Section 03: Solutions

1. Bias-Variance Trade-off

Consider a simple statistical learning setting, in which we assume that there is some unknown function relating two
random variables X and Y (e.g. Y = 2X). Let us denote this function by Y = (X); however, we don’t know
specifically what this function 7(-) is. Our goal is as follows. Given X, we want to predict Y with the smallest
possible error, in expectation. We formalize this notion below.

(a) Find the function n that minimizes the expected squared error E[(Y — n(X))?]. Hint: Observe from problem
2a of HW 0 that E[(Y — n(X))?] = E[E[(Y — n(X))?|X = «]] (The "Tower Rule”).

Solution:

To determine the best 1(X), we compute the derivative of hint with respect to n(X) and set it to zero, as
below.

d
0= dn(X)E[(Y —n(X))*|X = a]
RS
= E[-2(Y = n(X))|X = ]
= —2E[Y|X = z] + 2n(X)

(Y = n(X))*|IX = a]

Rearranging, we conclude that the optimal function 7(z) is E[Y|X = «].

(b) While ideally we want 7 to be what we computed above, in reality, however, we are restricted to our training
data and a function class, the best we can do is
fp = arg mingep 23" (y; — f(2:))?, where D = {(x;,y;)}. Here, (z;,y;) is a sample from distribution Pxy.
To account for the prediction error (i.e. quality of our estimator fp), we need to calculate

E[Ep[(Y — fp(x))’]|X = ]

We can break the expectation into

E[E[(Y —n(2)*|X = 2]] + Epl(n(z) - fp(2))
E[E[(Y — n(z))?|X = «]] is called irreducible error — the error incurred even in ideal situation.

Ep[(n(z) — fp(x))?] is called learning error — the error incurred by the learning setting (e.g. insufficient
data, the chosen model class F' is not expressive enough etc.)

Express the learning error in terms of

* bias — (n(«) — Ep[fp(x)])

* and variance — Ep[(Ep[fp(2)] — fp(2))?]
and explain why there is a trade-off.

Solution:

Let n(z) = 0, fp(z) = 0 and E[fp(x)] = 6*. Note that (given some distribution D)  and #* are numbers



and hence E[0] = 6 and E[0*] = 6*.

E[(n(x) — fp(x))’] = E[(6 — §)*]
=E[((6 — 0%) + (0" — 0))’]
= (60— 6")2+2(0 — 6°)E[6* — 0] + E[(6* — 6)?]
= (0 — 6*)? + E[(6" — §)Y]

Note that we can do the last step because E[f] = 6*.
The right term is the variance and the left term is the bias squared.

As complexity of F' goes up, the bias is decreasing, while the variance is increasing. Thus, we want to find
the sweet spot that both of them are reasonably low. This is called bias-variance tradeoff.




2. A General View of Regularized Least Squares Regression

We saw linear regression as well as ridge regression in class. Here we consider a problem that generalizes both of
these. As a reminder, in linear regression, we seek a model that captures a linear relationship between input data
and output data. The general case we consider imposes additional structure on the model.

Consider an experiment in which you have n data points z; € R% and corresponding n observations y;. We wish
to come up with a model w € R¢ that satisfies the following properties: first, the error Y., (z;w — y;)? should be
small; second, we don’t want small changes in training data resulting in large changes in solution; third, we want
to put different weights in controlling the magnitude of different coordinates of w. We therefore define

n d
-~ : T 2 2
Wegeneral = arg IIBH Z(yz —z; w) A Z Diiw; .

i=1 i=1

Here, D is a diagonal matrix, with positive entries on the diagonal. Observe that when D is the identity matrix, we
recover ridge regression, and when A = 0, we recover least squares regression. Different weights on D,; cause the
magnitudes of w; to be controlled differently.

2.1. Closed form in the general case

Deduce the closed form solution for &general. You should be comfortable with proofs in the ”coordinate” form as well
as the ”matrix” form.

Solution:

We first give the proof using “matrix” notation. The objective function can be expressed as

Flw) = [ Xew — g} + A" D
= (Xw—y) " (Xw—19)+ ' Dw
= (Xw) " Xw—(Xw)y—y"Xw+y y+ ' Dw
=w X Xw—-20"XTy+y"y+ I Dw
=w (XX +AD)w—2w" XTy+y'y

The gradient of f is

Viw)=Velw (X"X +AD)w —2w"' X Ty+5"y)
V@ (XX 4 AD)w) — 2V (w XTy) + Viu(yTy)
=2(X"X +AD)w —2X "y

Here note that X ' X + \D is a symmetric matrix, which explains the factor 2 in the gradient term. Setting the
gradient V f(w) to zero, we can conclude that

(X "X + AD)Bgeneral = X 'y
If XTX + AD is full rank then we can get a unique solution:
a\)general = (XTX + AD)ilXTy

Since D is already given to be a diagonal matrix with strictly positive entries on the diagonal, any strictly positive
A will make the matrix X " X + AD invertible.

