1 w2

ŵLS = arg min
w∈ℝd

∥y − Xw∥2
2

f(w)

■ Learning model parameters:
f (w1, w2)

• Although we know the optimal solution  
in a closed form, we will use this as  
a running example to understand GD



y

w[1]

w[2]

• 

•For t=0,1,2,…


•

w0 = (900, − 0.1)

wt+1 ← wt − η ⋅ ∇w f(wt){(xi, yi)}ni=1

y = wt[1] + wt[2]x

= 900 − 0.1x

GD dynamics in the Parameter space Evolution of the predictor

• Which direction will the GD move?

w*LS

w0



• 

•For t=0,1,2,…


•

w0 = (900, − 0.1)

wt+1 ← wt − η ⋅ ∇w f(wt)
w0w1

w[1]

w[2]

GD dynamics in the Parameter space Evolution of the predictor



• 

•For t=0,1,2,…


•

w0 = (900, − 0.1)

wt+1 ← wt − η ⋅ ∇w f(wt)
w0w1

w2

GD dynamics in the Parameter space Evolution of the predictor

w[1]

w[2]



• 

•For t=0,1,2,…


•

w0 = (900, − 0.1)

wt+1 ← wt − η ⋅ ∇w f(wt)
w0w1

w2

w3

GD dynamics in the Parameter space Evolution of the predictor

w[1]

w[2]



• 

•For t=0,1,2,…


•

w0 = (900, − 0.1)

wt+1 ← wt − η ⋅ ∇w f(wt)
w0w1

w2

w3

w4

GD dynamics in the Parameter space Evolution of the predictor

w[1]

w[2]



• 

•For t=0,1,2,…


•

w0 = (900, − 0.1)

wt+1 ← wt − η ⋅ ∇w f(wt)
w0w1

w2

w3

w4

w5

GD dynamics in the Parameter space Evolution of the predictor

w[1]

w[2]



• 

•For t=0,1,2,…


•

w0 = (900, − 0.1)

wt+1 ← wt − η ⋅ ∇w f(wt)
w0w1

w2

w3

w4

w5
w6

GD dynamics in the Parameter space Evolution of the predictor

w[1]

w[2]



• 

•For t=0,1,2,…


•

w0 = (900, − 0.1)

wt+1 ← wt − η ⋅ ∇w f(wt)
w0w1

w2

w3

w4

w5
w6

w7

GD dynamics in the Parameter space Evolution of the predictor

w[1]

w[2]



• 

•For t=0,1,2,…


•

w0 = (900, − 0.1)

wt+1 ← wt − η ⋅ ∇w f(wt)
w0w1

w2

w3

w4

w5
w6w7

w8

GD dynamics in the Parameter space Evolution of the predictor

w[1]

w[2]

w*LS



Gradient descent for linear regression

For linear regression, we have

ŵLS = arg min
w∈ℝd

∥y − Xw∥2
2

f(w)

•In this example of linear regression, 
we can derive exactly the gradient 
descent trajectory


•Initialize: 

•For t=0,1,2,…


•

w0 = 0

wt+1 ← wt − η ⋅ ∇w f(wt)

∇f(wt) = − 2XT(y − Xwt)
wt+1 = wt + η2XT(y − Xwt) = (I − 2ηXTX)wt + 2ηXTy

wt+1 − w* = (I − 2ηXTX)wt + 2ηXTy − w*

Let the least-squares solution be w* = (XTX)−1XTy

= (I − 2ηXTX)(wt − w*) + 2ηXTy − 2ηXTXw*
= (I − 2ηXTX)(wt − w*)



Gradient descent for linear regression

For linear regression, we have

∇f(wt) = − 2XT(y − Xwt)

ŵLS = arg min
w∈ℝd

∥y − Xw∥2
2

f(w)

wt+1 = wt + η2XT(y − Xwt) = (I − 2ηXTX)wt + 2ηXTy

wt+1 − w* = (I − 2ηXTX)wt + 2ηXTy − w*

Let the least-squares solution be w* = (XTX)−1XTy

= (I − 2ηXTX)(wt − w*) + 2ηXTy − 2ηXTXw*
= (I − 2ηXTX)(wt − w*)

•Initialize: 

•For t=0,1,2,…


•

w0 = 0

wt+1 ← wt − η ⋅ ∇w f(wt)



Gradient Descent (GD) for Linear Regression (LR)

wt+1 = wt − η∇f(wt) ⟹ wt+1 − w* = (I − 2ηXTX)(wt − w*)

