
Lecture 9: 
Simple variable selection:  
LASSO for sparse regression

Logistics: 

- HW0 graded, for regrade request submit it through GradeScope within 7 days 

from release of grade. 

- HW1 due Tuesday Jan 25th midnight

- Yet another hyper-parameter/family of model classes,  
but with a special property


- # of features in polynomial regression

- Regularization coefficient  for ridge regression

- Regularization coefficient  for LASSO

λ
λ



Sparsity

■ Vector  is sparse, if many entries are zero
■ A vector  is said to be -sparse if at most  entries are 

non-zero 
■ We are interested in -sparse  with 
■ Why do we prefer sparse vector  in practice? 
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Sparsity

■ Vector  is sparse, if many entries are zero
– Efficiency:  If size( ) = 100 Billion, each prediction  is expensive:


■ If  is sparse, prediction computation only depends on number of non-zeros in 
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Computational complexity decreases from  to  for -sparse 2d 2k k ̂w LS



Sparsity

■ Vector  is sparse, if many entries are zero
– Interpretability:  What are the  

relevant features to make a  
prediction?
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■ How do we find “best” subset of 
features useful in predicting the 
price among all possible 
combinations?

$ ?

Lot	size
Single	Family
Year built
Last	sold	price
Last	sale	price/sqft
Finished	sqft
Unfinished	sqft
Finished	basement	sqft
#	floors
Flooring	 types
Parking	type
Parking	amount
Cooling
Heating
Exterior	materials
Roof	type
Structure	style

Dishwasher
Garbage	disposal
Microwave
Range	/	Oven
Refrigerator
Washer
Dryer
Laundry location
Heating	type
Jetted	Tub
Deck
Fenced	Yard
Lawn
Garden
Sprinkler	System



Finding best subset of features that 
explain the outcome/label: Exhaustive

• Try all subsets of size 1, 2, 3, … and one that minimizes 
validation error
• Problem? There are subsets to enumerate over
• Any Ideas?

2d



Finding best subset: Greedy
Forward stepwise:
Starting from simple model and iteratively add features most useful to fit

Backward stepwise:
Start with full model and iteratively remove features least useful to fit

Combining forward and backward steps:
In forward algorithm, insert steps to remove features no longer as important

Lots of other variants, too.

Forward Greedy

1: 

2: For  do


3:     


4:    

T ← ∅
j = 1,…, k

j* ← arg min
ℓ

min
w

n

∑
i=1

( yi − ∑
j∈T∪{ℓ}

w[ j] × xi[ j] )
2

T ← T ∪ {j*}



Finding best subset: Regularize
Recall that Ridge regression makes coefficients small
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log10(�)
<latexit sha1_base64="6xgAPo93WKN2uQVBvdIVatI4UoA=">AAAB/XicbVC7TsMwFHV4lvIKj43FokUqS5WUAcYKFsYi0YfURJHjOK1Vx45sB6lEFb/CwgBCrPwHG3+D22aAliNZOjrnHt3rE6aMKu0439bK6tr6xmZpq7y9s7u3bx8cdpTIJCZtLJiQvRApwignbU01I71UEpSEjHTD0c3U7z4Qqajg93qcEj9BA05jipE2UmAfVz0mBkHuOpOax0wuQufVwK44dWcGuEzcglRAgVZgf3mRwFlCuMYMKdV3nVT7OZKaYkYmZS9TJEV4hAakbyhHCVF+Prt+As+MEsFYSPO4hjP1dyJHiVLjJDSTCdJDtehNxf+8fqbjKz+nPM004Xi+KM4Y1AJOq4ARlQRrNjYEYUnNrRAPkURYm8LKpgR38cvLpNOouxf1xl2j0rwu6iiBE3AKasAFl6AJbkELtAEGj+AZvII368l6sd6tj/noilVkjsAfWJ8/xkaUIQ==</latexit>

wi’s
<latexit sha1_base64="xhDj4cmB5p1VaVOBU9OfgOgnTaA=">AAAB7nicbVA9TwJBEJ3DL8Qv1NJmIxityB0WWhJtLDGRjwQuZG/Zgw17e5fdOQ0h/AgbC42x9ffY+W9c4AoFXzLJy3szmZkXJFIYdN1vJ7e2vrG5ld8u7Ozu7R8UD4+aJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR7cxvPXJtRKwecJxwP6IDJULBKFqpVX7qifK56RVLbsWdg6wSLyMlyFDvFb+6/ZilEVfIJDWm47kJ+hOqUTDJp4VuanhC2YgOeMdSRSNu/Mn83Ck5s0qfhLG2pZDM1d8TExoZM44C2xlRHJplbyb+53VSDK/9iVBJilyxxaIwlQRjMvud9IXmDOXYEsq0sLcSNqSaMrQJFWwI3vLLq6RZrXiXlep9tVS7yeLIwwmcwgV4cAU1uIM6NIDBCJ7hFd6cxHlx3p2PRWvOyWaO4Q+czx9PDo7j</latexit>

area of living space



Thresholded Ridge Regression

bwridge = argmin
w

nX

i=1

�
yi � xT

i w
�2

+ �||w||22

0

• Why don’t we just set small ridge coefficients to 0?
• Any issues?
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• Consider two related features (bathrooms, showers)
• Consider  and , and   

                 and ,  
which one does ridge regression choose?  
(assuming #bathroom=#showers in every house)

w[bath] = 1 w[shower] = 1
w[bath] = 2 w[shower] = 0

Thresholded Ridge Regression



0

Thresholded Ridge Regression

• There is a better regularizer for sparse regression,  
that can perform the feature selection automatically.

• Consider two related features (bathrooms, showers)
• Issue with thresholded ridge regression is that  

ridge regression prefers balanced weights between similar features
• What if we didn’t include showers? Weight on bathrooms increases, and it 

should have been selected.
• We want a feature selection scheme that selects one of (#bathroom) or 

(#showers) automatically,  
using the fact that if you delete #showers #bathroom is an important feature



Ridge vs. Lasso Regression

• Recall Ridge Regression objective: 
 
 
 

• sensitivity of a model  is measured in squared  norm 

• A principled method to get sparse model is Lasso with 

regularized objective: 
 
 
 


•  sensitivity of a model  is measured in  norm: 
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Example: house price with 16 features

Lasso regression
<latexit sha1_base64="LrD51XcJNQoq4QKrNIRFlAT9+jA=">AAAB+XicbVC7TsMwFHXKq5RXgJHFokJiqpIywFjBwsBQJPqQ2qhy3JvWqmNHtlOpivonLAwgxMqfsPE3uGkGaDnSlY7Oude+94QJZ9p43rdT2tjc2t4p71b29g8Oj9zjk7aWqaLQopJL1Q2JBs4EtAwzHLqJAhKHHDrh5G7hd6agNJPiycwSCGIyEixilBgrDVz3gWgtsYKRAq1zqerVvBx4nfgFqaICzYH71R9KmsYgDOX2sZ7vJSbIiDKMcphX+qmGhNAJGUHPUkFi0EGWbz7HF1YZ4kgqW8LgXP09kZFY61kc2s6YmLFe9Rbif14vNdFNkDGRpAYEXX4UpRwbiRcx4CFTQA2fWUKoYnZXTMdEEWpsWBUbgr968jpp12v+Va3+WK82bos4yugMnaNL5KNr1ED3qIlaiKIpekav6M3JnBfn3flYtpacYuYU/YHz+QOv0ZOw</latexit>

Ridge regression
<latexit sha1_base64="Ffjmx9iRTWAIsZKnisngig+hBW0=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0nqQY9FLx6r2A9oQ9lsJunSzSbsbgol9J948aCIV/+JN/+N2zQHbX0w8Hhvhpl5fsqZ0o7zbVU2Nre2d6q7tb39g8Mj+/ikq5JMUujQhCey7xMFnAnoaKY59FMJJPY59PzJ3cLvTUEqlognPUvBi0kkWMgo0UYa2fYjCyLAEiIJShVS3Wk4BfA6cUtSRyXaI/trGCQ0i0FoyolSA9dJtZcTqRnlMK8NMwUpoRMSwcBQQWJQXl5cPscXRglwmEhTQuNC/T2Rk1ipWeybzpjosVr1FuJ/3iDT4Y2XM5FmGgRdLgozjnWCFzHggEmgms8MIVQycyumYyIJ1SasmgnBXX15nXSbDfeq0Xxo1lu3ZRxVdIbO0SVy0TVqoXvURh1E0RQ9o1f0ZuXWi/VufSxbK1Y5c4r+wPr8AYv+k5k=</latexit>

log10 �
<latexit sha1_base64="DR0XXdRWEOLTydWJtSA+D8qm/SY=">AAAB/XicbVC7TsMwFL3hWcorPDYWixaJqUrKAGMFC2OR6ENqoshx3NaqE0e2g1Siil9hYQAhVv6Djb/BbTNAy5EsHZ1zj+71CVPOlHacb2tldW19Y7O0Vd7e2d3btw8O20pkktAWEVzIbogV5SyhLc00p91UUhyHnHbC0c3U7zxQqZhI7vU4pX6MBwnrM4K1kQL7uOpxMQhy15kgj5tchFE1sCtOzZkBLRO3IBUo0AzsLy8SJItpognHSvVcJ9V+jqVmhNNJ2csUTTEZ4QHtGZrgmCo/n10/QWdGiVBfSPMSjWbq70SOY6XGcWgmY6yHatGbiv95vUz3r/ycJWmmaULmi/oZR1qgaRUoYpISzceGYCKZuRWRIZaYaFNY2ZTgLn55mbTrNfeiVr+rVxrXRR0lOIFTOAcXLqEBt9CEFhB4hGd4hTfryXqx3q2P+eiKVWSO4A+szx+sMZQQ</latexit>

