
Lecture 10: 
Convexity

Logistics: 

- HW2 is our and due Tuesday Feb 11th Friday, 


- it covers up to stochastic gradient descent

- It is quite involved, so we are giving you more time, but start early!


- Return to in-person on Monday 1/31/2022 

- Sections will be in person starting next week and OHs will be hybrid

- When is an optimization (or learning) easy/fast to solve?



Recap: Ridge vs. Lasso

• Ridge  

              

• Very fast: 
• Closed form solution if used with linear models 
• Even with other loss functions, optimization is fast for squared  

regularization, because  is convex and smooth 

• Lasso 

             

• Slower than Ridge: 
• Requires iterative optimization algorithm like sub-gradient descent
• In particular, it is slower because  is convex but non-smooth
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What is a convex set?

A set K ⇢ Rd is convex if (1� �)x+ �y 2 K for all x, y 2 K and � 2 [0, 1]
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What is a convex function?

A function f : Rd ! R is convex if f((1� �)x+ �y)  (1� �)f(x) + �f(y)
for all x, y 2 K and � 2 [0, 1]ℝd
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Convex functions and convex sets?

A function f : Rd ! R is convex if f((1� �)x+ �y)  (1� �)f(x) + �f(y)
for all x, y 2 K and � 2 [0, 1]

A set K ⇢ Rd is convex if (1� �)x+ �y 2 K for all x, y 2 K and � 2 [0, 1]

A function f : Rd ! R is convex if the set {(x, t) 2 Rd+1 : f(x)  t} is convex

ℝd

Graph of  id defined as 

Epigraph of  is defined as  
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More definitions of convexity

A set K ⇢ Rd is convex if (1� �)x+ �y 2 K for all x, y 2 K and � 2 [0, 1]

A function f : Rd ! R is convex if the set {(x, t) 2 Rd+1 : f(x)  t} is convex

A function f : Rd ! R that is di↵erentiable everywhere is convex if
f(y) � f(x) +rf(x)>(y � x) for all x, y 2 dom(f)
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More definitions of convexity
A function f : Rd ! R that is twice-di↵erentiable everywhere is convex if
r2f(x) ⌫ 0 for all x 2 dom(f)
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More definitions of convexity

A set K ⇢ Rd is convex if (1� �)x+ �y 2 K for all x, y 2 K and � 2 [0, 1]

A function f : Rd ! R is convex if the set {(x, t) 2 Rd+1 : f(x)  t} is convex

A function f : Rd ! R that is di↵erentiable everywhere is convex if
f(y) � f(x) +rf(x)>(y � x) for all x, y 2 dom(f)

A function f : Rd ! R that is twice-di↵erentiable everywhere is convex if
r2f(x) ⌫ 0 for all x 2 dom(f)
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Why do we care about convexity?

Convex functions

- All local minima are global minima

- Efficient to optimize (e.g., gradient descent)

Convex Function Non-convex Function

We only need to find a point with , 
which for convex functions implies that it is  
a local minima and a global minima

∇f (x) = 0 For non-convex functions, a stationary point  
with  could be a local minima,  
a local maxima, or a saddle point 

∇f (x) = 0



Gradient Descent on min
w

f(w)

Convex Function Non-convex Function

Initialize: w0 = 0

for t = 1, 2, . . .

wt+1 = wt � ⌘rf(wt)

• Strength: Can find global minima of a convex function efficiently

• Weakness: Can only be applied to smooth functions


•  i.e., functions that is differentiable everywhere, 


• otherwise  is not defined and gradient descent cannot be applied∇f(x)



Sub-Gradient

Non-smooth Convex Function

Definition: a function is non-smooth if it is not differentiable everywhere

Smooth Convex Function

• for smooth convex functions, 


• gradient is the unique sub-gradient, and 


• the global minimum is achieved at points 
where gradient is zero 

• for non-smooth convex functions, 


• the minimum is achieved at 
points where sub-gradient set 
includes the zero vector

x
f (x) + gT(y − x)

Definition: a vector  is a sub-gradient at  if it satisfies  

                                        for all 

g ∈ ℝd x
f(y) ≥ f(x) + gT(y − x) y ∈ ℝd

f (x) + gT(y − x) with g ∈ [−2, − 1]

g ∈ [−1/2,1]



Sub-Gradient Descent for non-smooth functions
Initialize: w0 = 0

for t = 1, 2, . . .