• We use this analytical derivation of GD for LR to understand how the choice of 
step size impacts the algorithm



Converges

Gradient descent for linear regression

wt+1 = wt − η∇f(wt) ⟹ wt+1 − w* = (I − 2ηXTX)(wt − w*)

= (I − 2ηXTX)t+1(w0 − w*)

= (I − 2ηXTX)2(wt−1 − w*)

In one dimension,  is a scalar, and 2XTX = a wt+1 − w* = (1 − ηa)t+1(w0 − w*)

η = 1/a η > 2/a1/a < η < 2/a0 < η < 1/a

⋮

η
1
a

2
a0 Converges Diverges

1 > 1 − ηa > 0 1 − ηa = 0 0 > 1 − ηa > − 1 −1 > 1 − ηa



Gradient descent for linear regression

wt+1 = wt − η∇f(wt) ⟹ wt+1 − w* = (I − 2ηXTX)t+1(w0 − w*)

• In multi dimensions, eigenvalues of  are important  
(you will see why I consider eigenvalues of ,   
instead of  in couple of slides)


• Let the eigenvalue decomposition of  be 

XTX
XTX

I − 2ηXTX
I − 2ηXTX Q−1DQ



Gradient descent for linear regression

wt+1 = wt − η∇f(wt) ⟹ wt+1 − w* = (I − 2ηXTX)t+1(w0 − w*)

• In multi dimensions, eigenvalues of  are important  
(you will see why I consider eigenvalues of ,   
instead of  in couple of slides)


• Let the eigenvalue decomposition of  be  

Then, 


                                


                                 


      

XTX
XTX

I − 2ηXTX
I − 2ηXTX Q−1DQ

wt+1 − w* = (Q−1DQ)t+1(w0 − w*)
= Q−1DQQ−1DQ⋯Q−1DQ

t+1 times

(w0 − w*)

= Q−1Dt+1Q (w0 − w*)
Q(wt+1 − w*) = Dt+1Q (w0 − w*)



Q(wt+1 − w*) = Dt+1Q (w0 − w*)

Gradient descent for linear regression

• Where eigenvalue decomposition of  is 


•
Let , then the above multi-dimensional dynamics  

of GD can be decomposed into multiple 1-d dynamics we saw before

• In direction , the error decreases multiplicatively according to

I − 2ηXTX Q−1DQ

Q =
− qT

1 −
− qT

2 −
⋮

q1

qT
1 (wt+1 − w*) = Dt+1

11 qT
1 (w0 − w*)

qT
2 (wt+1 − w*) = Dt+1

22 qT
2 (w0 − w*)

⋮



Gradient descent for linear regression

wt+1 = wt − η∇f(wt) ⟹ wt+1 − w* = (I − 2ηXTX)t+1(w0 − w*)

      ⟹ Q(wt+1 − w*) = Dt+1Q (w0 − w*)

In direction 
q1
0 < D11 < 1

In direction  q2
−1 < D22 < 0

q2

q1

qT
1 (wt+1 − w*) = Dt+1

11 qT
1 (w0 − w*)

qT
2 (wt+1 − w*) = Dt+1

22 qT
2 (w0 − w*)

• For example suppose, the step size  
is chosen such that 

η



Gradient descent for linear regression
• Note that  is defined as the -th Eigen value of the 

matrix 

• Recall that in each eigen direction error evolves as  

                           

• We want the error to decay fast in all directions, whose bottleneck are the 

largest and the smallest eigen values:   and 


Dii := λi(I − 2ηXTX) i
I − 2ηXTX

qT
i (wt+1 − w*) = (λi(I − 2ηXTX))t+1 qT

i (w0 − w*)

λmin(I − 2ηXTX) λmax(I − 2ηXTX)

1-1
We want to choose the learning rate  such that
η
−1 ≪ λmin(I − 2ηXTX) ≤ ⋯ ≤ λmax(I − 2ηXTX) ≪ 1

0

λmaxλmin

qmin qmaxqi

λi



Claim:  


Claim:  


λi(I − 2ηXTX) = 1 − 2ηλi(XTX)

λi(XTX) ≥ 0

• We use linear algebra to answer the question:  
how does the rate of error decay change with step size  


• Recall that in each eigen direction error decays as   
                          


• I will not prove the facts that  and  

η

qT
i (wt+1 − w*) = λi(I − 2ηXTX)t+1 qT

i (w0 − w*)
∥qi∥2 = 1 qT

i qj = 0

Gradient descent for linear regression



1

Gradient descent for linear regression
• Claim:  , and  λi(I − 2ηXTX) = 1 − 2ηλi(XTX) λi(XTX) ≥ 0