log10 �
<latexit sha1_base64="DR0XXdRWEOLTydWJtSA+D8qm/SY=">AAAB/XicbVC7TsMwFL3hWcorPDYWixaJqUrKAGMFC2OR6ENqoshx3NaqE0e2g1Siil9hYQAhVv6Djb/BbTNAy5EsHZ1zj+71CVPOlHacb2tldW19Y7O0Vd7e2d3btw8O20pkktAWEVzIbogV5SyhLc00p91UUhyHnHbC0c3U7zxQqZhI7vU4pX6MBwnrM4K1kQL7uOpxMQhy15kgj5tchFE1sCtOzZkBLRO3IBUo0AzsLy8SJItpognHSvVcJ9V+jqVmhNNJ2csUTTEZ4QHtGZrgmCo/n10/QWdGiVBfSPMSjWbq70SOY6XGcWgmY6yHatGbiv95vUz3r/ycJWmmaULmi/oZR1qgaRUoYpISzceGYCKZuRWRIZaYaFNY2ZTgLn55mbTrNfeiVr+rVxrXRR0lOIFTOAcXLqEBt9CEFhB4hGd4hTfryXqx3q2P+eiKVWSO4A+szx+sMZQQ</latexit>

error
<latexit sha1_base64="3srcD6Q8A6U49q6u0/IMHrACHCg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqST1oMeiF48VTFtoQ9lsJ+3SzW7Y3Qgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5UcqZNp737ZQ2Nre2d8q7lb39g8Oj6vFJW8tMUQyo5FJ1I6KRM4GBYYZjN1VIkohjJ5rczf3OEyrNpHg00xTDhIwEixklxkoBKiXVoFrz6t4C7jrxC1KDAq1B9as/lDRLUBjKidY930tNmBNlGOU4q/QzjSmhEzLCnqWCJKjDfHHszL2wytCNpbIljLtQf0/kJNF6mkS2MyFmrFe9ufif18tMfBPmTKSZQUGXi+KMu0a688/dIVNIDZ9aQqhi9laXjoki1Nh8KjYEf/XlddJu1P2reuOhUWveFnGU4QzO4RJ8uIYm3EMLAqDA4Ble4c0Rzovz7nwsW0tOMXMKf+B8/gAQxI7Y</latexit>

̂w [ j]

Test error is RED and  
Train error is BLUE

• Regularization path for Lasso shows that weights drop to exactly zero as  increasesλ

-sparse16 -sparse2

Bathroom & shower



Lasso regression naturally gives sparse features
• feature selection with Lasso regression


1. Model selection: choose  based on cross validation error

2. Feature selection: keep only those features with non-zero  

(or not-too-small) parameters in  at optimal 

3. retrain with the sparse model and  

 
why do we need to retrain?

λ

w λ
λ = 0



• We use Lasso on the piece-wise linear example


• de-biasing (via re-training) is critical!

Example: piecewise-linear fit
h0(x) = 1

hi(x) = [x+ 1.1� 0.1i]+
<latexit sha1_base64="bbltdX5+2ONTCGn5WQqgIVQs4UY=">AAACHnicbVDLSgMxFM34rPU16tJNsCiVYpmpikIRim5cVrAPmBmHTJp2QjMPkoy0lH6JG3/FjQtFBFf6N6btLGrrgXs5nHMvyT1ezKiQhvGjLSwuLa+sZtay6xubW9v6zm5dRAnHpIYjFvGmhwRhNCQ1SSUjzZgTFHiMNLzuzchvPBIuaBTey35MnAB1QtqmGEklufq57xr53jE8sstXdhma0LazvkunJKsHC9AsmvAEGqpT56EAXT1nFI0x4DwxU5IDKaqu/mW3IpwEJJSYISEs04ilM0BcUszIMGsngsQId1GHWIqGKCDCGYzPG8JDpbRgO+KqQgnH6vTGAAVC9ANPTQZI+mLWG4n/eVYi25fOgIZxIkmIJw+1EwZlBEdZwRblBEvWVwRhTtVfIfYRR1iqRLMqBHP25HlSLxXN02Lp7ixXuU7jyIB9cADywAQXoAJuQRXUAAZP4AW8gXftWXvVPrTPyeiClu7sgT/Qvn8B8ZObiA==</latexit>

� = 10�8
<latexit sha1_base64="GR6TMKQjJrXOJg5PrJWciCuXFGE=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgxpJUwW6EohuXFewD2lgmk0k7dDIJM5NCCf0TNy4UceufuPNvnLZZaOuBgcM553LvHD/hTGnH+bYKa+sbm1vF7dLO7t7+gX141FJxKgltkpjHsuNjRTkTtKmZ5rSTSIojn9O2P7qb+e0xlYrF4lFPEupFeCBYyAjWRurbdo+bcIBvkOs8ZRe1ad8uOxVnDrRK3JyUIUejb3/1gpikERWacKxU13US7WVYakY4nZZ6qaIJJiM8oF1DBY6o8rL55VN0ZpQAhbE0T2g0V39PZDhSahL5JhlhPVTL3kz8z+umOqx5GRNJqqkgi0VhypGO0awGFDBJieYTQzCRzNyKyBBLTLQpq2RKcJe/vEpa1Yp7Wak+XJXrt3kdRTiBUzgHF66hDvfQgCYQGMMzvMKblVkv1rv1sYgWrHzmGP7A+vwB40yShQ==</latexit>

� = 10�4
<latexit sha1_base64="awMTbVU0ksiJhoe0tjNl3qQmP3c=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgxpLUgm6EohuXFewD2lgmk0k7dDIJM5NCCf0TNy4UceufuPNvnLZZaOuBgcM553LvHD/hTGnH+bYKa+sbm1vF7dLO7t7+gX141FJxKgltkpjHsuNjRTkTtKmZ5rSTSIojn9O2P7qb+e0xlYrF4lFPEupFeCBYyAjWRurbdo+bcIBvkOs8ZRe1ad8uOxVnDrRK3JyUIUejb3/1gpikERWacKxU13US7WVYakY4nZZ6qaIJJiM8oF1DBY6o8rL55VN0ZpQAhbE0T2g0V39PZDhSahL5JhlhPVTL3kz8z+umOrz2MiaSVFNBFovClCMdo1kNKGCSEs0nhmAimbkVkSGWmGhTVsmU4C5/eZW0qhX3slJ9qJXrt3kdRTiBUzgHF66gDvfQgCYQGMMzvMKblVkv1rv1sYgWrHzmGP7A+vwB3TiSgQ==</latexit>

� = 2⇥ 10�4
<latexit sha1_base64="/RH6KMhlFJGJ3NwSP2Al7e+moKk=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWAR3FiSWtCNUHTjsoJ9QBPLZDJph04ezNwIJdSNv+LGhSJu/Qt3/o3TNgttPTBwOOdc7tzjJYIrsKxvo7C0vLK6VlwvbWxube+Yu3stFaeSsiaNRSw7HlFM8Ig1gYNgnUQyEnqCtb3h9cRvPzCpeBzdwShhbkj6EQ84JaClnnngCB32ySWuOsBDprBt3WentXHPLFsVawq8SOyclFGORs/8cvyYpiGLgAqiVNe2EnAzIoFTwcYlJ1UsIXRI+qyraUT0MjebXjDGx1rxcRBL/SLAU/X3REZCpUahp5MhgYGa9ybif143heDCzXiUpMAiOlsUpAJDjCd1YJ9LRkGMNCFUcv1XTAdEEgq6tJIuwZ4/eZG0qhX7rFK9rZXrV3kdRXSIjtAJstE5qqMb1EBNRNEjekav6M14Ml6Md+NjFi0Y+cw++gPj8weAhJWh</latexit>

� = 0
<latexit sha1_base64="cC5c9OizxYlg4VXj7jJqlLITW5w=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBFclZkq6EYounFZwT6wHUomc6cNzWSGJCOU0r9w40IRt/6NO//GtJ2Fth4IHM45l9x7glRwbVz321lZXVvf2CxsFbd3dvf2SweHTZ1kimGDJSJR7YBqFFxiw3AjsJ0qpHEgsBUMb6d+6wmV5ol8MKMU/Zj2JY84o8ZKj11hoyG9Jm6vVHYr7gxkmXg5KUOOeq/01Q0TlsUoDRNU647npsYfU2U4EzgpdjONKWVD2seOpZLGqP3xbOMJObVKSKJE2ScNmam/J8Y01noUBzYZUzPQi95U/M/rZCa68sdcpplByeYfRZkgJiHT80nIFTIjRpZQprjdlbABVZQZW1LRluAtnrxMmtWKd16p3l+Uazd5HQU4hhM4Aw8uoQZ3UIcGMJDwDK/w5mjnxXl3PubRFSefOYI/cD5/AIt9kCw=</latexit>

but only use selected features
<latexit sha1_base64="3hivhK+oV0gF0onoY/mKskG+f10=">AAACCHicbVC7SgNBFJ31GeNr1dLCwSBYhd1YaBm0sYxgHpAsYXb2bjJkdnaZhxCWlDb+io2FIrZ+gp1/4yTZQhMvDBzOuY85J8w4U9rzvp2V1bX1jc3SVnl7Z3dv3z04bKnUSApNmvJUdkKigDMBTc00h04mgSQhh3Y4upnq7QeQiqXiXo8zCBIyECxmlGhL9d2T0GicCj7GRgHGdhFQDRGOgWgjQfXdilf1ZoWXgV+ACiqq0Xe/elFKTQJCU06U6vpepoOcSM0oh0m5Z+9khI7IALoWCpKACvKZkQk+s4y9nUr7hMYz9vdEThKlxkloOxOih2pRm5L/aV2j46sgZyIzGgSdH4oNxzrF01RwxKT1bVOIGKGS2b9iOiSS2CykKtsQ/EXLy6BVq/oX1dpdrVK/LuIooWN0is6Rjy5RHd2iBmoiih7RM3pFb86T8+K8Ox/z1hWnmDlCf8r5/AFObpmF</latexit>

minimizew ℒ(w) + λ∥w∥1 minimizew ℒ(w)

|wj |

Step 1: find optimal λ*

Step 2: select features

Step 3: retrain



Penalized Least Squares

bwr = argmin
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Ridge : r(w) = ||w||22 Lasso : r(w) = ||w||1



