
Lecture 2: MLE for Gaussian 
and linear regression



Recap: Maximum Likelihood Estimation

• Observe  drawn i.i.d. from  for some true 


• Likelihood function: 


• Log-likelihood function: 


• Maximum Likelihood Estimator (MLE): 


X1, X2, …, Xn P(Xi; θ) θ = θ*

Ln(θ) =
n

∏
i=1

P(Xi; θ)

ℓn(θ) = log Ln(θ) =
n

∑
i=1

log P(Xi; θ)

̂θ MLE = arg max
θ

ℓn(θ)



• Client: What if I am measuring a continuous variable?

• You: Let me tell you about Gaussians…


• A Gaussian random variable is written as  
with mean  and variance 


• The p.d.f. (Probability Density Function) of  is 

X ∼ 𝒩(μ, σ2)
μ ≜ 𝔼[X] σ2 ≜ 𝔼[ (X − 𝔼[X])2 ]

X

P(x; μ, σ2) =
1

2πσ2
e− (x − μ)2

2σ2

What about continuous variables?



Some properties of Gaussians

• affine transformation  
(multiplying by scalar and adding a constant)


•  


•  


• Sum of Gaussians


• 


• 


•

X ∼ 𝒩(μ, σ2)
Y = aX + b ⟹ Y ∼ 𝒩(aμ + b, a2σ2)

X ∼ 𝒩(μX, σ2
X)

Y ∼ 𝒩(μY, σ2
Y)

Z = X + Y ⟹ Z ∼ 𝒩(μX + μY, σ2
X + σ2

Y)



• Hypothesis: i.i.d. samples  from  
    
                         

                         

• Log-likelihood of data:


 


• What is  for  ?

𝒟 = {x1, x2, …, xn} 𝒩(μ, σ2)
P(𝒟; μ, σ2) = P(x1, …, xn; μ, σ2)

= P(x1; μ, σ2) × P(x2; μ, σ2) × ⋯P(xn; μ, σ2)

=
n

∏
i=1

1

σ 2π
e− (xi − μ)2

2σ2

log P(𝒟; μ, σ2) = − n log(σ 2π) −
n

∑
i=1

(xi − μ)2

2σ2

̂θ MLE θ = (μ, σ2)
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MLE for Gaussian



• What’s MLE for mean?
d

dμ
log P(𝒟; μ, σ2) =

d
dμ [ − n log(σ 2π) −

n

∑
i=1

(xi − μ)2

2σ2 ]

Your second learning algorithm: 
MLE for mean of a Gaussian



• Again, set derivative to zero: 
d

dσ
log P(𝒟; μ, σ2) =

d
dσ [ − n log(σ 2π) −

n

∑
i=1

(xi − μ)2

2σ2 ]

MLE for variance



• MLE:


• 


• 


• MLE for the mean of a Gaussian is unbiased

• MLE for the variance of a Gaussian is biased


• 

          


• Unbiased variance estimator:


•

̂μMLE =
1
n

n

∑
i=1

xi

̂σ 2
MLE =

1
n

n

∑
i=1

(xi − ̂μMLE)2

𝔼[ ̂σ 2
MLE] ≠ σ2

̂σ 2
unbiased =

1
n − 1

n

∑
i=1

(xi − ̂μMLE)2

What can we say about the MLE?



Maximum Likelihood Estimation

Properties (under benign regularity conditions—smoothness, identifiability, etc.):

Asymptotically consistent and normal:
b✓MLE�✓⇤

bse ⇠ N (0, 1)

Asymptotic Optimality, minimum variance (see Cramer-Rao lower bound)

• Observe  drawn i.i.d. from  for some true 


• Likelihood function: 


• Log-likelihood function: 


• Maximum Likelihood Estimator (MLE): 


X1, X2, …, Xn P(Xi; θ) θ = θ*

Ln(θ) =
n

∏
i=1

P(Xi; θ)

ℓn(θ) = log Ln(θ) =
n

∑
i=1

log P(Xi; θ)

̂θ MLE = arg max
θ

ℓn(θ)



