Maximum Likelihood Estimation

Observe X1, Xo,..., X, drawn IID from f(x;#) for some “true” 6 = 0,

n

Likelihood function L,(0) =[] f(X:;0)
=1

Log-Likelihood function [,(0) =log(L,(0)) = Zlog(f(Xi; 6))

1=1

Maximum Likelihood Estimator (MLE) é\MLE = arg max L, ()
0



What about continuous variables?

« Client. What if | am measuring a continuous variable?
 You: Let me tell you about Gaussians...

1 _a-p?

P(x;p,0) = e 2

\/ 270?




Some properties of Gaussians

« affine transformation (multiplying by scalar and adding a
constant)

« X~ N(u,0?)
cY=aX+b = Y~ Naut+b,a2o?)

« Sum of Gaussians
« X~ N(MX’OZX)

« Y ~ N(uy,0%)
e Z=X+Y > Z~ N(uytuy, 02+02))



MLE for Gaussian

o Prob. of i.i.d. samples D={x,,...,Xx } (e.g., temperature):
P(D;u,0) = P(xy,...,x,; i, 0)

n 1 = w?
= e 262

i1 O\ 271

 Log-likelihood of data:

log P(D; u,0) = — nlog(a\/ﬂ) — Z o

i=1

« Whatis OmLE for 0 = (u,0%) ?

©2018 Kevin Jamieson



Your second learning algorithm:
MLE for mean of a Gaussian

e \What’s MLE for mean?

d d L (x; — p)?
2 log P(D; i, 0) = —[— log(c\/27) — ]
2 08 P@i0) = | ~ nlogloy/2m) 2; —




MLE for variance

« Again, set derivative to zero:

d d .
%logP(Q;,u,a) = d—[—nlog(a\/Zn) — Z

i=1

(x; — p? ]

o 202




What can we say about the MLE?

- MLE: R 1 —
UMLE = - z;ibz
1=

) BN ~ 2
O“"MLE — g Z(xz — ,LLMLE)
1=1

« MLE for the variance of a Gaussian is biased

N

2
E[O’QMLE] 7& o)
 Unbiased variance estimator:
) RN ~ 2
O~ unbiased — — 1 (xz — ,UJMLE)
n—1 4 -
1=



Maximum Likelihood Estimation

Observe X1, Xo,..., X, drawn IID from f(x;#) for some “true” 6 = 0,

n

Likelihood function L,(0) =[] f(X:;0)
=1

Log-Likelihood function [,(0) =log(L,(0)) = Zlog(f(Xi; 6))

1=1

Maximum Likelihood Estimator (MLE) 0,;, 5 = arg max L., (0)
0

Properties (under benign regularity conditions—smoothness, identifiability, etc.):
) : : . OmLE—0.
Asymptotically consistent and normal: *MEE—= ~ N(0,1)

 Asymptotic Optimality, minimum variance (see Cramer-Rao lower bound)



Recap

* Learning is...

* Collect some data
* E.g., coin flips

Data {x;}
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* Learning is...
« Collect some data
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* E.g., binomial
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Recap

* Learning is...

» Collect some data
* E.g., coin flips

« Choose a hypothesis class or model
* E.g., binomial

* Choose a loss function
 E.g., data likelihood

n

min £(0, x; ma 0, x,
in ) £(0.5) or max Y u.x)

i=l i=1

Hypothesis/ | i.i.d. Py

Model P, Data {x;}



Recap

* Learning is...
* Collect some data
* E.g., coin flips
« Choose a hypothesis class or model
* E.g., binomial
« Choose a loss function
 E.g., data likelihood
« Choose an optimization procedure
* E.g., set derivative to zero to obtain MLE -

min £(0, x; ma 0, x,
in ) £(0.5) or max Y u.x)

i=l i=1

Hypothesis/ | i.i.d. Py
Model P,

)

Data {x;} Optimizer



Recap

* Learning is...
* Collect some data
* E.g., coin flips
« Choose a hypothesis class or model
* E.g., binomial
« Choose a loss function
 E.g., data likelihood

« Choose an optimization procedure
* E.g., set derivative to zero to obtain MLE

n

» Justifying the accuracy of the estimate min D £0.x) or max D u®.x)
 E.g., Markov’s inequality =l ] i=1

Hypothesis/ | i.i.d. Py
Model P,

)

Data {x;} Optimizer



Linear Regression

UNIVERSITY of WASHINGTON



The regression problem, 1-dimensional

Given past sales data on zillow.com, predict:

y = House sale price from
x = {# sq. ft.}

Training Data: % © R

[ n ) R
° {(xz’ayz’) i=1 v

Sale Price
[}
[}
([ J

# square feet


http://zillow.com

Process

Decide on a model

assume house sale price is a linear function of
square feet.

Find the function which fits the data best

Use function to make prediction on new examples



Fit a function to our data, 1-dimension

Given past sales data on zillow.com, predict:

y = House sale price from Error

x = {# sq. ft.} U = g =F &

Training Data: ZBZ 6115
{(mi, yi) Fiea e

Hypothesis/Model: linear

o
best linear fit

° Yi = xiw

Sale Price

Loss: least squares solution

n
min g (y; — z;w)”
# square feet w t L
1=1


http://zillow.com

The regression problem, d-dimensions

Given past sales data on zillow.com, predict:

y = House sale price from
Error:
x = {#t sq. ft., zip code, date of sale, etc.} B = gy = &

.. d
Training Data: %: € R
n y; € R

{(mi, yi) Fiea

o
best linear fit 4

o
3 . Hypothesis/Model: linear
2 . T
2 o Yo ~ &; W
(Vo]