Penalized Least Squares

bwr = argmin
w

nX

i=1

�
yi � xT

i w
�2

+ �r(w)

Ridge : r(w) = ||w||22
Lasso : r(w) = ||w||1

• For any  for which  achieves the minimum, there exists a  such that 
the solution of the constrained optimization, , is the same as the solution of the 

regularized optimization , , where

λ* ≥ 0 ŵr μ* ≥ 0
̂w ĉw r

subject to r(w) ≤ μ*

• so there are pairs of  whose optimal solution  are the same  
for the regularizes optimization and constrained optimization

(λ, μ) ̂w r

• Regularized optimization: 

̂w C = arg min
w

n

∑
i=1

(yi − xT
i w)2



Why does Lasso give sparse solutions?

         

 
        

minimizew

n

∑
i=1

(wT xi − yi)2

subject to ∥w∥1 ≤ μ

w1

w2

• the level set of a function  is defined 
as the set of points  that have the same 
function value


• the level set of a quadratic function is an oval

• the center of the oval is the least squares 

solution 

ℒ(w1, w2)
(w1, w2)

ŵμ=∞ = ŵLS
ŵμ=∞

w1

ℒ(w1)

1-D example with quadratic loss

1

a b
Level set of  at value 1 is [a,b]ℒ(w1)



Why does Lasso give sparse solutions?

         

 
        

minimizew

n

∑
i=1

(wT xi − yi)2

subject to ∥w∥1 ≤ μ

w1

w2

• as we decrease  from infinity, the feasible set 
becomes smaller


• the shape of the feasible set is what is known as  
 ball, which is a high dimensional diamond


• In 2-dimensions, it is a diamond 
               


• when  is large enough such that  , 
then the optimal solution does not change as the 
feasible set includes the un-regularized optimal 
solution

μ

L1

{(w1, w2) |w1 | + |w2 | ≤ μ}
μ ∥ŵμ=∞∥1 < μ

ŵμ=∞

feasible set: {w ∈ ℝ2 | ∥w∥1 ≤ μ}



Why does Lasso give sparse solutions?

         

 
        

minimizew

n

∑
i=1

(wT xi − yi)2

subject to ∥w∥1 ≤ μ

w1

w2

ŵμ=∞

feasible set: {w ∈ ℝ2 | ∥w∥1 ≤ μ}

• As  decreases (which is equivalent to 
increasing regularization ) the feasible 
set (blue diamond) shrinks


• The optimal solution of the above 
optimization is ? 

μ
λ

1

2

3

4



feasible set: {w ∈ ℝ2 | ∥w∥1 ≤ μ}

Why does Lasso give sparse solutions?

         

 
        

minimizew

n

∑
i=1

(wT xi − yi)2

subject to ∥w∥1 ≤ μ

w1

w2

ŵμ=∞

• For small enough , the optimal solution 
becomes sparse 

• This is because the -ball is 
“pointy”,i.e., has sharp edges aligned 
with the axes

μ

L1



Penalized Least Squares
• Lasso regression finds sparse solutions, as -ball is “pointy”


• Ridge regression finds dense solutions, as -ball is “smooth”


L1

L2

         

 
        

minimizew

n

∑
i=1

(wT xi − yi)2

subject to ∥w∥1 ≤ μ

         

 
        

minimizew

n

∑
i=1

(wT xi − yi)2

subject to ∥w∥2
2 ≤ μ



Ridge vs. Lasso

• Ridge
• Very fast: 

• Closed form solution if used with linear models 
• Even with non-linear and complex loss, optimization is 

fast for squared  regularization (to be taught later)
•  Gives regularized parameters that avoid overfitting

• Lasso
• Slower than Ridge: 

• It is a non-smooth optimization which is slower (to be 
taught later)

• Gives sparse parameters

ℓ2



Questions?



Lecture 10: 
Convexity

Logistics: 

- HW2 is our and due Tuesday Feb 11th Friday, 


- it covers up to stochastic gradient descent

- It is quite involved, so we are giving you more time, but start early!


- Return to in-person on Monday 1/31/2022 

- Sections will be in person starting next week and OHs will be hybrid

- When is an optimization (or learning) easy/fast to solve?



Recap: Ridge vs. Lasso

• Ridge  

              

• Very fast: 
• Closed form solution if used with linear models 
• Even with other loss functions, optimization is fast for squared  

regularization, because  is convex and smooth 

• Lasso 

             

• Slower than Ridge: 
• Requires iterative optimization algorithm like sub-gradient descent
• In particular, it is slower because  is convex but non-smooth

minimizew

n

∑
i=1

(wT xi − yi)2 + λ∥w∥2
2

ℓ2
∥w∥2

2

minimizew

n

∑
i=1

(wT xi − yi)2 + λ∥w∥1

∥w∥1



What is a convex set?

A set K ⇢ Rd is convex if (1� �)x+ �y 2 K for all x, y 2 K and � 2 [0, 1]

x
y

λ
1 − λ

(1 − λ)x + λy



What is a convex set?

A set K ⇢ Rd is convex if (1� �)x+ �y 2 K for all x, y 2 K and � 2 [0, 1]

x1

x2



What is a convex function?

A function f : Rd ! R is convex if f((1� �)x+ �y)  (1� �)f(x) + �f(y)
for all x, y 2 K and � 2 [0, 1]ℝd

f (x)

x y(1 − λ)x + λy

f( (1 − λ)x + λy )

(1 − λ)f(x) + λf(y)



What is a convex function?

A function f : Rd ! R is convex if f((1� �)x+ �y)  (1� �)f(x) + �f(y)
for all x, y 2 K and � 2 [0, 1]

x

f (x)

ℝd



Convex functions and convex sets?

A function f : Rd ! R is convex if f((1� �)x+ �y)  (1� �)f(x) + �f(y)
for all x, y 2 K and � 2 [0, 1]

A set K ⇢ Rd is convex if (1� �)x+ �y 2 K for all x, y 2 K and � 2 [0, 1]

A function f : Rd ! R is convex if the set {(x, t) 2 Rd+1 : f(x)  t} is convex

ℝd

Graph of  id defined as 

Epigraph of  is defined as  


f {(x, t) : f (x) = t}
f {(x, t) : f (x) ≤ t}

x

f (x)

x

f (x)



More definitions of convexity

A set K ⇢ Rd is convex if (1� �)x+ �y 2 K for all x, y 2 K and � 2 [0, 1]

A function f : Rd ! R is convex if the set {(x, t) 2 Rd+1 : f(x)  t} is convex

A function f : Rd ! R that is di↵erentiable everywhere is convex if
f(y) � f(x) +rf(x)>(y � x) for all x, y 2 dom(f)

f (y)

y

f (y)

yx
f (x) + ∇f (x)T(y − x)



More definitions of convexity
A function f : Rd ! R that is twice-di↵erentiable everywhere is convex if
r2f(x) ⌫ 0 for all x 2 dom(f)

f (x)

x

f (x)

x

df (x)
dx

x

df (x)
dx

x

d2f (x)
dx2

x

d2f (x)
dx2

x



More definitions of convexity

A set K ⇢ Rd is convex if (1� �)x+ �y 2 K for all x, y 2 K and � 2 [0, 1]

A function f : Rd ! R is convex if the set {(x, t) 2 Rd+1 : f(x)  t} is convex

A function f : Rd ! R that is di↵erentiable everywhere is convex if
f(y) � f(x) +rf(x)>(y � x) for all x, y 2 dom(f)

A function f : Rd ! R that is twice-di↵erentiable everywhere is convex if
r2f(x) ⌫ 0 for all x 2 dom(f)

A function f : Rd ! R is convex if f((1� �)x+ �y)  (1� �)f(x) + �f(y)
for all x, y 2 K and � 2 [0, 1]ℝd



Why do we care about convexity?

Convex functions

- All local minima are global minima

- Efficient to optimize (e.g., gradient descent)

Convex Function Non-convex Function

We only need to find a point with , 
which for convex functions implies that it is  
a local minima and a global minima

∇f (x) = 0 For non-convex functions, a stationary point  
with  could be a local minima,  
a local maxima, or a saddle point 

∇f (x) = 0



Gradient Descent on min
w

f(w)

Convex Function Non-convex Function

Initialize: w0 = 0

for t = 1, 2, . . .

wt+1 = wt � ⌘rf(wt)

• Strength: Can find global minima of a convex function efficiently

• Weakness: Can only be applied to smooth functions


•  i.e., functions that is differentiable everywhere, 


• otherwise  is not defined and gradient descent cannot be applied∇f(x)



Sub-Gradient

Non-smooth Convex Function

Definition: a function is non-smooth if it is not differentiable everywhere

Smooth Convex Function

• for smooth convex functions, 


• gradient is the unique sub-gradient, and 


• the global minimum is achieved at points 
where gradient is zero 

• for non-smooth convex functions, 


• the minimum is achieved at 
points where sub-gradient set 
includes the zero vector

x
f (x) + gT(y − x)

Definition: a vector  is a sub-gradient at  if it satisfies  

                                        for all 

g ∈ ℝd x
f(y) ≥ f(x) + gT(y − x) y ∈ ℝd

f (x) + gT(y − x) with g ∈ [−2, − 1]

g ∈ [−1/2,1]



Sub-Gradient Descent for non-smooth functions
Initialize: w0 = 0

for t = 1, 2, . . .

