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Lecture 7:
Regularization
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Recap: bias-variance tradeoff

« Consider 40 training examples and 100 test examples
i.i.d.drawn from degree-5 polynomial features
x; ~ Uniform[—1,1], y; ~ f,+(x;) + €;, €, ~ N (0,6°)

Jwr(5) = D* + wikx; + wi(x; ) + w;“(xi)3 + wj(xl-)4 + wgk(xl-)5

P ® train dataset
0.05 L ® test dataset

. . This is a linear model with features

h(xi) = (x;, (xl_)z’ (-xi)3’ (xi)4, (xi)s)
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Recap: bias-variance tradeoff

With degree-3 polynomials, we underfit With degree-20 polynomials, we overfit
S (X S, )
0.2 0.2 1

0.1 -+ 0.1 1
0.0 -~ 0.0 1
-0.1 -0.1

-02 1 v [E[was(x)] -0.2 -

<4—Optimal predictor #(x)

-04 -0.4

-1.00 —0.75 —0.50 —0.25 0.00 025 050 075 100 -1.00 —0.75 —-0.50 025 0.00 025 050 075 100

current train error = 0.0036791644380554187 0.0005421686349568773
current test error = 0.0037962529988410953 0.14210029429557927



Sensitivity: how to detect overfitting 3
o _(‘eus?ei\,tw H'&\—‘A SuseiMe v P’J‘Cew

For a linear model, N W
Vb4 WX+ WXy + o0 + wyx, x o

if |wj| is large then the prediction is sensitive to small changes in X;

Large sensitivity leads to overfitting and poor generalization, and equivalently
models that overfit tend to have large weights

Note that b is a constant and hence there is no sensitivity for the offset b
In Ridge Regression, we use a regularizer ||w||% to measure and control the
sensitivity of the predictor = WOEWE - W dz

And optimize for small loss and small sensitivity, by adding a regularizer in the

objective (assume no offset for now) with regularization coefficient A > 0
n

~ . 2
Wridge — alg mu%nz (yz - ZC;T’LU) + )‘HwHS
1=1
The regularization encourages solution w with smaller norm ||w||%, hence
encouraging less overfitting

Larger A means more regularization
The first term encourages fitting the training data



Minimizing the Ridge Regression Objective

n

~ . 2

Wridge = aAI'g muljnz (y’t — x;,rw) T )‘Hw”g
1=1

Low) = |l ;L~><wllf-t-lewzlf
Vo dbot) = 3 XC ;L~Xw) fl/l-gg
= 2 (A = ke - Thw)
= 20 ¥y~ ({Z(Jr/l-ll—)'w)zmg%e =9
e =, ()(TX—H\IE) 'XT;L_



Shrinkage Properties
wmjge—argmmz s —afw)” 4 Al
~1 T
= (XTX + )\I)_lXTy S Ws= 5O Xy

For example, if XX = #ul, then
A A= N

a LA) (\CV{Z%& y
Lo ridie = X o R W = )/‘)L
a e VH}‘" 35‘“’%{3 Wis | Sl

Wi = 7(7(\9’- Lavocy}} Shitnks waye.

Similar shrinking effect for general X’ X, which we do not go
into details in class (come to my OH if interested).

e When A = 0, this gives the least squares model

e This defines a family of models hyper-parametrized by A

e Large A means more regularization and simpler model

e Small A means less regularization and more complex model



n
Ridge regression: minimize Z wlx, +b—y)* + ﬂllwll%

i=1
training MSE Z(yl W e T Driage) ) Wg;
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| Left plot: leftmost training error is with no regularization: bﬁ 1093 " “

| Left plot: rightmost training error is variance of the training data: 0 9991 :rd-j
| Right plot: called regularization path



n
Ridge regression: minimize Z wlx, +b—y)* + ﬂllwll%

i=1
w; C
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| this gain in test MSE comes from
shrinking wOs to get a less sensitive
predictor #
(which in turn reduces the variance)



Bias-variance tradeoff for ridge regression model

IfY; = X w* + ¢;and ¢; ~ N (0,6%)

—
Wrigee = XTX + D)Xy = (et X &) )
= (X% AT) T K AT AT X a)
i

a1 Py
~
For example, if X' X = nl, then = Wor- w{. (XD X E

Wridee = 6% A yger £ B0S —vleroue
ridge — o LWy L
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Bias-variance tradeoff for ridge regression model

