Lecture 3




The regression problem in matrix notation

Linear model: Yy; = ZU;-TIU + €;

Least squares solution:

s = argmin [y — Xuw|[3

= (X'X)' X"y

What about an offset
(a.k.a intercept)?




The regression problem in matrix notation

Linear model: Yy; = a:?w + €;

Least squares solution:

s = argmin [y — Xuw|[3

= (X'X)' X"y

Affine model:  y; =z} w + b + ¢

Least squares solution:

n

o~ . 2
wrs,brs = arg min (yi — (z] w+b))
w7
i—1

= argmin ||y — (Xuw + 10)[




Dealing with an offset

Wrs,brs = argmin|ly — (Xw + 1b)||3

w,b

Set gradient w.r.t. w and b to zero to find the minima:



Dealing with an offset

Wrs,brs = argmin |ly — (Xw + 10)|13
XX +brsXT'1 =Xy
11X @ +br5171 =11y
If X1 = 0, if the features have zero mean,

s = (XI'X)"'X'Y

BLS = %Zyz
i=1



Dealing with an offset

Wy, brs = argmin ||y — (Xw + 10)| |2

XTX@LS + bLSXTl — XTy
].TX?/ELS _|_ bLS]_T]_ — ]_Ty

If XT1 =0, In general, when X711 + 0,
s = (XTX)"1XTY

~ 1 <&
brs = ﬁzyz
i=1



Dealing with an offset

Wrs,brs = argmin ||y — (Xw + 1b)||5

w,b
XX w16 +brsXT1 =XTy
1" X6 +br5171 =17y
In general, when X1 # 0,

If XT1 =0,
Wrs = (XTX)1xTy b= 1xTq
n n
. 1 - -
bLS:ﬁ;yi X=X-1u

s = (XTX) "' Xy

- 1 <& N
brs = - 2; yi — p WLs
1=



Process

Decide on a model: Yy; = CUZ-T”LU + b+ ¢

Choose a loss function - least squares
Pick the function which minimizes loss on data

n

P . 2
wrs,brs = arg min (yZ — (z]w + b))
w’ .
1=1

Use function to make prediction on new examples

A T A -
ynew — xnewwLS —|_ bLS



Another way of dealing with an offset
Drs,brs = arg min ly — (Xw + 1|5

reparametrize the problem as X = [X, 1] and w = [lg]

Xw =



Why is least squares a good loss function?

Wps = argmin |ly — Xw|[3

_ (XTX)_ley

Consider y; =x] w+¢; where ¢ bLh N(0,0%)

— P(yi;x,w,0) =



Why is least squares a good loss function?

Maximum Likelihood Estimator:

wmLe = argmax log P({yi}io1; {%i}iz1, W, 0)

T2
= argmax —nlog(ov2 +Z Wi — w)




Why is least squares a good loss function?

Maximum Likelihood Estimator:

WMLE = argmax logP({yz i= 17{37% i=1> W, U)

= argmax —nlog(oV2m) + Z

= argmm E —x w)

~ . T 2
Recall: wrs = arg muIJIl g (y@ — X, w)

1=1

Wrs = W LE = (XTX)_leY




Recap of linear regression

Data {(2i, y:) iz

Minimize the loss Maximize the likelihood
(Empirical Risk Minimization) (MLE)
Choose a loss Choose a Hypothesis class
e.g., (y; — x/ w)? eg.y;, =xwte, €~ N0,06")
n
Solve W[ ¢ = arg min Z (y; — xTw)> Maximize the likelihood, e
w i—1 W MLE = arg s { — nlog(c4/27) — Z s 20i2 }

i=1



Analysis of Error under additive Gaussian noise

if y;,=x/w+e and ¢ bk N(0,0?) Y = Xw + €

e = (XTX)"1XTY
= (XIX)7 1 X" (Xw + €)
=w+ (XTX)" ' X"e

Maximum Likelihood Estimator is unbiased:



Analysis of Error under additive Gaussian noise

if y;,=x/w+e and ¢ bk N(0,0?) Y = Xw + €

wyre = (XITX) XY
= (XIX)7 1 X" (Xw + €)
=w+ (XTX) 1 X1e

Covariance is:



Analysis of Error under additive Gaussian noise

if y;=x]w+e and ¢ S N(0,0%) Y = Xw+ €

wyre = (XITX) XY
= (XIX)7 1 X" (Xw + €)
=w+ (XTX) 1 X1e

E[Q/I}MLE] =W

Cov(@yre) = B[(@ — El@))(@ — E[@])"] = (XTX) !

Orvre ~N(w, (X'X)™H)



Questions?