Find any gt such that f(y) � f(wt) + g>t (y � wt)

wt+1 = wt � ⌘gt

Convex Function Non-convex Function

• Strength: finds global minima for non-smooth convex functions

• Weakness: it is slower than gradient descent on convex smooth functions, 

because the gradient do not get smaller near the global minima

•  Instead of last iterate , we use the best one we saw in all iterates

• The stepsize needs to decrease with 

wt
t

wt+1 ← wt − ηtgt



Coordinate descent

Initialize: w0 = 0

for t = 1, 2, . . .

Let it = t % n

w(it)
t+1 = w(it)

t � ⌘t
@f(w)

@w(it)

���
w=wt

d

wt+1[it] ← wt[it] − ηt
∂f(wt)
∂w[it]



Optimization

■ You can always run gradient descent whether f is 
convex or not. But you only have guarantees if f is 
convex

■ Many bells and whistles can be added onto gradient 
descent such as momentum and dimension-specific 
step-sizes (Nesterov, Adagrad, ADAM, etc.)



Questions?



Lecture 11: 
Classification with 
logistic regression

Logistics: 

-

- Regression: label is continuous valued

- Classification: label is discrete valued, e.g., {0,1}



Training data for a binary classification problem

• in this example, each input is  


• Red points have label =-1, blue points have label =1


• We want a predictor that maps any  to a prediction 

xi ∈ ℝ2

yi yi

x ∈ ℝ2 ̂y ∈ {−1, + 1}

x[1]
<latexit sha1_base64="G4qQjwHB5qu/snoWuKUhnnxkpFg=">AAAB7XicbVA9T8MwEL2Ur1K+CowsFi0SU5WUAcYKFsYi0Q8pjSrHdVpTx45sB1FF/Q8sDCDEyv9h49/gthmg5UknPb13p7t7YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tUEdoikkvVDbGmnAnaMsxw2k0UxXHIaScc38z8ziNVmklxbyYJDWI8FCxiBBsrtatPvhdU++WKW3PnQKvEy0kFcjT75a/eQJI0psIQjrX2PTcxQYaVYYTTaamXappgMsZD6lsqcEx1kM2vnaIzqwxQJJUtYdBc/T2R4VjrSRzazhibkV72ZuJ/np+a6CrImEhSQwVZLIpSjoxEs9fRgClKDJ9Ygoli9lZERlhhYmxAJRuCt/zyKmnXa95FrX5XrzSu8ziKcAKncA4eXEIDbqEJLSDwAM/wCm+OdF6cd+dj0Vpw8plj+APn8wdyRI5h</latexit>

x[2]
<latexit sha1_base64="+kGcMsx6YZr6dnzaJZGSu+hJC/s=">AAAB7XicbVA9T8MwEL2Ur1K+CowsFi0SU5WEAcYKFsYi0Q8pjSrHdVtTx45sB1FF/Q8sDCDEyv9h49/gthmg5UknPb13p7t7UcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8tUEdokkkvVibCmnAnaNMxw2kkUxXHEaTsa38z89iNVmklxbyYJDWM8FGzACDZWalWfAj+s9soVt+bOgVaJl5MK5Gj0yl/dviRpTIUhHGsdeG5iwgwrwwin01I31TTBZIyHNLBU4JjqMJtfO0VnVumjgVS2hEFz9fdEhmOtJ3FkO2NsRnrZm4n/eUFqBldhxkSSGirIYtEg5chINHsd9ZmixPCJJZgoZm9FZIQVJsYGVLIheMsvr5KWX/Muav6dX6lf53EU4QRO4Rw8uIQ63EIDmkDgAZ7hFd4c6bw4787HorXg5DPH8AfO5w9zyo5i</latexit>



Example: linear classifier trained on 100 samples

• linear model: 


• predict using 

• How do we find such a linear classifier that fits the data?

w0 + w1x[1] + w2x[2]
̂y = sign(b + xTw)

x[1]
<latexit sha1_base64="G4qQjwHB5qu/snoWuKUhnnxkpFg=">AAAB7XicbVA9T8MwEL2Ur1K+CowsFi0SU5WUAcYKFsYi0Q8pjSrHdVpTx45sB1FF/Q8sDCDEyv9h49/gthmg5UknPb13p7t7YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tUEdoikkvVDbGmnAnaMsxw2k0UxXHIaScc38z8ziNVmklxbyYJDWI8FCxiBBsrtatPvhdU++WKW3PnQKvEy0kFcjT75a/eQJI0psIQjrX2PTcxQYaVYYTTaamXappgMsZD6lsqcEx1kM2vnaIzqwxQJJUtYdBc/T2R4VjrSRzazhibkV72ZuJ/np+a6CrImEhSQwVZLIpSjoxEs9fRgClKDJ9Ygoli9lZERlhhYmxAJRuCt/zyKmnXa95FrX5XrzSu8ziKcAKncA4eXEIDbqEJLSDwAM/wCm+OdF6cd+dj0Vpw8plj+APn8wdyRI5h</latexit>

x[2]
<latexit sha1_base64="+kGcMsx6YZr6dnzaJZGSu+hJC/s=">AAAB7XicbVA9T8MwEL2Ur1K+CowsFi0SU5WEAcYKFsYi0Q8pjSrHdVtTx45sB1FF/Q8sDCDEyv9h49/gthmg5UknPb13p7t7UcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8tUEdokkkvVibCmnAnaNMxw2kkUxXHEaTsa38z89iNVmklxbyYJDWM8FGzACDZWalWfAj+s9soVt+bOgVaJl5MK5Gj0yl/dviRpTIUhHGsdeG5iwgwrwwin01I31TTBZIyHNLBU4JjqMJtfO0VnVumjgVS2hEFz9fdEhmOtJ3FkO2NsRnrZm4n/eUFqBldhxkSSGirIYtEg5chINHsd9ZmixPCJJZgoZm9FZIQVJsYGVLIheMsvr5KWX/Muav6dX6lf53EU4QRO4Rw8uIQ63EIDmkDgAZ7hFd4c6bw4787HorXg5DPH8AfO5w9zyo5i</latexit>

+1

-1

simple decision boundary at wT x + b = 0



Binary Classification with 0-1 loss
• Learn a linear model:  


•  – input/features,  – label in target classes

• Prediction: 


• Ideal loss function : 

• 0-1 loss, because we care about how many were classified correctly

• What are weaknesses?

f : x ↦ y = b + xTw
x y ∈ {−1, + 1}

sign( f(x))
ℓ( ̂y , y)

`(ŷ,�1) =

⇢
0 ŷ < 0

+1 ŷ � 0
<latexit sha1_base64="+7dzkzD0kIytNYrA39/oTDjk/xo="></latexit>

`(ŷ,+1) =

⇢
0 ŷ > 0

+1 ŷ  0
<latexit sha1_base64="NGZSeuQiASQVE+HdEdOEfCy3d1M="></latexit>

true y
<latexit sha1_base64="aHb1GRETLaJvPZKLjXa2qiOPoRo=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mkizZ2zt394TjyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMviAXXxnW/nbX1jc2t7cJOcXdv/+CwdHTc0lGiGDZZJCLVCahGwSU2DTcCO7FCGgYC28Hkdua3n1BpHskHk8boh3Qk+ZAzaqzUMSpBUkkr/VLZrbpzkFXi5aQMORr90ldvELEkRGmYoFp3PTc2fkaV4UzgtNhLNMaUTegIu5ZKGqL2s/m9U3JulQEZRsqWNGSu/p7IaKh1Gga2M6RmrJe9mfif103M8NrPuIwTg5ItFg0TQUxEZs+TAVfIjEgtoUxxeythY6ooMzaiog3BW355lbRqVe+yWruvles3eRwFOIUzuAAPrqAOd9CAJjAQ8Ayv8OY8Oi/Ou/OxaF1z8pkT+APn8wc6ko9t</latexit>

true y
<latexit sha1_base64="aHb1GRETLaJvPZKLjXa2qiOPoRo=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mkizZ2zt394TjyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMviAXXxnW/nbX1jc2t7cJOcXdv/+CwdHTc0lGiGDZZJCLVCahGwSU2DTcCO7FCGgYC28Hkdua3n1BpHskHk8boh3Qk+ZAzaqzUMSpBUkkr/VLZrbpzkFXi5aQMORr90ldvELEkRGmYoFp3PTc2fkaV4UzgtNhLNMaUTegIu5ZKGqL2s/m9U3JulQEZRsqWNGSu/p7IaKh1Gga2M6RmrJe9mfif103M8NrPuIwTg5ItFg0TQUxEZs+TAVfIjEgtoUxxeythY6ooMzaiog3BW355lbRqVe+yWruvles3eRwFOIUzuAAPrqAOd9CAJjAQ8Ayv8OY8Oi/Ou/OxaF1z8pkT+APn8wc6ko9t</latexit>

