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Polynomial regression

- How to fit more complex data?
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Recap: Linear Regression

label y

Z f(x) = 100,000 + 500 x

_—

f(x) = 150,000 + 400 x

_—
P

input x

* In general high-dimensions, we fit a linear model with intercept
y,~wlx.+b, orequivalently y.=wlx +b+e¢
with model parametersn(w e RY b € R) that minimizes £ 5-loss

awig Lw,b) = ) (y;— wx; + b))’




Recap: Linear Regression

- The least squares solution, i.e. the minimizer of the £,-loss can be
written in a closed form as a function of data X and y as

Lony=2 (- Ry

As we derived in class: or equivalently using
y straightforward linear algebra
= lXTl by setting the gradient to zero:
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Quadratic regression in 1-dimension
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« Linear model with parameter (b, w,):
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Degree-p polynomial regression in 1-dimension
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Degree-p polynomial regression in d-dimension
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- In general, any feature /(x) can be used, e.g., sin(ax + b), e 20— log x, etc.



Which p should we choose?

* First instance of class of models with different
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* How do we determine which is better model?
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Generalization

* we say a predictor generalizes if it performs as well on unseen data
as on training data

e formal mathematical definition involves probabilistic assumptions
(coming later in this week)

* the data used to train a predictor is training data or in-sample data
* we want the predictor to work on out-of-sample data

* we say a predictor fails to generalize if it performs well on in-
sample data but does not perform well on out-of-sample data
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e train a cubic predictor on 32 (in-sample) white circles: Mean Squared Error (MSE) 174

e predict label y for 30 (out-of-sample) blue circles: MSE 192
(& Q2
e conclude this predictor/model generalizes, as in-sample MSE ~ out-of-sample MSE



Split the data into training and testing

e away to mimic how the predictor performs on unseen data
 given asingle dataset S = {(x;, y))}_,
e we split the dataset into two: training set and test set

e selection of data train/test should be done randomly
(80/20 or 90/10 are common)

* training set used to train the model

M 5E tm?m

minimize Z,;,(w) = (y; — xT w)?
. S .
| Strain | €S, . L l/L U(z.)T W+ é)
e test set used to evaluate the model

1 D i=xfw? S MSBege

test

Z s (W) =

e this assumes that test set is similar to unseen data ¢— reudow gpl?ﬁ
* test set should never be used in training + lifperpmawe@r @a‘;ﬁ,



We say a model w or predictor overfits if £....(W) K & (W)

train

small training error large training error

generalizes well

small test error possible, but unlikely

performs well

generalizes well

large test error fails to generalize
Overfitting SIS |2l
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How do we choose which model to use?
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1. first use 60 data points to train and 60 data points to test and train

several models to get the above graph on the right

2. then choose degree p = 5, since it achieves minimum test error

3. now re-train on all 120 data points with degree 5 polynomial model

demoZ2_lin.ipynb



Diabetes

Another example

10 explanatory variables

Example: Diabetes

from 442 patients

we use half for train and half for validation
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test MSE is the primary criteria for model selection

Using only 2 features (S5 and BMI), one can get very close to the prediction
performance of using all features

Combining S3 and S4 does not give any performance gain

demo3_diabetes.ipynb



What does the bias-variance theory tell us?

* Assume s = B — (0,4 drown Tid
_Train error (random variable, randomness from D)

e UseD = {(x,y)}L, ~ Pxytofind W

1 —~
o1 Z vi— w'x)* €R
(x,,y,)ED
F==g# the test error is an unbiased estimator of the true error

Train error: Zin(W gg) =

True error (random variable, randomness from @
W) =Ee, @y ko
e Trueerror: & (W) =@:kay[(y — x))] &, Uurusy
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Test error (random variable, randomness fro n
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theory explains true error, and hence expected behavior of the (random)
test error




What does the bias-variance theory tell us?

Train error is optimistically biased (i.e. smaller) because the trained
model is minimizing the train error

Test error is unbiased estimate of the true error, if test data is never
used in training a model or selecting the model complexity
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Questions?
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