Recap
• Learning is…


• Collect some data

• E.g., coin flips

Data {xi}



Recap
• Learning is…


• Collect some data

• E.g., coin flips


• Choose a hypothesis class or model

• E.g., binomial

Data {xi}
Hypothesis/ 

Model Pθ

i.i.d. Pθ



Recap
• Learning is…


• Collect some data

• E.g., coin flips


• Choose a hypothesis class or model

• E.g., binomial


• Choose a loss function

• E.g., data likelihood

Data {xi}
Hypothesis/ 

Model Pθ

i.i.d. Pθ

min
θ

n

∑
i=1

ℓ(θ, xi)  or max
θ

n

∑
i=1

u(θ, xi)



Recap
• Learning is…


• Collect some data

• E.g., coin flips


• Choose a hypothesis class or model

• E.g., binomial


• Choose a loss function

• E.g., data likelihood


• Choose an optimization procedure

• E.g., set derivative to zero to obtain MLE

Data {xi}
Hypothesis/ 

Model Pθ

i.i.d. Pθ Optimizer ̂θ

min
θ

n

∑
i=1

ℓ(θ, xi)  or max
θ

n

∑
i=1

u(θ, xi)



Recap
• Learning is…


• Collect some data

• E.g., coin flips


• Choose a hypothesis class or model

• E.g., binomial


• Choose a loss function

• E.g., data likelihood


• Choose an optimization procedure

• E.g., set derivative to zero to obtain MLE


• Justifying the accuracy of the estimate

• E.g., Markov’s inequality

Data {xi}
Hypothesis/ 

Model Pθ

i.i.d. Pθ Optimizer ̂θ

min
θ

n

∑
i=1

ℓ(θ, xi)  or max
θ

n

∑
i=1

u(θ, xi)



Linear Regression



The regression problem, 1-dimensional

# square feet

Sa
le

 P
ric

e
You want to sell your house that is 2,500 sq.ft. 
Q. What is the right price?  

Collect past sales data on zillow.com:

     y = House sale price and x = {# sq. ft.} 

Training Data:
{(xi, yi)}ni=1

yi 2 Rxi 2 R
<latexit sha1_base64="orh5n7qZpaR0XoEUpD3YIOQNUYs=">AAACGHicbZC7TsMwFIadcivhVmBksaiQmKqkIMFYQQfGUtGLaKLKcZzWquNEtoOoorwFExI8CxtiZeNR2HDaDNByJEu/vv8c+/j3Ykalsqwvo7Syura+Ud40t7Z3dvcq+wddGSUCkw6OWCT6HpKEUU46iipG+rEgKPQY6XmT69zvPRAhacTv1DQmbohGnAYUI6XR/eOQQody6LSHlapVs2YFl4VdiCooqjWsfDt+hJOQcIUZknJgW7FyUyQUxYxkppNIEiM8QSMy0JKjkEg3nW2cwRNNfBhEQh+u4Iz+nkhRKOU09HRniNRYLno5/M8bJCq4dFPK40QRjucPBQmDKoL596FPBcGKTbVAWFC9K8RjJBBWOiTTdHwSOM3UyS/GiKXNLJuz9px5XtrOMp2VvZjMsujWa/ZZrX57Xm1cFamVwRE4BqfABhegAW5AC3QABhw8gRfwajwbb8a78TFvLRnFzCH4U8bnD87eoBs=</latexit>

http://zillow.com


Process

1. Decide on a model/hypothesis class


2. Find the function/model/hypothesis which explains/fits the data best


3. Use function to make prediction on new examples  
     How much should you put your house on the market?

assume house sale price is a linear function of square feet. 



Fit a function to our data, 1-dimension

Given past sales data on zillow.com, predict:

     y = House sale price from 

     x = {# sq. ft.} 

1. Training Data:
{(xi, yi)}ni=1

yi 2 R

2. Hypothesis/Model: linear

        yi = w ⋅ xi + ϵi

3. Measure of good fit: -loss


       

ℓ2

min
w∈ℝ

n

∑
i=1

(yi − wxi)2 =
n

∑
i=1

ε2
i

xi 2 R
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# square feet
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best linear fit

# square feet

Sa
le

 P
ric

e

http://zillow.com


The regression problem, d-dimensions
Given past sales data on zillow.com, predict:

     y = House sale price from 

     x = {# sq. ft., zip code, date of sale, etc.} 

1. Training Data:
{(xi, yi)}ni=1

yi 2 R

2. Hypothesis/Model: linear

        yi = wT xi + ϵi

3. Measure of good fit: -loss


       