IfY; = X w* + ¢;and ¢; ~ N (0,6%)
y =Xw*+e¢€
T
nx) = Eyx[Y[X =x] =x"w*

Wiigee = XTX + D' XTy = XTX + D' X" (Xw* + ¢)
= w* — (XIX + AD"w* + XTX + D) X e

e T (}— A W’F
For example, if X' X = nl, then Y

A 1
w* +
n+ A1 n+ A1

A

— % _ T
Wridge — w X'e

estimate is shrunk by regularizer  error due to noise

— larger A increases bias — larger A decreases variance



Bias-variance tradeoff for ridge regression model

IfY; = X w* + ¢;and ¢; ~ N (0,6%)
y =Xw*+e¢€
T
nx) = Eyx[Y[X =x] =x"w*

For example, if X’ X = nl, then

. A 1 E
fox) = xTw* — xTw* + xIXTe |— X f;lxﬁo*
n+ A n+ A 2

¥Irreducible error: Ey ,[(Y — n(x))? |X = x] = 6*
¥ Bias squared (n(x) [Eg[f@(x)] ( ) > e (X" 9

&) T/—A

@¥B|as decreases with increasing sample size
@¥ Bias increases with increasing A
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Bias-variance tradeoff for ridge regression model
IfY; = X w* + ¢;and ¢; ~ N (0,6%)
y =Xw*+e¢€

n(x) = Eyx[Y]X = x] = x"w*

For example, if X’ X = nl, then

7 1
= Tk _ T, % + TxT
Jox) =x"w n+/1xw n+/1x €
el m’ﬂ“’e
¥ Variance: [E@[ (fg(x) — [E@[fg(x)] EE{ o Tng XD:J
NSV
oy Eﬁf o

Gn
=l <)

¥ Variance decreases with increasing sample size
¥ Variance decrease with increasina A



Bias-Variance Properties

: o : T, \2 2
| Ridge regressor:  W;4ge = arg n%nz (yi — X w) + A|wl|5
I True error 1=1
2 62
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175 1
150 -
125 -
éow le)two"%l oo SP“M()EV RAGJCJ
( B ) - L)
Oy o265
asA! O, 050 1 | asA! oo
W . — v’i/ 0251 : \t:'aa:isance wl‘id - O
rldge LS 0.00 1 —— bias+variance ge

0 2 :':/16 B 10



What you need to know...

> Regularization
B Penalizes complex models towards simpler models

> Ridge regression o
P L, penalized least-squares regression A+ /lvil,

B Regularization parameter trades off model
complexity with training error

B Never regularize the offset!



Example: piecewise linear fit

| we bt alinear model for x € [—1,1]:
JSx) = b+ wihi(x) + wyhy(x) + wihs(x) + wihy(x) + wshs(x)"
| with a specibc choice of features using piecewise linear functions #

# hy(x)
| T ox /
ho(x) [x + 0.75]F
h(x) = [h3(x) | = [x+0.2] 075 4 08
hy(x) [x —0.4]F
hs(x) | [x—0.8]"

[a]T £ max{a,0}

-0.75 -0.2 0 0.4 0.8




Example: piecewise linear fit

| we Bt alinear model:

Sx) = b+ wih(x) + wyhy(x) + wihs(x) + wyhy(x) + wshs(x)"
| with a specikc choice of features using piecewise linear functions #

# § .
hy(x)
hy(x)

h(x) = | h3(x)
hy(x)

_hS(x)_

[a]" £ max{a,0}

X
[x +0.75]"

[x +0.2]F
[x — 0.4]F

| [x - 0.8]" _

y=b+hx)'w

W1+W2+W3+W4+@

-0.75 -0.2 0.4 0.8

the weights capture the change in the slopes



Example: piecewise linear fit

| we bt alinear model:
Sx) = b+ wih(x) + wyhy(x) + wihs(x) + wyhy(x) + wshs(x)"
| with a specibc choice of features using piecewise linear functions
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Example: pleceW|se linear fit (rldge regressmn)
G, ~ T hat) - )+ ?U('/’UL
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0.05 1
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I =1 % I =0.00¢ I =0.00000:.
re(futaﬁpee‘w
PMU[@, W, Wy, O

We do not observe overfitting, as d=5 and n=100



Can avoid overfitting even w & R'9and n=11 samples

w;'s
Test MSE
0030 01
0.025 4 051
Train MSE
0.000 4 /_ i i

2 4
0.10
® train data ® train data ® train data
0.2 - — ground truth —— ground truth —— ground truth
— predictor —— predictor — predictor
0.05 4 0.05 A
0.1 4
0.00 0.00 A
~0.05 -0.05 4
0.0 1
~0.10 4 -0.10 -
-0.1 4
~0.15 -015 4
0.2 1 -0.20 -0.20 4

-1.00 -0.75 -0.50 -0.25 000 025 050 075 100 ~100 -0.75 —0.50 —0.25 0.00 025 050 075 1.00 ~100 -0.75 —0.50 025 0.00 025 050 075 1.00



Questions?