1-1

-1

η = 0

1 − 2ηλ6 = − 1

• We plot for increasing step sizes, the largest   

is the bottleneck determining how fast/slow error decays
{ 1 − 2ηλi(XTX) } 1 − 2ηλi(XTX)

(λ1, q1)(λ2, q2)(λ3, q3)(λ4, q4)(λ5, q5)(λ6, q6)

 is 
bottleneck

λ1

 is 
bottleneck

λ6

Diverges

η =
1
λ6

η =
1

λ1 + λ6

When step size is zero

The error does not decrease

Eventually, error starts to increase



= arg min
w

Gradient descent for logistic regression

∇f(w) =
n

∑
i=1

1
1 + exp(−yixT

i w)
exp(−yixT

i w)(−yixi)

• Now we know how to find the global minimum of a logistic regression 
problem, numerically



What is known for Gradient descent
•  is -smooth if  for all 

•  is -strongly convex if 

• For -smooth functions, with a fixed step size 
• if  is convex, 

            

• if  is -strongly convex,  
           

• What can we do for non-smooth function ? 
• for example, LASSO

f( ⋅ ) L ∥∇f(w) − ∇f(v)∥2 ≤ L∥w − v∥2 w, v ∈ ℝd

f( ⋅ ) μ f(w) ≥ f(v) + ∇f(v)T(w − v) +
μ
2

∥w − v∥2
2

L η < 1/L
f(w)

f(wt) − f(w*) ≤
∥w0 − w*∥2

2

2ηt
f(w) μ

f(wt) − f(w*) ≤ (1 − ημ)t (f(w0) − f(w*))

f(w)

ŵLasso = arg min
w∈ℝd

∥y − Xw∥2
2 + λ∥w∥1

f(w)



Questions?



Lecture 13: 
Coordinate Descent

- How to solve Lasso



Optimization: how do we solve Lasso?
• among many methods to find the solution, we will learn 

coordinate descent method

• as an illustrating example, we show coordinate descent updates 

on finding the minimum of f(x, y) = 5x2 − 6xy + 5y2



How do we solve Lasso: ?min
w

ℒ(w) + λ∥w∥1

• Coordinate descent 

• input: training data , max # of iterations  

• initialize:  

• for   

• for    

• fix  and , and  

Strain T
w(0) = 0 ∈ ℝd

t = 1,…, T
j = 1,…, d

w(t)
1 , …, w(t)

j−1 w(t−1)
j+1 , …, w(t−1)

d

w(t)
j ← arg min

wj∈ℝ
ℒ

w(t)
1
⋮

w(t)
j−1
wj

w(t−1)
j+1

⋮
w(t−1)

d

+ λ

w(t)
1
⋮

w(t)
j−1
wj

w(t−1)
j+1

⋮
w(t−1)

d
1

• this is a one-dimensional optimization, which is much easier to solve



Coordinate descent for (un-regularized) linear regression

• let us understand what coordinate descent does on a simpler 
problem of linear least squares, which minimizes 
                    


• note that we know that the optimal solution is  
                    
so we do not need to run any optimization algorithm


• we are solving this problem with coordinate descent as  
a starting example


• the main challenge we address is, how do we update ?


• let us derive an analytical rule for updating 

minimizewℒ(w) = ∥Xw − y∥2
2

ŵLS = (XTX)−1XTy

w(t)
j

w(t)
j



Coordinate descent for (un-regularized) linear regression



Coordinate descent for (un-regularized) linear regression

• we will study the case , for now (other cases are almost identical)


• when updating , recall that  
         

where 


• first step is to write the objective function in terms of the variable we are 
optimizing over, that is : 
           
where 


• we know from linear least squares that the minimizer is 
            

j = 1
w(t)

1
w(t)

1 ← arg min
w1

∥Xw − y∥2
2

w = [w1, w(t−1)
2 , … , w(t−1)

d ]T

w1
ℒ(w) = X[: ,1]w1 + X[: ,2 : d]w2:d − y

2

2
w2:d = [w(t−1)

2 , … , w(t−1)
d ]T

w(t)
1 ← (X[: ,1]TX[: ,1])−1 X[: ,1]T ( y − X[: ,2 : d]w2:d )

X[: ,1] X[: ,2 : d ]

w1

w2:d

y−

= X[: ,2 : d ]

w2:d

y−
X[: ,1]

w1 +



• Coordinate descent applied to a quadratic loss

44



Coordinate descent for Lasso
• let us apply coordinate descent on Lasso, which minimizes 

