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Lecture 3




The regression problem in matrix notation

. T
Linear model: Yy; = T; W + ¢€;

M
R
Least squares solution:
A ~ .
- 2 wLs = arg min |y — Xw||%

= (X'X)"' X"y

What about an offset
(a.k.a intercept)?




The regression problem in matrix notation

Linear model: y; = x;fw + €;

Least squares solution:
s = argmin [y — Xuwl[;

= (X'X)"' X"y

Affine model: y; = a:?w +b+¢€
q
®

Least squares solution:

n

~ . 2
wrs,brs = arg mlgl (yz - (CU;TF’LU + b))
w?
i=1

= argmin ||y — (Xw + 1b)|[3




Dealing with an offset Vechn ”}M
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@rs,brs = arg mm ||y (Xw + 1b)|| e—Quad . Wl
Hé* —LCN %) = (Y (X +ﬂL)>TC¥,~CXw—EIL))

Set gradient w.r.t. w and b to zero to f|nd the minima:
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Dealing with an offset

wrs,brs = arg miﬂ ly — (Xw + 1b)]3

é?@i} [ ] XTXwLS +waT” = X"y

?;r;(—(, 1 Xa7s + ble 1=11y — L\ (11}
1
If X*'1 = 0, if the features have zero mean, b VL = fl‘
g\
s = (XT'X)" ' X'Y 0 U ?:,\vir
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Dealing with an offset

Wy, brs = argmin [y — (Xw + 1b)|3

~ /bTw+L>
X' X +brsX'1 =Xy L8
1" X5+ brs1T1=1Ty ;w></l [ J
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Dealing with an offset

Wy, brs = argmin [ly — (Xw + 1b)|3

XTXirg + brsXT1=X"Ty
1" Xbrg +brs171 =17y
In general, when X711 £ 0,

If XT1 =0,
wrs = (XTX)'xXTy b= 1xTy
n n
bLSZE;yi X=X-1u

s = (XTX)"1XTy

~ 1 <& N
brs = - §:1 yi — p WLs
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Process

Decide on a model: Y; = SE;F’LU +b+e¢

Choose a loss function - least squares
Pick the function which minimizes loss on data

n

B . 2
Wrs,brs = arg min (yz — (zfw+ b))
=1

Use function to make prediction on new examples

~ T A 2
Unew = TpowWLs + brLs



Another way of dealing with an offset

-

Wy, brs = argmin [y — (Xw + 1b)|3

reparametrize the problem as X = | and w = [flg]
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Xw =1 ¥(] Lp = Xt
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Why is least squares a good loss function?

s = argmin [ly — Xwl[3

_ (XTX)—ley
Prbdilicte
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Why is least squares a good loss function?

Maximum Likelihood Estimator:

WMLE = arg max log P({¥i }ie1:{wi}izs, w, 0)
n
(yi — zf w)?
- ~nlog(ov2m) + Y - i
arg max —n og(oVv2rm) + 2 52
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Why is least squares a good loss function?

Maximum Likelihood Estimator:

WMLE = arg max log P{yi } iy {xi by, w,0)

= argmax —nlog(ov2m) + Z

= argmln E —:U w)

~ . T 2
Recall: wrs — arg Hluljﬂ g (yz — X, w)

1=1

Wrs = Wyre = (X' X) ' XYY




Recap of linear regression

Data {(z:, )}y

Minimize the loss Maximize the likelihood

(Empirical Risk Minimization) (MLE)

Choose a loss Choose a Hypothesis class

e.g., (y;— xl.Tw)2 eg.,y = xiTw +€, €~ N (0,0
n

Solve W[ ¢ = arg min Z (y; — x"'w)? Maximize the likelihood,

n — T2
w l=1 ;V\MLE = arg max { —-n log(G\/ZJT) — ZM}
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Analysis of Error under additive Gaussian noise

if y; =2/ w+e and eimdf\/'(Oa Y = Xw + ¢
Wyre = (XTX)T XY Né%’)
= (XIX)" I X (Xw + e

= w+ (X' X) 1X@M
7z

Maximum Likelihood Estimator is unbiased:
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Analysis of Error under additive Gaussian noise

if y; =2 w+e and eq;HdN(Oa) Y = Xw + €

e = (XITX)1XTY D
= (X'X) ' X" (Xw + )
= w + (XTX)1XTe
Covariance is: [E[ () -w) (W ~W)T]
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Analysis of Error under additive Gaussian noise

if y;=x]w+e and ¢ F N(0,07) Y = Xw + ¢

Wyre = (XIX)"IXTY
= (XTX) X7 (Xw +¢) "%
= w+ (XTX)1XTe
A A)

Elwyre] = w
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