prediction ŷ
<latexit sha1_base64="uJpWFMYdANdmk99ktBejslaed3k=">AAAB/XicbVC7TsMwFL3hWcorPDYWixaJqUrKAGMFC2OR6ENqo8px3Naq40S2gxSiil9hYQAhVv6Djb/BaTNAy5EsHZ9zrnx9/JgzpR3n21pZXVvf2Cxtlbd3dvf27YPDtooSSWiLRDySXR8rypmgLc00p91YUhz6nHb8yU3udx6oVCwS9zqNqRfikWBDRrA20sA+NumAkfyCqv0x1lk6rQ7silNzZkDLxC1IBQo0B/ZXP4hIElKhCcdK9Vwn1l6GpWaE02m5nygaYzLBI9ozVOCQKi+bbT9FZ0YJ0DCS5giNZurviQyHSqWhb5Ih1mO16OXif14v0cMrL2MiTjQVZP7QMOFIRyivAgVMUqJ5aggmkpldERljiYk2hZVNCe7il5dJu15zL2r1u3qlcV3UUYITOIVzcOESGnALTWgBgUd4hld4s56sF+vd+phHV6xi5gj+wPr8AUYKlRg=</latexit>

prediction ŷ
<latexit sha1_base64="uJpWFMYdANdmk99ktBejslaed3k=">AAAB/XicbVC7TsMwFL3hWcorPDYWixaJqUrKAGMFC2OR6ENqo8px3Naq40S2gxSiil9hYQAhVv6Djb/BaTNAy5EsHZ9zrnx9/JgzpR3n21pZXVvf2Cxtlbd3dvf27YPDtooSSWiLRDySXR8rypmgLc00p91YUhz6nHb8yU3udx6oVCwS9zqNqRfikWBDRrA20sA+NumAkfyCqv0x1lk6rQ7silNzZkDLxC1IBQo0B/ZXP4hIElKhCcdK9Vwn1l6GpWaE02m5nygaYzLBI9ozVOCQKi+bbT9FZ0YJ0DCS5giNZurviQyHSqWhb5Ih1mO16OXif14v0cMrL2MiTjQVZP7QMOFIRyivAgVMUqJ5aggmkpldERljiYk2hZVNCe7il5dJu15zL2r1u3qlcV3UUYITOIVzcOESGnALTWgBgUd4hld4s56sF+vd+phHV6xi5gj+wPr8AUYKlRg=</latexit>

̂y ̂y



Binary Classification with 0-1 loss
• If we know the underlying distribution,   and if we do not 

restrict ourselves to any function class, then we could find the optimal 
predictor called Bayes optimal classifier 

•  

• Claim: Bayes optimal classifier achieves the minimum possible 
achievable true error


• True error: 


• Proof:  
We can write the true error of a classifier  using chain rule as  
 
 
optimal classifier minimizes this true error, at every  
              


• But, we do not know  and 0-1 loss is cannot be optimizes  
(to be explained in lecture 11)

(x, y) ∼ PX,Y

fBayes(x) = arg max
̂y∈{−1,1}

ℙY|X(Y = ̂y |X = x)

𝔼X,Y[ℓ( f(X), Y )] = ℙ( sign( f(X)) ≠ Y )
f( ⋅ )

x
fopt(x) = arg min

̂y∈{−1,1}
ℙY|X(Y ≠ ̂y |x)

PX,Y



Binary Classification with 0-1 loss
• If we know the underlying distribution,   and if we do not 

restrict ourselves to any function class, then we could find the optimal 
predictor called Bayes optimal classifier 

•  

• Claim: Bayes optimal classifier achieves the minimum possible 
achievable true error


• True error: 


• Proof:  
We can write the true error of a classifier  using chain rule as  

 
 
 
optimal classifier minimizes this true error, at every  
              


• But, we do not know  and 0-1 loss is cannot be optimizes  
(to be explained in lecture 11)

(x, y) ∼ PX,Y

fBayes(x) = arg max
̂y∈{−1,1}

ℙY|X(Y = ̂y |X = x)

𝔼X,Y[ℓ( f(X), Y )] = ℙ( sign( f(X)) ≠ Y )
f( ⋅ )

𝔼X,Y[𝕀{Y ≠ f (X )}] = 𝔼X[𝔼Y|X[𝕀{Y ≠ f (x)}] |X = x] = 𝔼X[ ℙY|X(Y ≠ f (x) |X = x) ]

x
fopt(x) = arg min

̂y∈{−1,1}
ℙY|X(Y ≠ ̂y |x)

PX,Y



Binary Classification with square loss

true y
<latexit sha1_base64="aHb1GRETLaJvPZKLjXa2qiOPoRo=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mkizZ2zt394TjyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMviAXXxnW/nbX1jc2t7cJOcXdv/+CwdHTc0lGiGDZZJCLVCahGwSU2DTcCO7FCGgYC28Hkdua3n1BpHskHk8boh3Qk+ZAzaqzUMSpBUkkr/VLZrbpzkFXi5aQMORr90ldvELEkRGmYoFp3PTc2fkaV4UzgtNhLNMaUTegIu5ZKGqL2s/m9U3JulQEZRsqWNGSu/p7IaKh1Gga2M6RmrJe9mfif103M8NrPuIwTg5ItFg0TQUxEZs+TAVfIjEgtoUxxeythY6ooMzaiog3BW355lbRqVe+yWruvles3eRwFOIUzuAAPrqAOd9CAJjAQ8Ayv8OY8Oi/Ou/OxaF1z8pkT+APn8wc6ko9t</latexit>

true y
<latexit sha1_base64="aHb1GRETLaJvPZKLjXa2qiOPoRo=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mkizZ2zt394TjyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMviAXXxnW/nbX1jc2t7cJOcXdv/+CwdHTc0lGiGDZZJCLVCahGwSU2DTcCO7FCGgYC28Hkdua3n1BpHskHk8boh3Qk+ZAzaqzUMSpBUkkr/VLZrbpzkFXi5aQMORr90ldvELEkRGmYoFp3PTc2fkaV4UzgtNhLNMaUTegIu5ZKGqL2s/m9U3JulQEZRsqWNGSu/p7IaKh1Gga2M6RmrJe9mfif103M8NrPuIwTg5ItFg0TQUxEZs+TAVfIjEgtoUxxeythY6ooMzaiog3BW355lbRqVe+yWruvles3eRwFOIUzuAAPrqAOd9CAJjAQ8Ayv8OY8Oi/Ou/OxaF1z8pkT+APn8wc6ko9t</latexit>

ℓ( ̂y, + 1) = ( ̂y − 1)2ℓ( ̂y, − 1) = ( ̂y + 1)2

• Learn a linear model:  

•  input/features,  label in target classes

• Prediction: 


• Square loss function 

• This is the same as treating this as a linear regression problem 




• What is the strengths and weaknesses?

f : x ↦ y = b + xTw
x y ∈ {−1, + 1}

sign( f(x))
ℓ(b + xTw, y) = (y − xTw − b)2

( ̂w , ̂b ) = arg min
b,w

n

∑
i=1

(yi − (b + xT
i w))2

Square loss

0-1 loss

̂y ̂y



Looking for a better loss function
• we get better results using loss functions that 


• approximate, or captures the flavor of, the 0-1 loss 

•  is more easily optimized (e.g. convex and/or non-zero 

derivatives)


• concretely, we want a loss function

•  

•  

•  Which has other nice characteristics, e.g., differentiable or 

convex

48

with `(ŷ,�1) small when ŷ < 0 and larger when ŷ > 0
<latexit sha1_base64="Ye8A6Yf0RfRi+v4zjJTnAxqs56c="></latexit>

with `(ŷ, 1) small when ŷ > 0 and larger when ŷ < 0
<latexit sha1_base64="FPK/cEAUSYhH2bAZlkPbi0NO30g="></latexit>



Sigmoid loss ℓ( ̂y, y) =
1

1 + ey ̂y

• differentiable approximation of 0-1 loss


• but not convex in  

• the two losses sum to one 

       


• softer (or smoothed) version of the 0-1 loss

̂y

1
1 + e− ̂y

+
1

1 + e ̂y
=

e ̂y

e ̂y + 1
+

1
1 + e ̂y

= 1

`(ŷ,�1) = 1
1+e�ŷ

<latexit sha1_base64="aCMdFQxhW8LtlLpgLq9WEDOM0Ps=">AAACGHicbVDLSgNBEJyNrxhfUY9eBhMhosbdeNCLEPTiMYJ5QDaG2UlvMmT2wcysEJb9DC/+ihcPinjNzb9xkuxBEwsaiqpuuruckDOpTPPbyCwtr6yuZddzG5tb2zv53b2GDCJBoU4DHoiWQyRw5kNdMcWhFQognsOh6QxvJ37zCYRkgf+gRiF0PNL3mcsoUVrq5s+LNnBesgdExaPk9Mw6xtfYdgWhsZXE1gk8xmepmSRFnOvmC2bZnAIvEislBZSi1s2P7V5AIw98RTmRsm2ZoerERChGOSQ5O5IQEjokfWhr6hMPZCeePpbgI630sBsIXb7CU/X3REw8KUeeozs9ogZy3puI/3ntSLlXnZj5YaTAp7NFbsSxCvAkJdxjAqjiI00IFUzfiumA6FSUznISgjX/8iJpVMrWRblyXylUb9I4sugAHaISstAlqqI7VEN1RNEzekXv6MN4Md6MT+Nr1pox0pl99AfG+Ae+lJ5X</latexit>

true y
<latexit sha1_base64="aHb1GRETLaJvPZKLjXa2qiOPoRo=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mkizZ2zt394TjyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMviAXXxnW/nbX1jc2t7cJOcXdv/+CwdHTc0lGiGDZZJCLVCahGwSU2DTcCO7FCGgYC28Hkdua3n1BpHskHk8boh3Qk+ZAzaqzUMSpBUkkr/VLZrbpzkFXi5aQMORr90ldvELEkRGmYoFp3PTc2fkaV4UzgtNhLNMaUTegIu5ZKGqL2s/m9U3JulQEZRsqWNGSu/p7IaKh1Gga2M6RmrJe9mfif103M8NrPuIwTg5ItFg0TQUxEZs+TAVfIjEgtoUxxeythY6ooMzaiog3BW355lbRqVe+yWruvles3eRwFOIUzuAAPrqAOd9CAJjAQ8Ayv8OY8Oi/Ou/OxaF1z8pkT+APn8wc6ko9t</latexit>

true y
<latexit sha1_base64="aHb1GRETLaJvPZKLjXa2qiOPoRo=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mkizZ2zt394TjyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMviAXXxnW/nbX1jc2t7cJOcXdv/+CwdHTc0lGiGDZZJCLVCahGwSU2DTcCO7FCGgYC28Hkdua3n1BpHskHk8boh3Qk+ZAzaqzUMSpBUkkr/VLZrbpzkFXi5aQMORr90ldvELEkRGmYoFp3PTc2fkaV4UzgtNhLNMaUTegIu5ZKGqL2s/m9U3JulQEZRsqWNGSu/p7IaKh1Gga2M6RmrJe9mfif103M8NrPuIwTg5ItFg0TQUxEZs+TAVfIjEgtoUxxeythY6ooMzaiog3BW355lbRqVe+yWruvles3eRwFOIUzuAAPrqAOd9CAJjAQ8Ayv8OY8Oi/Ou/OxaF1z8pkT+APn8wc6ko9t</latexit>