         

• the goal is to derive an analytical rule for updating ’s


• let us first write the update rule explicitly for 


• first step is to write the loss in terms of  
 

 + 


• hence, the coordinate descent update boils down to 
 

 

minimizewℒ(w) + λ∥w∥1 = ∥Xw − y∥2
2 + λ ∥w∥1

w(t)
j

w(t)
1

w1

X[: ,1]w1 − (y − X[: ,2 : d]w2:d)
2

2
λ( |w1 | + ∥w2:d∥1

constant

)

w(t)
1 ← arg min

w1

X[: ,1]w1 − (y − X[: ,2 : d]w−2:d)
2

2
+ λ |w1 |

f(w1)



Convexity

• to find the minimizer of , let’s study some properties

• for simplicity, we represent the objective function as   

                 

• this function is 


• convex, and 

• non-differentiable 

• depending on the values of a and b, the function looks like 
one of the three below

f(w1)

f(w1) = (aw1 − b)2 + λ |w1 |

46 minimum minimum minimum
w1

f (w1)



Convexity

• for a non-differentiable function, gradient is not defined at some points,  
for example at  for 


• at such points, sub-gradient plays the role of gradient

• sub-gradient at a differentiable point is the same as the gradient

• sub-gradient at a non-differentiable point is a set of vector satisfying 

             
 

       


• for example, sub-gradient of  is  

x = 0 f(x) = |x |

∂f(x) = { g ∈ ℝd | f(y) ≥ f(x) + gT(y − x),  for all y ∈ ℝd }
| ⋅ | ∂ |x | =

47

f (x) = |x |

8
<

:

+1 for x > 0
[� 1, 1] for x = 0

�1 for x < 0
<latexit sha1_base64="hzBueI/d1Y3x52aFAC526t0E5Ck="></latexit>



Computing the sub-gradient
w(t)

1 = arg min
w1

X[: ,1]w1 − (y − X[: ,2 : d]w−1)
2

2
+ λ |w1 |

f(w1)



Computing the sub-gradient

• this is  + constants, with 


• , and 


• 


•  is non-differentiable, and its sub-gradient is  
 
          

f(w1) = (aw1 − b)2 + λ |w1 |

a = X[: ,1]TX[: ,1]

b =
X[: ,1]T(y − X[: ,2 : d]w−1)

X[: ,1]TX[: ,1]

f(w1)

w(t)
1 = arg min

w1

X[: ,1]w1 − (y − X[: ,2 : d]w−1)
2

2
+ λ |w1 |

f(w1)

∂f(w1) = (2a(aw1 − b) + λ ∂ |w1 |

=

8
<

:

2a(aw1 � b) + � for w1 > 0
[� 2ab� �,�2ab+ �] for w1 = 0

2a(aw1 � b)� � for w1 < 0
<latexit sha1_base64="Mf9+SdIld9yDAAGON2+Fv/VDIME="></latexit>



Convexity
• for convex differentiable functions, the minimum is achieved at points 

where gradient is zero


• for convex non-differentiable functions, the minimum is achieved at 
points where sub-gradient includes zero

50



Computing the sub-gradient for (aw1 − b)2 + λ |w1 |
• the minimizer  is when zero is included in the sub-gradientw(t)

1

@f(w1) =

8
<

:

2a(aw1 � b) + � for w1 > 0
[� 2ab� �,�2ab+ �] for w1 = 0

2a(aw1 � b)� � for w1 < 0
<latexit sha1_base64="cIzg0rcuwUPzjdEK6OKGNX9+dJc="></latexit>



• the minimizer  is when zero is included in the sub-gradientw(t)
1

@f(w1) =

8
<

:

2a(aw1 � b) + � for w1 > 0
[� 2ab� �,�2ab+ �] for w1 = 0

2a(aw1 � b)� � for w1 < 0
<latexit sha1_base64="cIzg0rcuwUPzjdEK6OKGNX9+dJc="></latexit>

Computing the sub-gradient for (aw1 − b)2 + λ |w1 |



• the minimizer  is when zero is included in the sub-gradientw(t)
1

@f(w1) =

8
<

:

2a(aw1 � b) + � for w1 > 0
[� 2ab� �,�2ab+ �] for w1 = 0

2a(aw1 � b)� � for w1 < 0
<latexit sha1_base64="cIzg0rcuwUPzjdEK6OKGNX9+dJc="></latexit>

Computing the sub-gradient for (aw1 − b)2 + λ |w1 |



• considering all three cases, we get the following update rule by setting the 
sub-gradient to zero 
 
              

w(t)
1 ←

8
<

:

b
a � �

2a2 for 2ab > �
0 for � �  2ab  �

b
a + �

2a2 for � < �2ab
<latexit sha1_base64="NCI8PyperGVx+Exf0HNaPlKjB7Y="></latexit>

Computing the sub-gradient for (aw1 − b)2 + λ |w1 |

⟺
−λ
2a2

≤
b
a

≤
λ

2a2



How do we find the minimizer?

