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What if the data is not linearly separable?

• If data is not linearly separabSome points don’t satisfy margin constraint:
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Two options:  
1. Introduce slack to this optimization problem 
2. Lift to higher dimensional space



Use features of features of features…

What if the data is not linearly separable?
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How do we deal with high-dimensional lifts/data?

A fundamental trick in ML: use kernels

A function K : Rd ⇥ Rd ! R is a kernel for a map �
if K(x, x0) = �(x) · �(x0) for all x, x0.

<latexit sha1_base64="ybat6+IidtIJiF4ZL7I5CzGQJ1c="></latexit>

So, if we can represent our algorithms/decision rules as dot products 
and we can find a kernel for our feature map 
then we can avoid explicitly dealing with φ(x).
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• Polynomials of degree exactly d

• Polynomials of degree up to d

• Gaussian (squared exponential) kernel

• Sigmoid

Examples of Kernels

K(u, v) = tanh(� · uT v + r)
<latexit sha1_base64="eZEQx7KPB/44GXGjaaDt4AuhzM8="></latexit>
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Pick a kernel K

For a linear predictor, show 

Change loss function/decision rule to only access data 
through dot products 

Substitute

The Kernel Trick

w =
P

i ↵ixi
<latexit sha1_base64="mWQvYqXLkjza/qaB2Tgs/eky3WE="></latexit>

K(xi, xj) for xT
i xj

<latexit sha1_base64="TEA2oP8N18exyjzwRvT8Tm+57fg="></latexit>
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There exists an ↵ 2 Rn: bw =
nX

i=1

↵ixi

bw = argmin
w

nX

i=1

(yi � xT
i w)

2 + �||w||2w

b↵ = argmin
↵

nX

i=1

(yi �
nX

j=1

↵jhxj , xii)2 + �
nX

i=1

nX

j=1

↵i↵jhxi, xji

= argmin
↵

nX

i=1

(yi �
nX

j=1

↵jK(xi, xj))
2 + �

nX

i=1

nX

j=1

↵i↵jK(xi, xj)

= argmin
↵

||y �K↵||22 + �↵TK↵

K(xi, xj) = h�(xi),�(xj)i

The Kernel Trick for regularized least squares



Why regularization?

b↵ = argmin
↵

||y �K↵||22 + �↵TK↵

Typically, K � 0. What if � = 0?
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Why regularization?

b↵ = argmin
↵

||y �K↵||22 + �↵TK↵

Unregularized kernel least squares can (over) fit any data!

Typically, K � 0. What if � = 0?

b↵ = K�1y
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The Kernel Trick for SVMs w Edsxjmwif.tn
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This is like weighting “bumps” on each point

RBF Kernel K(u,v) = exp

✓
� ||u� v||22

2�2

◆Xi X

Xi Xi E R

b

Xi XL XI

a

KC Xlix



RBF Kernel K(u,v) = exp

✓
� ||u� v||22

2�2

◆

The bandwidth sigma has an enormous effect on fit:
� = 10�2 � = 10�1 � = 10�0� = 10�4 � = 10�4 � = 10�4

bf(x) =
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RBF Kernel K(u,v) = exp

✓
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The bandwidth sigma has an enormous effect on fit:
� = 10�2 � = 10�1 � = 10�0� = 10�4 � = 10�4 � = 10�4

� = 10�1 � = 10�0� = 10�3 � = 10�4
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RBF kernel and random features
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RBF kernel and random features
K(u,v) = exp
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If n is very large, allocating an n-by-n matrix is tough.

L fktx.LTY KE zum
n l m I b

not feasible



RBF kernel and random features
K(u,v) = exp

✓
� ||u� v||22

2�2

◆

If n is very large, allocating an n-by-n matrix is tough.

2 cos(↵) cos(�) = cos(↵+ �) + cos(↵� �)

wk ⇠ N (0, 2� I)

bk ⇠ uniform(0,⇡)
�(x) =
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ejz = cos(z) + j sin(z)

[Rahimi, Recht NIPS 2007] 
“NIPS Test of Time Award, 2018”

CBE Ky 4240 clutch
a low aka

h lb I look

e i lo k
p Lch

use
sampling from c

int din feature all applylinearugre

P SVA oudCA

Fluff4454 D ftp.IEw.yLzeosaihxtbhcoslwrxitbd

d
s E cos wth t cos wtfHH 125

Xl E e
r 11 4115

WREN r If



E R

U
lax xD 0in

I
sampled feaene

I C I
p a n

Apply SVM on OT



String Kernels

Example from Efron and Hastie, 2016

Amino acid sequences of different lengths:

x1

x2

All subsequences of length 3 (of possible 20 amino acids)

Graph time Serie etc



Fixed Feature V.S. Learned Feature
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