`(ŷ,+1) =
1

1 + eŷ
<latexit sha1_base64="JxSC+J99uzZtp4893nwOgdmzhSQ=">AAACE3icbVDLSgNBEJyNrxhfqx69DAYhGgm7UdCLEPTiMYJ5QDaG2UlvMmT2wcysEJb9By/+ihcPinj14s2/cZLsQaMFDUVVN91dbsSZVJb1ZeQWFpeWV/KrhbX1jc0tc3unKcNYUGjQkIei7RIJnAXQUExxaEcCiO9yaLmjq4nfugchWRjcqnEEXZ8MAuYxSpSWeuaRA5yXnCFRyTg9LtuH+AI7niA0sdPELsNdknlp2jOLVsWaAv8ldkaKKEO9Z346/ZDGPgSKciJlx7Yi1U2IUIxySAtOLCEidEQG0NE0ID7IbjL9KcUHWuljLxS6AoWn6s+JhPhSjn1Xd/pEDeW8NxH/8zqx8s67CQuiWEFAZ4u8mGMV4klAuM8EUMXHmhAqmL4V0yHRiSgdY0GHYM+//Jc0qxX7pFK9OS3WLrM48mgP7aMSstEZqqFrVEcNRNEDekIv6NV4NJ6NN+N91pozspld9AvGxzfOUZ2G</latexit>

̂y ̂y



Logistic loss ℓ( ̂y, y) = log(1 + e−y ̂y)

• differentiable and convex in 

• approximation of 0-1

• Most popular choice of a loss function for classification problems

̂y

`(ŷ,�1) = log(1 + eŷ)
<latexit sha1_base64="dfDuPaHuglh+tIV/Off0fWMs5Eo=">AAACFHicbVDLSsNAFJ3UV62vqEs3g63QUi1JXehGKLpxWcE+oIllMr1th04ezEyEEPoRbvwVNy4UcevCnX9j0mah1QMXDufcy733OAFnUhnGl5ZbWl5ZXcuvFzY2t7Z39N29tvRDQaFFfe6LrkMkcOZBSzHFoRsIIK7DoeNMrlK/cw9CMt+7VVEAtktGHhsySlQi9fVqyQLOy9aYqDiaHp+YFXyBscX9Udmswl2cGdNKCRf6etGoGTPgv8TMSBFlaPb1T2vg09AFT1FOpOyZRqDsmAjFKIdpwQolBIROyAh6CfWIC9KOZ09N8VGiDPDQF0l5Cs/UnxMxcaWMXCfpdIkay0UvFf/zeqEantsx84JQgUfni4Yhx8rHaUJ4wARQxaOEECpYciumYyIIVUmOaQjm4st/SbteM09r9Zt6sXGZxZFHB+gQlZGJzlADXaMmaiGKHtATekGv2qP2rL1p7/PWnJbN7KNf0D6+AYY2m/g=</latexit>

true y
<latexit sha1_base64="aHb1GRETLaJvPZKLjXa2qiOPoRo=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mkizZ2zt394TjyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMviAXXxnW/nbX1jc2t7cJOcXdv/+CwdHTc0lGiGDZZJCLVCahGwSU2DTcCO7FCGgYC28Hkdua3n1BpHskHk8boh3Qk+ZAzaqzUMSpBUkkr/VLZrbpzkFXi5aQMORr90ldvELEkRGmYoFp3PTc2fkaV4UzgtNhLNMaUTegIu5ZKGqL2s/m9U3JulQEZRsqWNGSu/p7IaKh1Gga2M6RmrJe9mfif103M8NrPuIwTg5ItFg0TQUxEZs+TAVfIjEgtoUxxeythY6ooMzaiog3BW355lbRqVe+yWruvles3eRwFOIUzuAAPrqAOd9CAJjAQ8Ayv8OY8Oi/Ou/OxaF1z8pkT+APn8wc6ko9t</latexit>

true y
<latexit sha1_base64="aHb1GRETLaJvPZKLjXa2qiOPoRo=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mkizZ2zt394TjyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMviAXXxnW/nbX1jc2t7cJOcXdv/+CwdHTc0lGiGDZZJCLVCahGwSU2DTcCO7FCGgYC28Hkdua3n1BpHskHk8boh3Qk+ZAzaqzUMSpBUkkr/VLZrbpzkFXi5aQMORr90ldvELEkRGmYoFp3PTc2fkaV4UzgtNhLNMaUTegIu5ZKGqL2s/m9U3JulQEZRsqWNGSu/p7IaKh1Gga2M6RmrJe9mfif103M8NrPuIwTg5ItFg0TQUxEZs+TAVfIjEgtoUxxeythY6ooMzaiog3BW355lbRqVe+yWruvles3eRwFOIUzuAAPrqAOd9CAJjAQ8Ayv8OY8Oi/Ou/OxaF1z8pkT+APn8wc6ko9t</latexit>

`(ŷ,+1) = log(1 + e�ŷ)
<latexit sha1_base64="BavQ7kgEsDPZS9sh/dE1nxYZjoo=">AAACEHicbVDLSgNBEJyNrxhfUY9eBoOYEA27UdCLEPTiMYJ5QHYNs5NOMmT2wcyssCz5BC/+ihcPinj16M2/cZLsQaMFDUVVN91dbsiZVKb5ZWQWFpeWV7KrubX1jc2t/PZOUwaRoNCgAQ9E2yUSOPOhoZji0A4FEM/l0HJHVxO/dQ9CssC/VXEIjkcGPuszSpSWuvlDGzgv2kOiknh8VLZK+ALbPBgUrTLcJcepMS518wWzYk6B/xIrJQWUot7Nf9q9gEYe+IpyImXHMkPlJEQoRjmMc3YkISR0RAbQ0dQnHkgnmT40xgda6eF+IHT5Ck/VnxMJ8aSMPVd3ekQN5bw3Ef/zOpHqnzsJ88NIgU9ni/oRxyrAk3RwjwmgiseaECqYvhXTIRGEKp1hTodgzb/8lzSrFeukUr05LdQu0ziyaA/toyKy0BmqoWtURw1E0QN6Qi/o1Xg0no03433WmjHSmV30C8bHNyn1m2s=</latexit>

̂y ̂y



Logistic regression for binary classification

• Data 

• Model: 
• Loss function: logistic loss 
• Optimization: solve for  

             

• As this is a smooth convex optimization,  
it can be solved efficiently  
using gradient descent 

• Prediction: 

𝒟 = {(xi ∈ ℝd, yi ∈ {−1, + 1})}n
i=1

y = xTw + b
ℓ( ̂y, y) = log(1 + e−y ̂y)

( ̂b , ̂w ) = arg min
b,w

n

∑
i=1

log(1 + e−yi(b+xT
i w))

sign(b + xTw)

x[1]
<latexit sha1_base64="G4qQjwHB5qu/snoWuKUhnnxkpFg=">AAAB7XicbVA9T8MwEL2Ur1K+CowsFi0SU5WUAcYKFsYi0Q8pjSrHdVpTx45sB1FF/Q8sDCDEyv9h49/gthmg5UknPb13p7t7YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tUEdoikkvVDbGmnAnaMsxw2k0UxXHIaScc38z8ziNVmklxbyYJDWI8FCxiBBsrtatPvhdU++WKW3PnQKvEy0kFcjT75a/eQJI0psIQjrX2PTcxQYaVYYTTaamXappgMsZD6lsqcEx1kM2vnaIzqwxQJJUtYdBc/T2R4VjrSRzazhibkV72ZuJ/np+a6CrImEhSQwVZLIpSjoxEs9fRgClKDJ9Ygoli9lZERlhhYmxAJRuCt/zyKmnXa95FrX5XrzSu8ziKcAKncA4eXEIDbqEJLSDwAM/wCm+OdF6cd+dj0Vpw8plj+APn8wdyRI5h</latexit>

x[2]
<latexit sha1_base64="+kGcMsx6YZr6dnzaJZGSu+hJC/s=">AAAB7XicbVA9T8MwEL2Ur1K+CowsFi0SU5WEAcYKFsYi0Q8pjSrHdVtTx45sB1FF/Q8sDCDEyv9h49/gthmg5UknPb13p7t7UcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8tUEdokkkvVibCmnAnaNMxw2kkUxXHEaTsa38z89iNVmklxbyYJDWM8FGzACDZWalWfAj+s9soVt+bOgVaJl5MK5Gj0yl/dviRpTIUhHGsdeG5iwgwrwwin01I31TTBZIyHNLBU4JjqMJtfO0VnVumjgVS2hEFz9fdEhmOtJ3FkO2NsRnrZm4n/eUFqBldhxkSSGirIYtEg5chINHsd9ZmixPCJJZgoZm9FZIQVJsYGVLIheMsvr5KWX/Muav6dX6lf53EU4QRO4Rw8uIQ63EIDmkDgAZ7hFd4c6bw4787HorXg5DPH8AfO5w9zyo5i</latexit>

+1

-1

decision boundary at 
wT x + b = 0



Example: adding more polynomial features

• data: x in 2-dimensions, y in {+1,-1}

• features: polynomials

• model: linear on polynomial features

•

52

2

66666664

h0(x) = 1
h1(x) = x[1]
h2(x) = x[2]
h3(x) = x[1]2

h4(x) = x[2]2

...

