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What if the data is not linearly separable?

• If data is not linearly separabsome points don’t satisfy margin constraint:

1

||w||2

1

||w||2

xTw + b = 0

min
w,b

||w||22

yi(x
T
i w + b) � 1 8i

Two options:  
1. Introduce slack to this optimization problem 
2. Lift to higher dimensional space
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Use features of features of features…

What if the data is not linearly separable?
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Creating Features

Transformed data:

in d=1:

h : Rd ! Rp maps original
features to a rich, possibly
high-dimensional space
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for d>1, generate 

{uj}pj=1 ⇢ Rd

hj(x) = cos(uT
j x)
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Feature space can get really large really quickly!
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Degree-d Polynomials
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How do we deal with high-dimensional lifts/data?

A fundamental trick in ML: use kernels

A function K : Rd ⇥ Rd ! R is a kernel for a map �
if K(x, x0) = �(x) · �(x0) for all x, x0.

<latexit sha1_base64="ybat6+IidtIJiF4ZL7I5CzGQJ1c="></latexit>

So, if we can represent our algorithms/decision rules as dot products 
and we can find a kernel for our feature map 
then we can avoid explicitly dealing with φ(x).
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Linear Regression as Kernels
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Dot-product of polynomials

exactly d

d = 1 : �(u) =


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Dot-product of polynomials

exactly d
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General d : Dimension of �(u) is roughly pd if u 2 Rp

Feature space can get really large really quickly!

Feature expansion can be written implicitly at



• Polynomials of degree exactly d

• Polynomials of degree up to d

• Gaussian (squared exponential) kernel

• Sigmoid

Examples of Kernels

K(u, v) = tanh(� · uT v + r)
<latexit sha1_base64="eZEQx7KPB/44GXGjaaDt4AuhzM8="></latexit>
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Pick a kernel K

For a linear predictor, show 

Change loss function/decision rule to only access data 
through dot products 

Substitute

The Kernel Trick

w =
P

i ↵ixi
<latexit sha1_base64="mWQvYqXLkjza/qaB2Tgs/eky3WE="></latexit>

K(xi, xj) for xT
i xj

<latexit sha1_base64="TEA2oP8N18exyjzwRvT8Tm+57fg="></latexit>
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Loss Functions

{(xi, yi)}ni=1

Logistic Loss: `i(w) = log(1 + exp(�yi xT
i w))

Squared error Loss: `i(w) = (yi � xT
i w)

2

xi 2 Rd yi 2 R

■ Loss functions:

nX

i=1

`i(w)

Hinge Loss: `i(w) = max{0, 1� yixT
i w}

0/1 loss: `i(w) = I[sign(yi) 6= sign(xT
i w)]

<latexit sha1_base64="m5x9VmZztwbKk9/vnuXewLNuWBU="></latexit>
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The Kernel Trick for regularized least squares

There exists an ↵ 2 Rn: bw =
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The Kernel Trick for regularized least squares