Find any gt such that f(y) � f(wt) + g>t (y � wt)

wt+1 = wt � ⌘gt

Convex Function Non-convex Function

• Strength: finds global minima for non-smooth convex functions

• Weakness: it is slower than gradient descent on convex smooth functions, 

because the gradient do not get smaller near the global minima

•  Instead of last iterate , we use the best one we saw in all iterates

• The stepsize needs to decrease with 

wt
t

wt+1 ← wt − ηtgt



Coordinate descent

Initialize: w0 = 0

for t = 1, 2, . . .

Let it = t % n

w(it)
t+1 = w(it)

t � ⌘t
@f(w)

@w(it)

���
w=wt

d

wt+1[it] ← wt[it] − ηt
∂f(wt)
∂w[it]



Optimization

■ You can always run gradient descent whether f is 
convex or not. But you only have guarantees if f is 
convex

■ Many bells and whistles can be added onto gradient 
descent such as momentum and dimension-specific 
step-sizes (Nesterov, Adagrad, ADAM, etc.)



Questions?



Lecture 11: 
Classification with 
logistic regression

Logistics: 

-

- Regression: label is continuous valued

- Classification: label is discrete valued, e.g., {0,1}



Training data for a binary classification problem

• in this example, each input is  


• Red points have label =-1, blue points have label =1


• We want a predictor that maps any  to a prediction 

xi ∈ ℝ2

yi yi

x ∈ ℝ2 ̂y ∈ {−1, + 1}

x[1]
<latexit sha1_base64="G4qQjwHB5qu/snoWuKUhnnxkpFg=">AAAB7XicbVA9T8MwEL2Ur1K+CowsFi0SU5WUAcYKFsYi0Q8pjSrHdVpTx45sB1FF/Q8sDCDEyv9h49/gthmg5UknPb13p7t7YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tUEdoikkvVDbGmnAnaMsxw2k0UxXHIaScc38z8ziNVmklxbyYJDWI8FCxiBBsrtatPvhdU++WKW3PnQKvEy0kFcjT75a/eQJI0psIQjrX2PTcxQYaVYYTTaamXappgMsZD6lsqcEx1kM2vnaIzqwxQJJUtYdBc/T2R4VjrSRzazhibkV72ZuJ/np+a6CrImEhSQwVZLIpSjoxEs9fRgClKDJ9Ygoli9lZERlhhYmxAJRuCt/zyKmnXa95FrX5XrzSu8ziKcAKncA4eXEIDbqEJLSDwAM/wCm+OdF6cd+dj0Vpw8plj+APn8wdyRI5h</latexit>

x[2]
<latexit sha1_base64="+kGcMsx6YZr6dnzaJZGSu+hJC/s=">AAAB7XicbVA9T8MwEL2Ur1K+CowsFi0SU5WEAcYKFsYi0Q8pjSrHdVtTx45sB1FF/Q8sDCDEyv9h49/gthmg5UknPb13p7t7UcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8tUEdokkkvVibCmnAnaNMxw2kkUxXHEaTsa38z89iNVmklxbyYJDWM8FGzACDZWalWfAj+s9soVt+bOgVaJl5MK5Gj0yl/dviRpTIUhHGsdeG5iwgwrwwin01I31TTBZIyHNLBU4JjqMJtfO0VnVumjgVS2hEFz9fdEhmOtJ3FkO2NsRnrZm4n/eUFqBldhxkSSGirIYtEg5chINHsd9ZmixPCJJZgoZm9FZIQVJsYGVLIheMsvr5KWX/Muav6dX6lf53EU4QRO4Rw8uIQ63EIDmkDgAZ7hFd4c6bw4787HorXg5DPH8AfO5w9zyo5i</latexit>