3

77777775

<latexit sha1_base64="R8lT9YrTLdjF0zIJVePceYxnBEw="></latexit>

Polynomial

features

f(x) = w0h0(x) + w1h1(x) + w2h2(x) + · · ·
<latexit sha1_base64="JUYZhM1SkEXYn6hp60bsVkxC6Bo=">AAACHnicbZDLSsNAFIYnXmu9RV26GSxCRShJVBSKUHTjsoK9QBPCZDpphk4uzEzUUvokbnwVNy4UEVzp2zhpI2jrDwPf/OccZs7vJYwKaRhf2tz8wuLScmGluLq2vrGpb203RZxyTBo4ZjFve0gQRiPSkFQy0k44QaHHSMvrX2b11i3hgsbRjRwkxAlRL6I+xUgqy9VP/PL9AbSr53YV3rlG4BrZ/VCxGbjmD1uBa03Yxt1YClcvGRVjLDgLZg4lkKvu6h92N8ZpSCKJGRKiYxqJdIaIS4oZGRXtVJAE4T7qkY7CCIVEOMPxeiO4r5wu9GOuTiTh2P09MUShEIPQU50hkoGYrmXmf7VOKv0zZ0ijJJUkwpOH/JRBGcMsK9ilnGDJBgoQ5lT9FeIAcYSlSrSoQjCnV56FplUxjyrW9XGpdpHHUQC7YA+UgQlOQQ1cgTpoAAwewBN4Aa/ao/asvWnvk9Y5LZ/ZAX+kfX4DTw6drQ==</latexit>



53



Learned decision boundary

54

decision boundary

• Simple regression models had smooth predictors

• Simple classifier models have smooth decision boundaries

Feature Value Coefficient

learnedh0(x) 1 0.23

h1(x) x[1] 1.12
h2(x) x[2] -1.07

x[1]
<latexit sha1_base64="tI1dD7ifFzvm6NeEzfCF5mfwbWw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7AekoWy2m3bp7ibsbsQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8MOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244uc397iNVmsXywUwTGgg8kixiBJtcevK9YFCtuXV3DrRKvILUoEBrUP3qD2OSCioN4Vhr33MTE2RYGUY4nVX6qaYJJhM8or6lEguqg2x+6wydWWWIoljZkgbN1d8TGRZaT0VoOwU2Y73s5eJ/np+a6DrImExSQyVZLIpSjkyM8sfRkClKDJ9agoli9lZExlhhYmw8FRuCt/zyKuk06t5FvXF/WWveFHGU4QRO4Rw8uIIm3EEL2kBgDM/wCm+OcF6cd+dj0Vpyiplj+APn8we5yo4H</latexit>

x[2]
<latexit sha1_base64="68KD07JPHpmYifnn3x19MRCCeNk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7AekoWy2m3bp7ibsbsQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8MOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244uc397iNVmsXywUwTGgg8kixiBJtcevIbwaBac+vuHGiVeAWpQYHWoPrVH8YkFVQawrHWvucmJsiwMoxwOqv0U00TTCZ4RH1LJRZUB9n81hk6s8oQRbGyJQ2aq78nMiy0norQdgpsxnrZy8X/PD810XWQMZmkhkqyWBSlHJkY5Y+jIVOUGD61BBPF7K2IjLHCxNh4KjYEb/nlVdJp1L2LeuP+sta8KeIowwmcwjl4cAVNuIMWtIHAGJ7hFd4c4bw4787HorXkFDPH8AfO5w+7T44I</latexit>

f(x) = w0 + w1x[1] + w2x[2]
<latexit sha1_base64="OhcY2F7Kh/dVA/LxiIP9xgba30Q=">AAACA3icbVDLSsNAFJ34rPUVdaebwSJUCiWJgm6EohuXFewD0hAm00k7dDIJMxPbEgpu/BU3LhRx60+482+cPhbaeuDC4Zx7ufeeIGFUKsv6NpaWV1bX1nMb+c2t7Z1dc2+/LuNUYFLDMYtFM0CSMMpJTVHFSDMRBEUBI42gdzP2Gw9ESBrzezVMiBehDqchxUhpyTcPw+Lg9KrvW7AE+749cG2v1Pedget4vlmwytYEcJHYM1IAM1R986vVjnEaEa4wQ1K6tpUoL0NCUczIKN9KJUkQ7qEOcTXlKCLSyyY/jOCJVtowjIUuruBE/T2RoUjKYRTozgiprpz3xuJ/npuq8NLLKE9SRTieLgpTBlUMx4HANhUEKzbUBGFB9a0Qd5FAWOnY8joEe/7lRVJ3yvZZ2bk7L1SuZ3HkwBE4BkVggwtQAbegCmoAg0fwDF7Bm/FkvBjvxse0dcmYzRyAPzA+fwCN9ZWN</latexit>



Learned decision boundary

55

decision boundary

• Simple regression models had smooth predictors

• Simple classifier models have smooth decision boundaries

Feature Value Coefficient

learnedh0(x) 1 0.23

h1(x) x[1] 1.12
h2(x) x[2] -1.07

x[2]
<latexit sha1_base64="68KD07JPHpmYifnn3x19MRCCeNk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7AekoWy2m3bp7ibsbsQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8MOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244uc397iNVmsXywUwTGgg8kixiBJtcevIbwaBac+vuHGiVeAWpQYHWoPrVH8YkFVQawrHWvucmJsiwMoxwOqv0U00TTCZ4RH1LJRZUB9n81hk6s8oQRbGyJQ2aq78nMiy0norQdgpsxnrZy8X/PD810XWQMZmkhkqyWBSlHJkY5Y+jIVOUGD61BBPF7K2IjLHCxNh4KjYEb/nlVdJp1L2LeuP+sta8KeIowwmcwjl4cAVNuIMWtIHAGJ7hFd4c4bw4787HorXkFDPH8AfO5w+7T44I</latexit>

f(x) = w0 + w1x[1] + w2x[2]
<latexit sha1_base64="OhcY2F7Kh/dVA/LxiIP9xgba30Q=">AAACA3icbVDLSsNAFJ34rPUVdaebwSJUCiWJgm6EohuXFewD0hAm00k7dDIJMxPbEgpu/BU3LhRx60+482+cPhbaeuDC4Zx7ufeeIGFUKsv6NpaWV1bX1nMb+c2t7Z1dc2+/LuNUYFLDMYtFM0CSMMpJTVHFSDMRBEUBI42gdzP2Gw9ESBrzezVMiBehDqchxUhpyTcPw+Lg9KrvW7AE+749cG2v1Pedget4vlmwytYEcJHYM1IAM1R986vVjnEaEa4wQ1K6tpUoL0NCUczIKN9KJUkQ7qEOcTXlKCLSyyY/jOCJVtowjIUuruBE/T2RoUjKYRTozgiprpz3xuJ/npuq8NLLKE9SRTieLgpTBlUMx4HANhUEKzbUBGFB9a0Qd5FAWOnY8joEe/7lRVJ3yvZZ2bk7L1SuZ3HkwBE4BkVggwtQAbegCmoAg0fwDF7Bm/FkvBjvxse0dcmYzRyAPzA+fwCN9ZWN</latexit>

x[1]
<latexit sha1_base64="tI1dD7ifFzvm6NeEzfCF5mfwbWw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7AekoWy2m3bp7ibsbsQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8MOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244uc397iNVmsXywUwTGgg8kixiBJtcevK9YFCtuXV3DrRKvILUoEBrUP3qD2OSCioN4Vhr33MTE2RYGUY4nVX6qaYJJhM8or6lEguqg2x+6wydWWWIoljZkgbN1d8TGRZaT0VoOwU2Y73s5eJ/np+a6DrImExSQyVZLIpSjkyM8sfRkClKDJ9agoli9lZExlhhYmw8FRuCt/zyKuk06t5FvXF/WWveFHGU4QRO4Rw8uIIm3EEL2kBgDM/wCm+OcF6cd+dj0Vpyiplj+APn8we5yo4H</latexit>

https://www.google.com/search?ei=Wxu9XPS3BYmt0gLrkoyYDQ&q=0.23+1.12x+-1.07y&oq=0.23+1.12x+-1.07y&gs_l=psy-ab.3...11199.11199..11397...0.0..0.33.33.1......0....1..gws-wiz.......0i71.J2TOrs9fhMw