Solution:



We now give a solution in the ”coordinate” form. The objective, when written in coordinate form, is f(w) =
Sy —alw)? + A Zle D;;w?. As in the previous proof, we first simplify it as follows and then set it zero:

n

d n
Vo Z(yi—ﬂf,’wa—F)\ZDqu ZVWZ i~z w)2+V, /\ZD“w
i1 i1 i1 i1

va i — T w) + 2 \Dw
i=1
:—ZZLE yi — x] W)+ 2\Dw

— Z 2x;y; + z in:ciTw + 2ADw

=1 =1

= —Qixiyi +2 (2”: xixz + AD) w
i=1 i=1

=0 (setitto be 0)

n -1 n
@general = (Z CUziC;r + /\D> (Z xz?Jz)
i=1

i=1
Note that, as expected, this exactly matches the answer we got from the previous approach (because z;’s are all
the rows of X, and therefore >, z;4;, = X 'y, and Y, ;2] = X T X).

2.2. Special cases: linear regression and ridge regression

(a) In the simple least squares case (A = 0 above), what happens to the resulting @ if we double all the values of
yi?

Solution:

As can be seen from the formula & = (X T X)~'X Ty, doubling y doubles w as well. This makes sense
intuitively as well because if the observations are scaled up, the model should also be.

(b) In the simple least squares case (A = 0 above), what happens to the resulting @ if we double the data matrix
X ¢ Rnxd?

Solution:

As can be seen from the formula @ = (X" X)X Ty, doubling X halves w. This also makes sense intu-
itively because the error we are trying to minimize is | Xw — y||3, and if the X has doubled, while y has
remained unchanged, then w must compensate for it by reducing by a factor of 2.

(c) Suppose D = I (that is, it is the identity matrix). That is, this is the ridge regression setting. Explain why
A > 0 ensures a "well-conditioned” setting (by ”"well-conditioned” we mean that matrix in the solution is
positive definite and thus invertible).

Solution:

The solution is & = (X " X + AI)~'X Ty. We already saw in a previous part that X ' X is always positive
semidefinite, that is, its eigenvalues are at least zero. Adding \I, where A > 0, ensures that X ' X + A is



in fact positive definite. This helps us have a good condition number.




3. Understanding Stein’s Paradox through bias-variance trade-off

In this problem, we’ll use bias-variance tradeoff to find a non-obvious way of estimating the mean of unrelated
distributions.

So far in class, we’ve always been trying to learn a function — given a bunch of features, understand how they predict
the single-number output. In this problem, we’re trying to do something a little different. We have n completely
unrelated probability distributions. We're going to get one sample from each of the distributions, and attempt
to predict each of their means. For some examples, our distributions might be: high temperature in Chicago on
January 1st, low temperature in Seattle on December 1st, and your friend’s score on the midterm.

More formally, let & € R™ be the (unknown) true means of our n distributions. We will get a vector X where
each X; ~ N(0;,0%). Were assuming that every distribution has the same variance, but our means could be very

different. Our job is to report § to minimize our expected error: E [| 10— 0 |§] .

3.1. The Maximum Likelihood Estimator

The most natural estimator is the maximum likelihood estimator § = X. It’s not obvious that any other viable
strategy exists. We'll use bias-variance tradeoff to show that there’s actually a better estimator.

(a) Split the error into bias? and variance. I.e. show

E[l19 — 0113] = |IE[9] — 6113 + E[|19 — E[6]]3)

Hint: add and subtract E[6].

Solution:

We'll show two versions of this calculation. They’re identical, but in one we use summations, and in the
other we use vector notation.

E[|14 — 0113]
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[E[6] — 6113 + E[110 — E[9)1I3] + E[2(E[6:] - 6,)(9: — E[4,])]

Where we used linearity of expectation repeatedly. It is now enough to show that the final term is equal

to 0. Indeed, note that E[f;] — 6; is just a number, so we can move the expectation inside to get the last
term is: 2(E[6;] — 6;)-E {9} - ]E[HAZ-]} . By linearity of expectation, E[f; — E[0;]] = E[6;] — E[f;] = 0. Thus the
whole term is 0 as required.




Using vector notation:

E (118 - 613] = E [1l0 - EIf] + E[] - 6113]

E
E (|10 - B{GIE] + 2E [0 — B0) (1G] - 0)] + |[E[G] - 0l
E

(116 — EI6)13] + IEL6) - o113

Where the last step is a result of E [é — ]E[é]} = E[é] —E[E[f]] = 0.

(b) What is the variance of the estimator § = X? Hint: Remember that for a random variable Z,Var(Z) =
E[(Z - E[Z])?]

Solution:
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Where the third line follows from knowing that Var(;) = 2.

