Lecture 3: Linear regression
(continued)
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The regression problem in matrix notation

T

Linear model: Yy; = T; W + €;
X, 1o 64 )
Least squares solution: Ny ".
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What about an offset
(a.k.a intercept)?




The regression problem in matrix notation

Linear model: y; = az;fw + €;

2, w64
Least squares solution:
s = argmin ||y — Xuwl[3

= (X'X)"' X"y
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Affine model: y; = x?w +b+¢€;
e
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Least squares solution:
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wrs, bLS = arg mlil (y@ — (xfw+ b))
w
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= argmmHy (Xw + 1b)|3

R



Dealing with an offset

Wy, brs = argmin [ly — (Xw + 1b)|3
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Set gradlent w.r.t. w and b to zero to find the minima:
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Dealing with an offset

Bps,brs = arg m111)r1 ly — (Xw + 1b)|[2
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Dealing with an offset
T, b)

b ¥ — (X + 1)
wrg, —argmin |ly — (Xw + 1
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In general, when X*'1 # 0,
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Dealing with an offset

Wy, brs = argmin [ly — (Xw + 1b)|3

XTXirg + brsXT1=X"Ty
1" Xbrg +brs171 =17y
In general, when X711 £ 0,

If XT1 =0,
wrs = (XTX)'xXTy b= 1xTy
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Process

Decide on a model: Y; = SE;F’LU +b+e¢

Choose a loss function - least squares
Pick the function which minimizes loss on data
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Wrs,brs = arg min (yz — (zfw+ b))
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Use function to make prediction on new examples
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Unew = TpowWLs + brLs



Another way of dealing with an offset
WLs,brs = arg min ly — (Xw + 10)|[3

reparametrize the problem as X = [X, 1] and w = ["g]

Xw =[x ﬂ:([_ﬂ = Xw + Ty
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Why is least squares a good loss function?

s = argmin [ly — Xwl[3

= (X'X)"' X"y
Consider y; =ziw+¢; where ¢ PN (0,07)
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Why is least squares a good loss function?

Maximum Likelihood Estimator:

wmre = argmax log P({y; }iq; {zi}iy, w, 0)
w

yi — i w)?
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= argmax —nlog(oV2m) + Z !
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Why is least squares a good loss function?

Maximum Likelihood Estimator:

WMLE = arg max log P({yi }i—1:{wi}izs, w,0)
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= argmax —nlog(ov2m) + Z

= argmln E —:U w)
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Recall: wrs — arg Hluljﬂ g (yz — X, w)
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Recap of linear regression

Data {(z:, )}y

Minimize the loss Maximize the likelihood
(Empirical Risk Minimization) (MLE) e ae oeles
T hrptlag
Choose a loss 26[“"1‘:’0‘; ) Choose a Hypothesis class
e.g., (y;— xl.Tw)2 o€ Cet eg.,y = xiTw +€, €~ N(0,67)
n
Solve W ¢ = arg min Z (y; — xTw)? Maximize the likelihood,
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Analysis of Error under additive Gaussian noise

puodre ot
if y; =2 w+e and eideN(Oa)’—VY:X’w—FG

Wyre = (XTX)IXTY
= (XIX) ' X (Xw + €)
= w+ (XTX)"1xt
Maximum Likelihood Estimator is unbiased:
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Analysis of Error under additive Gaussian noise

if y; =2 w+e and eq;HdN'(Oa) Y = Xw + €

Wyre = (XTX)IXTY
= (XIX) ' X (Xw + €)

— w+ (XTX)_1XTE
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Analysis of Error under additive Gaussian noise

if y; =2 w+e and eq;HdN'(Oa) Y = Xw + €

Wyre = (XTX)IXTY
= (XIX) ' X (Xw + €)
= w + (XTX)1XTe

E[Wmiel =

COV(WMLE) = E[(% — E[WDOY — EWVD'] = * (X' X) Jorbun2, )
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Questions?



