
Maximum Likelihood Estimation

Observe X1, X2, . . . , Xn drawn IID from f(x; ✓) for some “true” ✓ = ✓⇤

Likelihood function Ln(✓) =
nY

i=1

f(Xi; ✓)

ln(✓) = log(Ln(✓)) =
nX

i=1

log(f(Xi; ✓))Log-Likelihood function

Maximum Likelihood Estimator (MLE) b✓MLE = argmax
✓

Ln(✓)

 



• Client: What if I am measuring a continuous variable? 
• You: Let me tell you about Gaussians… 

P(x; μ, σ) = 1
2πσ2

e− (x − μ)2
2σ2

What about continuous variables?



Some properties of Gaussians

• affine transformation (multiplying by scalar and adding a 
constant) 
• X ~ N(µ,σ2) 
• Y = aX + b    ➔ Y ~ N(aµ+b,a2σ2) 

• Sum of Gaussians 
• X ~ N(µX,σ2

X) 

• Y ~ N(µY,σ2
Y) 

• Z = X+Y    ➔  Z ~ N(µX+µY, σ2
X+σ2

Y)



• Prob. of i.i.d. samples D={x1,…,xn} (e.g., temperature): 
                 
                                 

                                    

• Log-likelihood of data: 

  

• What is                for                       ?

P("; μ, σ) = P(x1, …, xn; μ, σ)

=
n

∏
i=1

1
σ 2π

e− (xi − μ)2
2σ2

log P("; μ, σ) = − n log(σ 2π) −
n

∑
i=1

(xi − μ)2

2σ2
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MLE for Gaussian

b✓MLE ✓ = (µ,�2)



• What’s MLE for mean? 
  
d

dμ
log P("; μ, σ) = d

dμ [ − n log(σ 2π) −
n

∑
i=1

(xi − μ)2

2σ2 ]

Your second learning algorithm: 
MLE for mean of a Gaussian



• Again, set derivative to zero: 
d

dσ
log P("; μ, σ) = d

dσ [ − n log(σ 2π) −
n

∑
i=1

(xi − μ)2

2σ2 ]

MLE for variance



What can we say about the MLE?

bµMLE =
1

n

nX

i=1

xi

c�2
MLE =

1

n

nX

i=1

(xi � bµMLE)
2

E[c�2
MLE ] 6= �2

c�2
unbiased =

1

n� 1

nX

i=1

(xi � bµMLE)
2

• MLE: 

• MLE for the variance of a Gaussian is biased 
            

• Unbiased variance estimator:



Maximum Likelihood Estimation

Observe X1, X2, . . . , Xn drawn IID from f(x; ✓) for some “true” ✓ = ✓⇤

Likelihood function Ln(✓) =
nY

i=1

f(Xi; ✓)

ln(✓) = log(Ln(✓)) =
nX

i=1

log(f(Xi; ✓))Log-Likelihood function

Maximum Likelihood Estimator (MLE) b✓MLE = argmax
✓

Ln(✓)

Properties (under benign regularity conditions—smoothness, identifiability, etc.):

Asymptotically consistent and normal:
b✓MLE�✓⇤

bse ⇠ N (0, 1)

Asymptotic Optimality, minimum variance (see Cramer-Rao lower bound)



Recap

• Learning is… 
• Collect some data 

• E.g., coin flips

Data {xi}



Recap

• Learning is… 
• Collect some data 

• E.g., coin flips 
• Choose a hypothesis class or model 

• E.g., binomial

Data {xi}
Hypothesis/ 

Model Pθ

i.i.d. Pθ



Recap

• Learning is… 
• Collect some data 

• E.g., coin flips 
• Choose a hypothesis class or model 

• E.g., binomial 
• Choose a loss function 

• E.g., data likelihood

Data {xi}
Hypothesis/ 

Model Pθ

i.i.d. Pθ

min
θ

n

∑
i=1

ℓ(θ, xi)  or max
θ

n

∑
i=1

u(θ, xi)