ℓ2

min
w∈ℝd

n

∑
i=1

(yi − wT xi)2 =
n

∑
i=1

ε2
i

# square feet

Sa
le

 P
ric

e

# square feet

Sa
le

 P
ric

e

best linear fit

# square feet

Sa
le

 P
ric

e

xi 2 Rd

http://zillow.com


The regression problem in matrix notation

y =

2

64
y1
...
yn

3

75 X =

2

64
xT
1
...
xT
n

3

75

d : # of features/size of the input

n : # of examples/datapointsData:



The regression problem in matrix notation

y =

2

64
y1
...
yn

3

75 X =

2

64
xT
1
...
xT
n

3

75

d : # of features/size of the input

n : # of examples/datapoints

y = Xw + ✏
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y1 = xT
1 w + ✏1
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Linear  
Model:

Data:



The regression problem in matrix notation

y =

2

64
y1
...
yn

3

75 X =

2

64
xT
1
...
xT
n

3

75

d : # of features/size of the input

n : # of examples/datapoints

y = Xw + ✏
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Linear 
Model:

Data:

-Loss:  

 
this is also known as Least Squares solution

ℓ2 ̂w LS = arg min
w∈ℝd

n

∑
i=1

(yi − xT
i w)2

-norm of a vector:  
(also known as Euclidean norm) 

      

it follows that  

     

ℓ2

∥ϵ∥2 = ϵ2
1 + ϵ2

2 + ⋯ + ϵ2
d

d

∑
i=1

ϵ2
i = ∥ϵ∥2

2 = ϵTϵ



The regression problem in matrix notation
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75 X =
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1
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d : # of features/size of the input

n : # of examples/datapoints

y = Xw + ✏
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yn = xT
nw + ✏n

<latexit sha1_base64="B1pwU2JRVAB4dpn6t+NGyIzL2QQ=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSSi6LHoxWMF+wFtKJvNpl272Q27k0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGpVpyhpUCaXbITFMcMkayFGwdqoZSULBWuHwbua3RkwbruQjjlMWJKQvecwpQSs1u6NIoemVK17Vm8NdJX5OKpCj3it/dSNFs4RJpIIY0/G9FIMJ0cipYNNSNzMsJXRI+qxjqSQJM8Fkfu3UPbNK5MZK25LoztXfExOSGDNOQtuZEByYZW8m/ud1MoxvggmXaYZM0sWiOBMuKnf2uhtxzSiKsSWEam5vdemAaELRBlSyIfjLL6+S5kXVv6p6D5eV2m0eRxFO4BTOwYdrqME91KEBFJ7gGV7hzVHOi/PufCxaC04+cwx/4Hz+AMzBj0Y=</latexit>...

Data:

Linear 
Model:

-Loss:  ℓ2 ̂w LS = arg min
w∈ℝd

n

∑
i=1

(yi − xT
i w)2 = arg min

w
∥y − Xw∥2

2

= arg min
w

(y − Xw)T(y − Xw)

-norm of a vector:  

      

it follows that  

     

ℓ2

∥ϵ∥2 = ϵ2
1 + ϵ2

2 + ⋯ + ϵ2
d

d

∑
i=1

ϵ2
i = ∥ϵ∥2

2 = ϵTϵ



The regression problem in matrix notation

Set gradient w.r.t.  to zero to find the minima:w

 ̂w LS = arg min
w∈ℝd

(y − Xw)T(y − Xw)
A few reminders on vector calculus

- Gradient of a function: 





- Example: 
 

 
 

∇w f (w) =

df(w)
dw1

df(w)
dw2

⋮
df(w)
dwd

f (w) = wT w ⟹ ∇W f (w) = 2w
f (w) = (Aw)T(Aw) ⟹ ∇W f (w) = 2A AT w
f (w) = (Aw + b)T(Aw + b) ⟹ ∇W f (w) = 2AT(Aw + b)



= argmin
w

(y �Xw)T (y �Xw)

bwLS = argmin
w

||y �Xw||22

The regression problem in matrix notation

= (XTX)�1XTy

 “Closed form” solution!



Questions?