• the minimizer  is when zero is included in the sub-gradientw(t)
1

55

minimum

@f(w1) =

8
<

:

2a(aw1 � b) + � for w1 > 0
[� 2ab� �,�2ab+ �] for w1 = 0

2a(aw1 � b)� � for w1 < 0
<latexit sha1_base64="cIzg0rcuwUPzjdEK6OKGNX9+dJc="></latexit>

• case 1: 


•  for some 

• this happens when  

   


• hence,  

   ,  
 
if 

2a(aw1 − b) + λ = 0 w1 > 0

w1 =
−λ + 2ab

2a2
> 0

w(t)
1 ←

b
a

−
λ

2a2

λ < 2ab



• case 2: 


•  for some 

• this happens when  

   


• hence,  

   ,  
 
if 

2a(aw1 − b) − λ = 0 w1 < 0

w1 =
λ + 2ab

2a2
< 0

w(t)
1 ←

b
a

+
λ

2a2

λ < − 2ab

56

minimum

minimum

• case 3: 

• 


• and 

• hence,  

   ,  
 
if 

0 ∈ [−2ab − λ, − 2ab + λ]
w1 = 0

w(t)
1 ← 0

−λ ≤ 2ab ≤ λ



Coordinate descent on Lasso
• considering all three cases, we get the following update rule by setting the 

sub-gradient to zero 
 
               


• where , and a = X[: ,1]TX[: ,1] b =
X[: ,1]T(y − X[: ,2 : d]w−1)

X[: ,1]TX[: ,1]

57

w(t)
1 ←

minimum minimum minimum57

8
<

:

b
a � �

2a2 for 2ab > �
0 for � �  2ab  �

b
a + �

2a2 for � < �2ab
<latexit sha1_base64="NCI8PyperGVx+Exf0HNaPlKjB7Y="></latexit>



When does coordinate descent work?

• Consider minimizing a differentiable convex function , 
then coordinate descent converges to the global minima


• when coordinate descent has stopped, that means  

 for all 


• this implies that the gradient , which happens only 
at minimum

f(x)

∂f(x)
∂xj

= 0 j ∈ {1,…, d}

∇x f(x) = 0

58



When does coordinate descent work?
• Consider minimizing a non-differentiable convex function 

, then coordinate descent can get stuck


•

f(x)

59

f (x1, x2) = (3x1 + 4x2 + 1)2 + λ |x1 − x2 |



When does coordinate descent work?
• then how can coordinate descent find optimal solution for Lasso?

• consider minimizing a non-differentiable convex function but has a 

structure of  , with differentiable convex 

function  and coordinate-wise non-differentiable convex functions 
’s, then coordinate descent converges to the global minima


•

f(x) = g(x) +
d

∑
j=1

hj(xj)

g(x)
hj(xj)

60 f (x1, x2) = (3x1 + 4x2 + 1)2 + λ |x1 | + λ |x2 |



Questions?



Lecture 14:
Stochastic Gradient Descent

-What do we use in practice?



Convex but  
non-smooth

Convex and  
smooth

non-convex and  
non-smooth

Sparsity/Complexity tradeoff

• -norm of a vector is defined as 


• Consider regularized least squares problem of minimizing 




• This is ridge regression for  and Lasso for 

ℓp ∥w∥p ≜ (wp
1 + wp

2 + ⋯ + wp
d )

1/p

ℒ(w) =
n

∑
i=1

(yi − wT xi)2 + λ ∥w∥p
p

p = 2 p = 1

p = ∞p = 0 p = 1 p = 2
# of non-zero entries∥w∥0 = ∥w∥∞ = max{wi}

convex but  
non-smooth∥w∥1 ≤ 1

w1

SPARSE DENSE

w2

w

f(w) = ∥w∥1



Machine Learning Problems

{(xi, yi)}ni=1 xi 2 Rd yi 2 R

• Learning a model’s parameters:

