
Section 07: Solutions

1. Kernelized Linear Regression

Consider regularized linear regression (without a bias, for simplicity). We want to find the optimal parameters ŵ =
argminw L(w) for k-featured dataset (xi, yi)

n
i=1 (i.e. X ∈ Rn×k) that minimizes the following loss function:

L(w) =

n∑
i=1

(wTxi − yi)
2 + λ||w||22

From class, we know there is an optimal ŵ that lies in the span of the datapoints. Concretely, there exists α1, ..., αn ∈
R such that ŵ =

∑n
i αixi.

(a) Let α ∈ Rn, K ∈ Rn×n, y ∈ Rn. Further, let us assume that we are using a linear kernel where Kij = xT
i xj .

Express the loss function L(w) in terms of K and α as L(α).

Solution:

L(α) =

n∑
i

 n∑
j

(
αjx

T
j

)
xi − yi

2

+ λ||
n∑
i

αixi||2

=

n∑
i

 n∑
j

(
αjx

T
j

)
xi − yi

2

+ λ(

n∑
i

αixi)
T (

n∑
i

αixi)

=

n∑
i

 n∑
j

αj〈xj , xi〉 − yi

2

+ λ

n∑
i

n∑
j

αiαjx
T
i xj

=

n∑
i

 n∑
j

αjK(xj , xi)− yi

2

+ λ

n∑
i

n∑
j

αiαjK(xi, xj)

= ||y − Kα||22 + λαTKα

(b) Assuming that K is invertible, solve for the optimal α̂.

Solution:

Set the gradient of L(α) = 0:
∇L(α) = 0

So then,

−2K (y − Kα) + 2λKα = 0

−K(y − Kα) + λKα = 0

K (Kα− y + λα) = 0

K ((K + λI)α− y) = 0

K(K + λI)α = Ky

α̂ = (K + λI)−1y
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(c) Suppose after training our model on Xtrain we seek to make predictions on Xtest. Express these predictions Ŷ in
terms of Ktrain = XtrainXT

train, ytrain, Xtrain, and Xtest. What would the general prediction formula look like if
we are not using a linear kernel? Express the solution in terms of Ktrain, test = Φ(Xtest)Φ(XT

train) and α̂, where
for arbitrary d, we have Φ : Rk → Rd.

Solution:

Ŷ = Xtestŵ

= XtestXT
Trainα̂

= XtestXT
train (Ktrain + λI)

−1 ytrain

General Solution for Kernel Ridge

Ŷ = Φ(Xtest)Φ(XT
train) (Ktrain + λI)

−1 ytrain

= Ktrain, testα̂

2. Proving ŵ ∈ Span(x1, ..., xn)

We will prove this through contradiction. Assume ŵ /∈ Span(x1, ..., xn) solves argminw L(w) where L(w) is de-
fined above. Then, there exists a component of ŵ that is perpendicular to the span, which we will call w⊥. Con-
cretely,

ŵ = w̄ + w⊥

Where w̄ =
∑n

i αixi is the component of ŵ in the span of the datapoints.

(a) Show that ŵ · xi = w̄ · xi, for every xi. (Hint: what is the relationship of w⊥ and xi)
Solution:

ŵ · xi = (w̄ + w⊥) · xi

= w̄ · xi + w⊥ · xi

= w̄ · xi + 0 w⊥ is perpindicular to each xi

= w̄ · xi

(b) Now, show that ||ŵ||22 ≥ ||w̄||22. (Hint: Use the Pythagorean Theorem)
Solution:

||ŵ||22 = ||w̄ + w⊥||22
= ||w̄||22 + ||w⊥||22 Pythagorean Theorem

≥ ||w̄||22

(c) Finally, show that ŵ ∈ Span(x1, ..., xn). (Hint: Think about the regularization term)
Solution:
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Note that in the loss function we’re trying to minimize the magnitude of w (with the regularization term
λ||w||22). Note that if ∀iŵTxi = w̄Txi, and ||ŵ||22 ≥ ||w̄||22, then our optimization will always choosew⊥ = 0,
meaning that ŵ = w̄ and ŵ ∈ Span(x1, ..., xn), which completes the contradiction.

3. Kernel Proofs

Let φ : d → k be a feature map, and define K to be the kernel matrix of φ.

(a) Prove that the kernel matrix is symmetric. That is, show Ki,j = Kj,i.
Solution:

Let φ(xi) and φ(xj) be the featuremaps for xi and xj , respectively. ThenKi,j = φ(xi)
Tφ(xj) = φ(xj)

Tφ(xi) =
Kj,i.

(b) Recall that a matrix M is positive semi-definite if xTMx ≥ 0,∀x ∈ Rn.
Show that K is positive semi-definite. (Hint: consider the matrix B where the ith column of B is φ(xi).
Solution:

Recall that Ki,j = φ(xi)
Tφ(xj). Observe that K = BTB, as (BTB)i,j = φ(xi)

Tφ(xj). Now consider an
arbitrary vector y. To show K is PSD it suffices to show yTKy is non-negative. We have:

yTKy = yTBTBy = (By)T (By) = ||By||22 ≥ 0
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