Recap

• Learning is… 
• Collect some data 

• E.g., coin flips 
• Choose a hypothesis class or model 

• E.g., binomial 
• Choose a loss function 

• E.g., data likelihood 
• Choose an optimization procedure 

• E.g., set derivative to zero to obtain MLE

Data {xi}
Hypothesis/ 

Model Pθ

i.i.d. Pθ Optimizer ̂θ

min
θ

n

∑
i=1

ℓ(θ, xi)  or max
θ

n

∑
i=1

u(θ, xi)



Recap

• Learning is… 
• Collect some data 

• E.g., coin flips 
• Choose a hypothesis class or model 

• E.g., binomial 
• Choose a loss function 

• E.g., data likelihood 
• Choose an optimization procedure 

• E.g., set derivative to zero to obtain MLE 
• Justifying the accuracy of the estimate 

• E.g., Markov’s inequality

Data {xi}
Hypothesis/ 

Model Pθ

i.i.d. Pθ Optimizer ̂θ

min
θ

n

∑
i=1

ℓ(θ, xi)  or max
θ

n

∑
i=1

u(θ, xi)



Linear Regression



The regression problem, 1-dimensional

# square feet

Sa
le

 P
ric

e
Given past sales data on zillow.com, predict: 
     y = House sale price from  
     x = {# sq. ft.} 

Training Data:
{(xi, yi)}ni=1

yi 2 R
xi 2 R

<latexit sha1_base64="orh5n7qZpaR0XoEUpD3YIOQNUYs=">AAACGHicbZC7TsMwFIadcivhVmBksaiQmKqkIMFYQQfGUtGLaKLKcZzWquNEtoOoorwFExI8CxtiZeNR2HDaDNByJEu/vv8c+/j3Ykalsqwvo7Syura+Ud40t7Z3dvcq+wddGSUCkw6OWCT6HpKEUU46iipG+rEgKPQY6XmT69zvPRAhacTv1DQmbohGnAYUI6XR/eOQQody6LSHlapVs2YFl4VdiCooqjWsfDt+hJOQcIUZknJgW7FyUyQUxYxkppNIEiM8QSMy0JKjkEg3nW2cwRNNfBhEQh+u4Iz+nkhRKOU09HRniNRYLno5/M8bJCq4dFPK40QRjucPBQmDKoL596FPBcGKTbVAWFC9K8RjJBBWOiTTdHwSOM3UyS/GiKXNLJuz9px5XtrOMp2VvZjMsujWa/ZZrX57Xm1cFamVwRE4BqfABhegAW5AC3QABhw8gRfwajwbb8a78TFvLRnFzCH4U8bnD87eoBs=</latexit>

http://zillow.com


Process

Decide on a model  

Find the function which fits the data best 

Use function to make prediction on new examples

assume house sale price is a linear function of 
square feet. 



Fit a function to our data, 1-dimension

# square feet

Sa
le

 P
ric

e
Given past sales data on zillow.com, predict: 
     y = House sale price from  
     x = {# sq. ft.} 

Training Data:
{(xi, yi)}ni=1

yi 2 R

Hypothesis/Model: linear 

Loss: least squares solution

best linear fit

xi 2 R
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# square feet

Sa
le

 P
ric

e

yi ⇡ xiw
<latexit sha1_base64="kchJvFWUSBGPRu0R8+keDJQ0+5g=">AAACInicbZDLSsNAGIUn9Vbjrdalm8EiuCpJFXQlBbtwWYu9QBPCZDJph04yYWaiLSGv4krQZ3EnrgRfxJ3Ty0JbDwwcvv8yP8dPGJXKsj6Nwtr6xuZWcdvc2d3bPygdljuSpwKTNuaMi56PJGE0Jm1FFSO9RBAU+Yx0/dHNtN59IEJSHt+rSULcCA1iGlKMlEZeqTzxKHRQkgg+hmPtH6FXqlhVaya4auyFqYCFml7p2wk4TiMSK8yQlH3bSpSbIaEoZiQ3nVSSBOERGpC+tjGKiHSz2e05PNUkgCEX+sUKzujviQxFUk4iX3dGSA3lcm0K/6v1UxVeuRmNk1SRGM8/ClMGFYfTIGBABcGKTbRBWFB9K8RDJBBWOi7TdAISOo3MmS7GiGWNPJ+z1pz5ftbKc52VvZzMqunUqvZ5tXZ3UalfL1IrgmNwAs6ADS5BHdyCJmgDDMbgCbyAV+PZeDPejY95a8FYzByBPzK+fgC0GKOl</latexit>