• Given data:

• Stochastic Gradient Descent (SGD): one update takes  operations/timecd
It drawn uniform at
random from {1, . . . , n}

E[r`It(w)] =

1
n

n

∑
i=1

ℓi(w) =
1
n

n

∑
i=1

ℓ( fw(xi), yi)

n

∑
i=1

ℙ(It = i)∇ℓi(w) =
1
n

n

∑
i=1

∇ℓi(w)

• Gradient Descent (GD):  
one update takes  operations/time for some constant >0cdn c

• SGD is an unbiased estimate of the GD

wt+1 ← wt − η
1
n

n

∑
i=1

∇ℓi(wt)

wt+1 ← wt − η∇ℓIt
(wt)



Stochastic Gradient Descent

wt+1 = wt � ⌘rw`It(w)
���
w=wt

It drawn uniform at
random from {1, . . . , n}

Let so that

If sup
w

max
i

kr`i(w)k2  Gand then

E[`(w̄)� `(w⇤)] 
R

2T⌘
+

⌘G

2


r
RG

T
⌘ =

r
R

GT

Theorem

(In practice use last iterate)

E
⇥
r`It(w)

⇤
=

1

n

nX

i=1

r`i(w) =: r`(w)

∥w0 − w*∥2
2 ≤ R

2

w =
1
T

T

∑
t=1

wt

(Fixed optimal step size)
Convergence rate: O( 1

T )
−

R
2Tη2

+
G
2

= 0



E[||wt+1 � w⇤||22] = E[||wt � ⌘r`It(wt)� w⇤||22]Proof

We want to show that  




                                                    


                                                    

𝔼[ ℓ( 1
T

T

∑
t=1

wt ) − ℓ(w*) ] ≤ 𝔼[ 1
T

T

∑
i=1

ℓ(wt) − ℓ(w*) ]
≤

1
T

T

∑
i=1

𝔼[ℓ(wt) − ℓ(w*)]

≤
R

2Tη
+

ηG
2

Follows from convexity of  
and Jensen’s inequality  
(3 slides later)

ℓ( ⋅ )

Follows from  
linearity of expectation

We are left to show this



Stochastic Gradient Descent

E[||wt+1 � w⇤||22] = E[||wt � ⌘r`It(wt)� w⇤||22]
Proof



Stochastic Gradient Descent

E[||wt+1 � w⇤||22] = E[||wt � ⌘r`It(wt)� w⇤||22]

= E[||wt � w⇤||22]� 2⌘E[r`It(wt)
T (wt � w⇤)] + ⌘2E[||r`It(wt)||22]

E[r`It(wt)
T (wt � w⇤)] = E

⇥
E[r`It(wt)

T (wt � w⇤)|I1, w1, . . . , It�1, wt�1]
⇤

= E
⇥
r`(wt)

T (wt � w⇤)
⇤

� E
⇥
`(wt)� `(w⇤)

⇤

 E[||wt � w⇤||22]� 2⌘E[`(wt)� `(w⇤)] + ⌘2G

TX

t=1

E[`(wt)� `(w⇤)] 
1

2⌘

�
E[||w1 � w⇤||22]� E[||wT+1 � w⇤||22] + T⌘2G

�

 R

2⌘
+

T⌘G

2

Proof



Stochastic Gradient Descent

Jensen’s inequality:
For any random Z 2 Rd and convex function � : Rd ! R, �(E[Z])  E[�(Z)]

E[`(w̄)� `(w⇤)] 
1
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TX
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E[`(wt)� `(w⇤)] w̄ =
1

T

TX
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Proof
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Stochastic Gradient Descent

Jensen’s inequality:
For any random Z 2 Rd and convex function � : Rd ! R, �(E[Z])  E[�(Z)]

E[`(w̄)� `(w⇤)] 
1

T

TX

t=1

E[`(wt)� `(w⇤)] w̄ =
1

T

TX

t=1

wt

E[`(w̄)� `(w⇤)] 
R

2T⌘
+

⌘G

2


r
RG

T
⌘ =

r
R

GT

Proof



Mini-batch SGD

• Instead of one iterate, average B stochastic gradient together


• Advantages:

• Smaller variance: the variance of the stochastic gradient  

is smaller by a factor of 

• Parallelization: each gradient in the mini-batch  

can be computed in parallel 
 


• If you have regularizer, , then update  

with the stochastic gradient of the loss and gradient of the 
regularizer

1/ B

1
n

n

∑
i=1

ℓi(w) + r(w)



Questions?