Learned decision boundary

56

decision boundary

• Simple regression models had smooth predictors

• Simple classifier models have smooth decision boundaries

Feature Value Coefficient

learnedh0(x) 1 0.23

h1(x) x[1] 1.12
h2(x) x[2] -1.07

x[1]
<latexit sha1_base64="tI1dD7ifFzvm6NeEzfCF5mfwbWw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7AekoWy2m3bp7ibsbsQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8MOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244uc397iNVmsXywUwTGgg8kixiBJtcevK9YFCtuXV3DrRKvILUoEBrUP3qD2OSCioN4Vhr33MTE2RYGUY4nVX6qaYJJhM8or6lEguqg2x+6wydWWWIoljZkgbN1d8TGRZaT0VoOwU2Y73s5eJ/np+a6DrImExSQyVZLIpSjkyM8sfRkClKDJ9agoli9lZExlhhYmw8FRuCt/zyKuk06t5FvXF/WWveFHGU4QRO4Rw8uIIm3EEL2kBgDM/wCm+OcF6cd+dj0Vpyiplj+APn8we5yo4H</latexit>

x[2]
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f(x) = w0 + w1x[1] + w2x[2]
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Adding quadratic features

• Adding more features gives more complex models

• Decision boundary becomes more complex57

Feature Value Coefficient

 learnedh0(x) 1 1.68

h1(x) x[1] 1.39
h2(x) x[2] -0.59
h3(x) (x[1])2 -0.17
h4(x) (x[2])2 -0.96
h5(x) x[1]x[2] Omitted
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Adding quadratic features

• Adding more features gives more complex models

• Decision boundary becomes more complex59

Feature Value Coefficient

 learnedh0(x) 1 1.68

h1(x) x[1] 1.39
h2(x) x[2] -0.59
h3(x) (x[1])2 -0.17
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Adding higher degree polynomial features

60

Overfitting leads to  
non-generalization

Feature Value Coefficient
learned

h0(x) 1 21.6
h1(x) x[1] 5.3
h2(x) x[2] -42.7
h3(x) (x[1])2 -15.9
h4(x) (x[2])2 -48.6
h5(x) (x[1])3 -11.0
h6(x) (x[2])3 67.0
h7(x) (x[1])4 1.5
h8(x) (x[2])4 48.0
h9(x) (x[1])5 4.4
h10(x) (x[2])5 -14.2
h11(x) (x[1])6 0.8
h12(x) (x[2])6 -8.6

Coefficient values 
getting large
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Adding higher degree polynomial features
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Overfitting leads to  
non-generalization

Feature Value Coefficient
learned

h0(x) 1 21.6
h1(x) x[1] 5.3
h2(x) x[2] -42.7
h3(x) (x[1])2 -15.9
h4(x) (x[2])2 -48.6
h5(x) (x[1])3 -11.0
h6(x) (x[2])3 67.0
h7(x) (x[1])4 1.5
h8(x) (x[2])4 48.0
h9(x) (x[1])5 4.4
h10(x) (x[2])5 -14.2
h11(x) (x[1])6 0.8
h12(x) (x[2])6 -8.6

Coefficient values 
getting large

• Overfitting leads to very large values of
f(x) = w0h0(x) + w1h1(x) + w2h2(x) + · · ·
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Regularization path

• Absolute regularizer (a.k.a L1 regularizer) gives sparse 
parameters, which is desired for interpretability, feature 
selection, and efficiency
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absolute regularizer: kwk1 = |w1|+ · · ·+ |wd|
<latexit sha1_base64="At1Qzl9tmjhNixt3SyCK3/hnpO4="></latexit>

 regularizer: ℓ2 ∥W∥2
2 = |w1 |2 + ⋯ + |wd |2 ℓ1



Probabilistic interpretation of logistic regression
• just as Maximum Likelihood Estimator (MLE) under linear model and 

additive Gaussian noise model recovers linear least squares, 

• we study a particular noise model that recovers logistic regression 

• a probabilistic noise model for Boolean labels: 

                      
 

                      
 
with a ground truth model parameter  

• this function  is called a logistic function (not to be 
confused with logistic loss, which is different) or a sigmoid function 

• if we know that the data came from such a model, but do not know the 
ground truth parameter , we can apply MLE to find the best 


• this MLE recovers the logistic regression algorithm, exactly

ℙ(yi = + 1 |xi) =
1

1 + e−wT xi

ℙ(yi = − 1 |xi) =
1

1 + ewT xi

w ∈ ℝd

σ(z) =
1

1 + e−z

w ∈ ℝd w

wT xi



Maximum Likelihood Estimator (MLE)
• if the data came from a probabilistic model model:


• log-likelihood of observing a data point  is 


• Maximum Likelihood Estimator is the one that maximizes the sum of all log-
likelihoods on training data points 
   

 

    

 

   

(xi, yi)

ŵMLE = arg max
w

ℙ({y1, …, yn} |{x1, …, xn})

= arg max
w

n

∏
i=1

ℙ(yi |xi)

= arg max
w ∑

i:yi=−1

log( 1
1 + ewT xi

) + ∑
i:yi=1

log( 1
1 + e−wT xi

)

(
1

1 + e�wT x
| {z }
P(yi=+1|xi)

,
1

1 + ewT x
| {z }
P(yi=�1|xi)

)

<latexit sha1_base64="v2hVfOx7Dflcc3ic2iErTr3IKFw="></latexit>

log-likelihood = log
⇣
P(yi|xi)

⌘
=

8
<

:
log

⇣
1

1+e�wT xi

⌘
if yi = +1

log
⇣

1
1+ew

T xi

⌘
if yi = �1

<latexit sha1_base64="t04mqFqc4+8EsIhlCFAAwRo3moE="></latexit>

(independence)

(substitution)



• notice that this is exactly the logistic regression:  
 
 

 

• once we have trained a model , we can make a hard prediction  
of the label at an input example  
 
 
        

ŵlogistic = arg min
w

1
n ( ∑

i:yi=−1

log(1 + ewT xi) + ∑
i:yi=1

log(1 + e−wT xi) )

ŵlogistic ̂v
x

̂v =

⇢
+1 if P(+1|x) � P(�1|x)
�1 otherwise

<latexit sha1_base64="qN+cqG0fMoqW6rk9X0oejOsfSrA="></latexit>

=

⇢
+1 if 1

1+e�wT x
� 1

1+ewT x

�1 otherwise
<latexit sha1_base64="xHzbOu1hlx/wGkdUaJHekEzZY8g="></latexit>

=

⇢
+1 if 1  e2w

T x

�1 otherwise
<latexit sha1_base64="DGLdRAy0CfoZC2VOFdhM2aK3RMU="></latexit>

= sign(wTx)
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Understanding the sigmoid
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Multi-class regression



How do we encode categorical data y?
• so far, we considered Boolean case where there are two categories


• encoding  is simple: {+1,-1}, as there is not much difference


• multi-class classification predicts categorial  

• taking values in  

• ’s are called classes or labels


• examples:


• a k-class classifier predicts  given 

y

y
C = {c1, …, ck}

cj

y x
69

Country of birth
(Argentina, Brazil, USA,...)

Zipcode
(10005, 98195,...)

All English words



Embedding ’s in real valuescj

• for optimization we need to embed raw categorical ’s 
into real valued vectors


• there are many ways to embed categorial data

• True->1, False->-1

• Yes->1, Maybe->0, No->-1

• Yes->(1,0), Maybe->(0,0), No->(0,1)

• Apple->(1,0,0), Orange->(0,1,0), Banana->(0,0,1)

• Ordered sequence:  

        (Horse 3, Horse 1, Horse 2) -> (3,1,2)

• we use one-hot embedding (a.k.a. one-hot encoding)


• each class is a standard basis vector in dimension

cj

k−

70

Country of birth
(Argentina, Brazil, USA,...)

x =

196 categories

1-hot 
encoding x h1(x) h2(x) … h195(x) h196(x)

Brazil
Zimbabwe

196 features

1
1



Multi-class logistic regression

71

• data: categorical  in  with  categories 

 we use one-hot encoding, s.t.  implies that 


• model: linear vector-function makes a linear prediction  
 

 
 
with model parameter matrix  and sample  
 

  

 
 

y {c1, …, ck} k

y =

1
0
0
0
0

y = c1

̂y ∈ ℝk

̂yi = f(xi) = wT xi

w ∈ ℝd×k xi ∈ ℝd

f(xi) =

f1(xi)
f2(xi)

⋮
fk(xi)

=

w1,0 w1,1 w1,2 ⋯
w2,0 w2,1 w2,2 ⋯

⋮
wk,0 wk,1 wk,2 ⋯

wT

1
xi[1]

⋮
xi[d]

xi

=

w1,0 + w1,1xi[1] + w1,2xi[2] + ⋯
w2,0 + w2,1xi[1] + w2,2xi[2] + ⋯

⋮
wk,0 + wk,1xi[1] + wk,2xi[2] + ⋯

w = [w[: ,1] w[: ,2] ⋯ w[: , k]]



• Logistic regression

72

2 classes k classes

Maximum Likelihood Estimator
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ℙ(yi = − 1 |xi) =
1

1 + ewT xi

ℙ(yi = + 1 |xi) =
1

1 + e−wT xi

maximizew∈ℝd
1
n

n

∑
i=1

log( 1
1 + e−yiwT xi )

maximizew
1
n

n

∑
i=1

log(ℙ(yi |xi))

ℙ(yi = c1 |xi) =
ew[:,1]T xi

ew[:,1]T xi + ⋯ + ew[:,k]T xi

ℙ(yi = ck |xi) =
ew[:,k]T xi

ew[:,1]T xi + ⋯ + ew[:,k]T xi

⋮

maximizew∈ℝd×k
1
n

n

∑
i=1

k

∑
j=1

I{yi = cj}log( ew[:, j]T xi

∑k
j′￼=1 ew[:, j′￼]T xi

)

 is an indicator that is one only if I{yi = j} yi = j



Questions?