Example: linear classifier trained on 100 samples

• linear model: 


• predict using 

• How do we find such a linear classifier that fits the data?

w0 + w1x[1] + w2x[2]
̂y = sign(b + xTw)

x[1]
<latexit sha1_base64="G4qQjwHB5qu/snoWuKUhnnxkpFg=">AAAB7XicbVA9T8MwEL2Ur1K+CowsFi0SU5WUAcYKFsYi0Q8pjSrHdVpTx45sB1FF/Q8sDCDEyv9h49/gthmg5UknPb13p7t7YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tUEdoikkvVDbGmnAnaMsxw2k0UxXHIaScc38z8ziNVmklxbyYJDWI8FCxiBBsrtatPvhdU++WKW3PnQKvEy0kFcjT75a/eQJI0psIQjrX2PTcxQYaVYYTTaamXappgMsZD6lsqcEx1kM2vnaIzqwxQJJUtYdBc/T2R4VjrSRzazhibkV72ZuJ/np+a6CrImEhSQwVZLIpSjoxEs9fRgClKDJ9Ygoli9lZERlhhYmxAJRuCt/zyKmnXa95FrX5XrzSu8ziKcAKncA4eXEIDbqEJLSDwAM/wCm+OdF6cd+dj0Vpw8plj+APn8wdyRI5h</latexit>

x[2]
<latexit sha1_base64="+kGcMsx6YZr6dnzaJZGSu+hJC/s=">AAAB7XicbVA9T8MwEL2Ur1K+CowsFi0SU5WEAcYKFsYi0Q8pjSrHdVtTx45sB1FF/Q8sDCDEyv9h49/gthmg5UknPb13p7t7UcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8tUEdokkkvVibCmnAnaNMxw2kkUxXHEaTsa38z89iNVmklxbyYJDWM8FGzACDZWalWfAj+s9soVt+bOgVaJl5MK5Gj0yl/dviRpTIUhHGsdeG5iwgwrwwin01I31TTBZIyHNLBU4JjqMJtfO0VnVumjgVS2hEFz9fdEhmOtJ3FkO2NsRnrZm4n/eUFqBldhxkSSGirIYtEg5chINHsd9ZmixPCJJZgoZm9FZIQVJsYGVLIheMsvr5KWX/Muav6dX6lf53EU4QRO4Rw8uIQ63EIDmkDgAZ7hFd4c6bw4787HorXg5DPH8AfO5w9zyo5i</latexit>

+1

-1

simple decision boundary at wT x + b = 0



Binary Classification with 0-1 loss
• Learn a linear model:  


•  – input/features,  – label in target classes

• Prediction: 


• Ideal loss function : 

• 0-1 loss, because we care about how many were classified correctly

• What are weaknesses?

f : x ↦ y = b + xTw
x y ∈ {−1, + 1}

sign( f(x))
ℓ( ̂y , y)

`(ŷ,�1) =

⇢
0 ŷ < 0

+1 ŷ � 0
<latexit sha1_base64="+7dzkzD0kIytNYrA39/oTDjk/xo="></latexit>

`(ŷ,+1) =

⇢
0 ŷ > 0

+1 ŷ  0
<latexit sha1_base64="NGZSeuQiASQVE+HdEdOEfCy3d1M="></latexit>

true y
<latexit sha1_base64="aHb1GRETLaJvPZKLjXa2qiOPoRo=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mkizZ2zt394TjyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMviAXXxnW/nbX1jc2t7cJOcXdv/+CwdHTc0lGiGDZZJCLVCahGwSU2DTcCO7FCGgYC28Hkdua3n1BpHskHk8boh3Qk+ZAzaqzUMSpBUkkr/VLZrbpzkFXi5aQMORr90ldvELEkRGmYoFp3PTc2fkaV4UzgtNhLNMaUTegIu5ZKGqL2s/m9U3JulQEZRsqWNGSu/p7IaKh1Gga2M6RmrJe9mfif103M8NrPuIwTg5ItFg0TQUxEZs+TAVfIjEgtoUxxeythY6ooMzaiog3BW355lbRqVe+yWruvles3eRwFOIUzuAAPrqAOd9CAJjAQ8Ayv8OY8Oi/Ou/OxaF1z8pkT+APn8wc6ko9t</latexit>