min
w

nX

i=1

(yi � xiw)
2

<latexit sha1_base64="Qob2ml1GUSLWZAs+rgk40pWVPuM="></latexit>

yi = xiw + ✏i
<latexit sha1_base64="LOtnxQgiPKpP1vzfkfTJc26t6A4="></latexit>

Error

http://zillow.com


The regression problem, d-dimensions

# square feet

Sa
le

 P
ric

e
Given past sales data on zillow.com, predict: 
     y = House sale price from  
     x = {# sq. ft., zip code, date of sale, etc.} 

Training Data:
{(xi, yi)}ni=1

xi 2 Rd

yi 2 R

Hypothesis/Model: linear 

Loss: least squares solution

yi ⇡ xT
i w

min
w

nX

i=1

�
yi � xT

i w
�2

# square feet

Sa
le

 P
ric

e

best linear fit

# square feet

Sa
le

 P
ric

e

Error:
yi = xiw + ✏i

<latexit sha1_base64="LOtnxQgiPKpP1vzfkfTJc26t6A4="></latexit>

http://zillow.com


The regression problem in matrix notation

y =

2

64
y1
...
yn

3

75 X =

2

64
xT
1
...
xT
n

3

75

d : # of features 
n : # of examples/datapointsData:



The regression problem in matrix notation

y =

2

64
y1
...
yn

3

75 X =

2

64
xT
1
...
xT
n

3

75

d : # of features 
n : # of examples/datapoints

y = Xw + ✏
<latexit sha1_base64="k1LdFc1OMVRZxUkLfAMqfHn8XTs="></latexit>
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y1 = xT
1 w + ✏1
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y2 = xT
2 w + ✏2
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yn = xT
nw + ✏n
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Model:

Data:



The regression problem in matrix notation

y =

2

64
y1
...
yn

3

75 X =

2

64
xT
1
...
xT
n

3

75

d : # of features 
n : # of examples/datapoints

y = Xw + ✏
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y2 = xT
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Model:

Data:

Loss: bwLS = argmin
w

nX

i=1

�
yi � xT

i w
�2



The regression problem in matrix notation

y =

2

64
y1
...
yn

3

75 X =
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xT
1
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xT
n
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d : # of features 
n : # of examples/datapoints

y = Xw + ✏
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yn = xT
nw + ✏n

<latexit sha1_base64="B1pwU2JRVAB4dpn6t+NGyIzL2QQ=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSSi6LHoxWMF+wFtKJvNpl272Q27k0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGpVpyhpUCaXbITFMcMkayFGwdqoZSULBWuHwbua3RkwbruQjjlMWJKQvecwpQSs1u6NIoemVK17Vm8NdJX5OKpCj3it/dSNFs4RJpIIY0/G9FIMJ0cipYNNSNzMsJXRI+qxjqSQJM8Fkfu3UPbNK5MZK25LoztXfExOSGDNOQtuZEByYZW8m/ud1MoxvggmXaYZM0sWiOBMuKnf2uhtxzSiKsSWEam5vdemAaELRBlSyIfjLL6+S5kXVv6p6D5eV2m0eRxFO4BTOwYdrqME91KEBFJ7gGV7hzVHOi/PufCxaC04+cwx/4Hz+AMzBj0Y=</latexit>...

Model:

Data:

Loss: bwLS = argmin
w

nX

i=1

�
yi � xT

i w
�2

= argmin
w

(y �Xw)T (y �Xw)

bwLS = argmin
w

||y �Xw||22



= argmin
w

(y �Xw)T (y �Xw)

bwLS = argmin
w

||y �Xw||22

The regression problem in matrix notation

Set gradient w.r.t.  to zero to find the minima:w



= argmin
w

(y �Xw)T (y �Xw)

bwLS = argmin
w

||y �Xw||22

The regression problem in matrix notation

= (XTX)�1XTy

 “Closed form” solution!