(¢) What is the bias? of the estimator § = X?
Solution:

IEB] - 6115 = > (E[4,] — 6:)(E[d:] — 6,])
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3.2. A Biased Estimator

The maximum likelihood estimator above is an unbiased estimator. However, if our goal is to minimize the expected
mean squared error, can we sacrifice some bias to lower variance dramatically. Here’s an estimator to consider: we
shrink/bias the MLE estimate towards the mean of all observations, X = 1 3" | X;. To be exact, we would like to
consider the estimator § = (1 — A\)X + AX1 for some 0 < A < 1 where 1 is a vector will all 1s. We will show that
for any 6, there will always be a such estimator (by choosing a proper \) that better minimizes the mean squared

error than the MLE. But this should sound crazy in two ways:
* We're intentionally guessing something we know is a biased estimator;

* More importantly, now when we estimate the value 6, it becomes (1 — \)X + AX 1, where X depends
on all observations X, ..., X,,. Remember X, ..., X,, are independent random variables.



(a) What is the variance of the estimator § = (1-XNX+2X1?

Solution:

We'll first do an intermediate calculation that we’ll need later:

E[X - 9] = %E (i(xi - ei)>
=1
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Now let’s calculate the variance.

E[l16 - E@)I3] = E [||<17A><X70>+A<Y75>1||2]

= (1= A?E[[|X —0][3] +2A(1 = ME [(X 1(X - 0)] + A\E [(X —6)?]
= (1—X)’no”® +2X(1 — MnE [(X — 9)2] + A%}E [(Y 0)?]

= (1 —=X)?no? +2)(1 — \)o? + A\?0?

=1 =N?no?+(1—-A+N)?%0?—(1-
=(1-=N3*n-1)0%+0°

2)2o?

(b) What is the bias? of the estimator?

Solution:

E@]I3 = 111~ N6 + A81 - 0] 3
— \?/[61 - 6|3

n

=X\ (6; - 0)°

i=1

(c) What value of X will result in the best estimator?

Solution:

As always, our strategy is to take a derivative and set it equal to 0. Our objective is (1 — \)?(n — 1)
o2 + 223" (0; — 0)?, so we want to solve

—2(1 = A)(n —1)o? + 2 zn:(ai —0)? =

i=1

o2 +




Solving for \ gives

(d) Compare the error you get from this biased estimator with unbiased estimator you have from section 2.1.
Which one has smaller error?

Solution:

Let S =" ,(6; —0)? > 0, we then have \ = (n(i’;)% Now we bound the overall mean squared error:

22 i(@l -0+ (1 -N*n—1)0*+0?
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The inequality is strict above when o2 # 0.

This is what Stein’s paradox is pointing at — we might need to intentionally inject bias, to reduce the overall
error. Maybe the injected bias uses seemingly irrelevant information (e.g. other independent variables).

Further Reading: James-Stein Estimator

The Bias-Variance Tradeoff says that since our error is just the sum of the bias? and the variance, if we can find a
way to “tradeoff” bias for variance, we can affect our error. With our previous estimator, the two sources of error
are quite imbalanced. None of our error is from bias, it all comes from variance. Can we think of a way to reduce
variance (even if it means increasing the bias)?

Normally, the way we would reduce variance would be to sample the random variables again and take the average
of the samples. But we can’t do that for this problem (it would take us a whole year to get another high temperature
on January 1st). Another way to decrease the variance is to “scale down” the random variable.

For example, in this section we are going to use the “James-Stein Estimator”, 75 = (1 — %) X, where we scale
2
our estimate by a factor of 1 — T‘T;;HQZ) less than 1.
2

It has been shown in [?], for any 6, the expected mean squared error of 8”5 is consistently better than §MLEs,
ie.,

E[|I67 - 01I3] < E[II6™"" —0]l3), V6 eR"
where §MLE — X is the maximum likelihood estimator from 2.1. Our estimator doesn’t even depend on obtain-
ing the optimal hyperparamter )\ (as in 2.2) anymore.
To understand the paradox, here are some essential ingredients and outline:

* The squared error is the sum of n individual errors — E[(6; — 61)2], E[(f2 — 02)?], .... In this case, the errors
are calculated by squaring deviation from the true mean.



* When we do the scaling proposed by James and Stein, some of these individual errors will decrease, while
some will increase.

* However, notice the function (-)? will penalize the higher deviation more harshly than the smaller deviation,
even though the total deviation remains the same.

* For example, E[(#; — 6,)?] could change from 1002 to 902 while E[(#, — )] changes from 0 to 102, the overall
squared error will decrease by (1002 — 902) — (0% — 10%) = 1906!

Now that we know how 67 is trying to improve the overall squared error, we see that it is the objective min, E| =

0]13] = 327, E[(d; — 6;)?] that is dependent on all of the random variables X7, ..., X,,. And to minimize this overal-
1/joint objective, a good estimator of ¢, necessarily becomes dependent with other X;’s where j # 1.
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