Loss: least squares solution

n
- rrq%n Z (yi — a:iTw)z
i=1

# square feet


http://zillow.com

The regression problem in matrix notation

Data:

Y1

Yn

-

Ly

T
L,

d : # of features
n : # of examples/datapoints



The regression problem in matrix notation

Data: _yl ] _x?_ d : # of features
| y = X X — n : # of examples/datapoints
_yn_ _Q?Z_
Model: y; = 2] w + € y = Xw+e
T

y2:x2w+62

Yn = T, W + €y,



The regression problem in matrix notation

L -
Data: Y1 1
y = . X — :
| Yn _xg_
. I A
Model: y; = 2] w + €

T
Yo = To W + €9

T
y’l’L :xnw_l_e’n

n
~ . T \2
Loss: Wy, — argimin E (yz — Z; w)
w
1=1

d : # of features
n : # of examples/datapoints

y = Xw + €



The regression problem in matrix notation

Data: _yl_ —ZU?_ d : # of features
| y = X=: n : # of examples/datapoints
| Yn | _xg_
Model: y; = 2] w + € y = Xw+e

T
Yo = To W + €9

T
y’l’L :xnw_l_e’n

R e 2 :
Loss: Wrs = arg mu%IlZ (yz - x;rw) — alg i ly — Xw| ‘3
i=1
— argmin(y — Xw)?! (y — Xw)



The regression problem in matrix notation

s = arg min ||y — Xul [

— argmin(y — Xw)?! (y — Xw)

Set gradient w.r.t. w to zero to find the minima:



The regression problem in matrix notation

s = arg min ||y — Xul [

— argmin(y — Xw)?! (y — Xw)

_ <XTX)_1XTy

“Closed form” solution!




The regression problem in matrix notation

Linear model: Yy; = ZU;-TIU + €;

Least squares solution:

s = argmin [y — Xuw|[3

= (X'X)' X"y

What about an offset
(a.k.a intercept)?




The regression problem in matrix notation

Linear model: Yy; = a:?w + €;

Least squares solution:

s = argmin [y — Xuw|[3

= (X'X)' X"y

Affine model:  y; =z} w + b + ¢

Least squares solution:

n

o~ . 2
wrs,brs = arg min (yi — (z] w+b))
w7
i—1

= argmin ||y — (Xuw + 10)[




Dealing with an offset

Wrs,brs = argmin|ly — (Xw + 1b)||3

w,b

Set gradient w.r.t. w and b to zero to find the minima:



Dealing with an offset

Wrs,brs = argmin |ly — (Xw + 10)|13
XX +brsXT'1 =Xy
11X @ +br5171 =11y
If X1 = 0, if the features have zero mean,

s = (XI'X)"'X'Y

BLS = %Zyz
i=1



Dealing with an offset

Wrs,bps = arg I{;IE ly — (Xw + 1b)||3
XX w16 +brsXT1 =XTy
11X @ +br5171 =11y
If XT1=0, In general, when X7'1 # 0,



Dealing with an offset

Wrs,brs = argmin ||y — (Xw + 1b)||5

w,b
XX w16 +brsXT1 =XTy
1" X6+ br5171 = 1Ty

If X71 =0, In general, when X711 # 0,
1
s = (X'X)" ' XY = gXTl
o1y X=X -1,7
s =5 2w N
= s = (X7 X)Xy

N 1 R
brs = ElTy — u' g



Process

Decide on a model: Yy; = CUZ-T”LU + b+ ¢

Choose a loss function - least squares
Pick the function which minimizes loss on data

n

P . 2
wrs,brs = arg min (yZ — (z]w + b))
w’ .
1=1

Use function to make prediction on new examples

A T A -
ynew — xnewwLS —|_ bLS



Dealing with an offset - Revisted

Wrs,brs = argrgigl ly — (Xw + 1b)|]3

~~

X = (X,1)

Xw=Xw+bl with @ = (w,b)



Why is least squares a good loss function?
Wrs = argmin |ly — Xw||3
_ (XTX)_ley
T

Consider y; =x; w+¢€; where ¢ bLh N(0,0%)

P(yi;zi,w,0) =



Why is least squares a good loss function?

Maximum Likelihood Estimator:

wmLe = argmax log P({yi}io1; {%i}iz1, W, 0)

T2
= argmax —nlog(ov2 +Z Wi — w)




Why is least squares a good loss function?

Maximum Likelihood Estimator:

WMLE = argmax logP({yz i= 17{37% i=1> W, U)

= argmax —nlog(oV2m) + Z

= argmm E —x w)

~ . T 2
Recall: wrs = arg muIJIl g (y@ — X, w)

1=1

Wrs = W LE = (XTX)_leY




Analysis of Error

if y;=x]w+e and ¢ S N(0,0%) Y = Xw+ €

wyre = (XITX) XY
= (XIX)7 1 X" (Xw + €)
=w+ (XTX) 1 X1e

Maximum Likelihood Estimator is unbiased:



Analysis of Error

if y;=x]w+e and ¢ S N(0,0%) Y = Xw+ €

wyre = (XITX) XY
= (XIX)7 1 X" (Xw + €)
=w+ (XTX) 1 X1e

Covariance is:



Analysis of Error

if y,=a2lw+e and e KUN(0,02) Y =Xw+e

e = (XTX)TIXTY
— (XTX)_1XT(Xw _|_ 6)
= w4+ (XTX)" 1 XTe

Elwyre] = w

Cov(@yre) = B[(@ — El@))(@ — E[@])"] = (XTX) !

wyre ~ N(w, ( XTX)™)