true y
<latexit sha1_base64="aHb1GRETLaJvPZKLjXa2qiOPoRo=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mkizZ2zt394TjyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMviAXXxnW/nbX1jc2t7cJOcXdv/+CwdHTc0lGiGDZZJCLVCahGwSU2DTcCO7FCGgYC28Hkdua3n1BpHskHk8boh3Qk+ZAzaqzUMSpBUkkr/VLZrbpzkFXi5aQMORr90ldvELEkRGmYoFp3PTc2fkaV4UzgtNhLNMaUTegIu5ZKGqL2s/m9U3JulQEZRsqWNGSu/p7IaKh1Gga2M6RmrJe9mfif103M8NrPuIwTg5ItFg0TQUxEZs+TAVfIjEgtoUxxeythY6ooMzaiog3BW355lbRqVe+yWruvles3eRwFOIUzuAAPrqAOd9CAJjAQ8Ayv8OY8Oi/Ou/OxaF1z8pkT+APn8wc6ko9t</latexit>

prediction ŷ
<latexit sha1_base64="uJpWFMYdANdmk99ktBejslaed3k=">AAAB/XicbVC7TsMwFL3hWcorPDYWixaJqUrKAGMFC2OR6ENqo8px3Naq40S2gxSiil9hYQAhVv6Djb/BaTNAy5EsHZ9zrnx9/JgzpR3n21pZXVvf2Cxtlbd3dvf27YPDtooSSWiLRDySXR8rypmgLc00p91YUhz6nHb8yU3udx6oVCwS9zqNqRfikWBDRrA20sA+NumAkfyCqv0x1lk6rQ7silNzZkDLxC1IBQo0B/ZXP4hIElKhCcdK9Vwn1l6GpWaE02m5nygaYzLBI9ozVOCQKi+bbT9FZ0YJ0DCS5giNZurviQyHSqWhb5Ih1mO16OXif14v0cMrL2MiTjQVZP7QMOFIRyivAgVMUqJ5aggmkpldERljiYk2hZVNCe7il5dJu15zL2r1u3qlcV3UUYITOIVzcOESGnALTWgBgUd4hld4s56sF+vd+phHV6xi5gj+wPr8AUYKlRg=</latexit>

prediction ŷ
<latexit sha1_base64="uJpWFMYdANdmk99ktBejslaed3k=">AAAB/XicbVC7TsMwFL3hWcorPDYWixaJqUrKAGMFC2OR6ENqo8px3Naq40S2gxSiil9hYQAhVv6Djb/BaTNAy5EsHZ9zrnx9/JgzpR3n21pZXVvf2Cxtlbd3dvf27YPDtooSSWiLRDySXR8rypmgLc00p91YUhz6nHb8yU3udx6oVCwS9zqNqRfikWBDRrA20sA+NumAkfyCqv0x1lk6rQ7silNzZkDLxC1IBQo0B/ZXP4hIElKhCcdK9Vwn1l6GpWaE02m5nygaYzLBI9ozVOCQKi+bbT9FZ0YJ0DCS5giNZurviQyHSqWhb5Ih1mO16OXif14v0cMrL2MiTjQVZP7QMOFIRyivAgVMUqJ5aggmkpldERljiYk2hZVNCe7il5dJu15zL2r1u3qlcV3UUYITOIVzcOESGnALTWgBgUd4hld4s56sF+vd+phHV6xi5gj+wPr8AUYKlRg=</latexit>

̂y ̂y


