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Optimization: how do we solve Lasso?

* among many methods to find the solution, we will learn
coordinate descent method

* as an illustrating example, we show coordinate descent updates
on finding the minimum off(x y) = 5x? — 6xy + 5y?

flz.y)= 5x 6asy+5y
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How do we solve Lasso: min £ (w) + A||lw|[;?

w
e Coordinate descent

o input: training data §;,, max # of iterations T

rain?
e initialize: w® = 0 € R?
e fort=1,...,T

e for j=1,...,d

o fix w(t) ...,w() and w7, .. w1 and

1° j—1 ]—l—(l > _d\ _

t t
wf wf
(t) (t)
Wi-1 Wi-1
wj(f) <~ argmin & w; + A w;
HER W=D W=D
]+1 ]+1
(=1) (t—=1)

w w

(L4 1) L 1

this is a one-dimensional optimization, which is much easier to solve



Coordinate descent for (un-regularized) linear regression

* |et us understand what coordinate descent does on a simpler
problem of linear least squares, which minimizes

minimize, Z(w) = || Xw — y||3

note that we know that the optimal solution is
A T~ \—1xT
wrs = X'X)7 Xy
so we do not need to run any optimization algorithm

* we are solving this problem with coordinate descent as
a starting example

« the main challenge we address is, how do we update wj(t)?

« let us derive an analytical rule for updating wj(t)



Coordinate descent for (un-regularized) linear regression
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Coordinate descent for (un-regularized) linear regression

» we will study the case j = 1, for now (other cases are almost identical)
« when updating wl(’), recall that
wl(t) «— arg min || Xw —y||3

wi
where w = [wy, wz(t_l) - ,wg_l)]T

o first step is to write the objective function in terms of the variable we are
optimizing over, that is wy:

Lw) = || X[ 10wy + X[ .2 2 dlwy, - y||

where wy,, = [w{~ 1>, wi=hT

e we know from linear least squares that the minimizer is

wi? o« X[ X DXL 1T (y = X[2.2: dlwy,y)




* Coordinate descent applied to a quadratic loss
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Coordinate descent for Lasso

* |et us apply coordinate descent on Lasso, which minimizes
minimize,, £ (w) + A||lwl||; = || Xw — yllg + 1w,

« the goal is to derive an analytical rule for updating wj(t)’s

« let us first write the update rule explicitly for wl(t)

o first step is to write the loss in terms of w,

2
‘X[3 Jwy — (y - X[:,2: d]WZ:d)H2 +/1( [ wi | + llwy.4lly )
W?ﬁ() 4 Ty r@wwbjl—{- A [ constant
MW

* hence, the coordinate descent update boils down to

2
wl(t) « arg rrvlvin ||X[: Jdlw, — (y —X[:,2: d]W_z;d) H2 + 1| wy |

Slwy)



Convexity

to find the minimizer of f(w,), let’s study some properties
e for simplicity, we represent the objective function as
fwy) = (aw; — b)* + 1| w, |
this function is
e convex, and
e non-differentiable

* depending on the values of a and b, the function looks like
one of the three below

f( 1 ) 120 250
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Convexity

* for a non-differentiable function, gradient is not defined at some points,
for example at x = O for f(x) = | x|
* at such points, sub-gradient plays the role of gradient
* sub-gradient at a differentiable point is the same as the gradient
* sub-gradient at a non-differentiable point is a set of vector satisfying

ofx) = {g€RIFY 2f0) +g"(y—x), forally € R’}

+1 forxz >0
[—1,1] forx=0
—1 forx <O

e forexample, d|x| =



az S)('(Tx“

Computing the sub-gradient po Xk ig)
, V%
wl(t) — argnvlvinHX[: Jd]w, — (y—X[: 2 d]w_l)H2+/1|w1|
flwy)

'JL(W\):' C&W\"'L‘)Z—V Alw]
4 i
3,7L(jw.): IAC&W\'—L’> +A O wi|

i?_ 173 (_awl-(,) "(';K W\> o

[

E ) C_&WV[“L)—A ) Zo\C&M—L) ‘["A\] , W =0.

2o (o) —A W <O

[ ~ 2&19";(/‘1“19 —\'R]



Computing the sub-gradient

2
wl(t) — argminHX[: Jd]w, — (y—X[: 2 d]w_l)H2+ﬂ|w1|
wy

Jwy)
o thisis f(w)) = (aw; — b)? + 1| w; | + constants, with
. a= \/X[: 1TX[: 1], and
X[ 1 (y = X[: .2 dlw_y)

’ VXL 17X

. f(wl) is non-differentiable, and its sub-gradient is
df(wy) = Qalaw; — b) + A0|w,|

2a(aw; —b) + A for w; >0
| —2ab— X\, —2ab+ A\] for w; =0
2a(aw; —b) — A for w; <0
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Convexity

e for convex differentiable functions, the minimum is achieved at points
where gradient is zero

80

e for convex non-differentiable functions, the minimum is achieved at
points where sub-gradient includes zero o,

e ——

10




Computing the sub-gradient Fed= (aut) = Al

e the minimizer wl(t) is when zero is included in the sub-gradient

2a(aw; —b) + X for wy; >0
Of(wy) = | —2ab— X\, —2ab+ )] for w; =0
2a(awy —b) — A for wy <0

_”CjoSei. w20 — 9, CaW=LD)+A = O
a_, ) "\Jt'p: D—“L'-/'\ >0

?.aﬁ'

Sy T 26L SR the WL%Z;;)‘




Computing the sub-gradient

e the minimizer wl(t) is when zero is included in the sub-gradient

2a(aw; —b) + X for wy; >0
Of(wy) = | —2ab— X\, —2ab+ )] for w; =0
2a(awy —b) — A for wy <0

Case 2, WFXLO, 2p(aw—L) ~A =0

' IJL 2ub {~ w{*\ 2 ALt A
' p N




Computing the sub-gradient

e the minimizer wl(t) is when zero is included in the sub-gradient

2a(aw; —b) + X for wy; >0
Of(wy) = | —2ab— X\, —2ab+ )] for w; =0
2a(awy —b) — A for wy <0

Case & WX¥=0 kA LB é‘—lalf\‘a

) e P A




Computing the sub-gradient e

e considering all three cases, we get the following update rule by setting the
sub-gradient to zero

b2 for 2ab > )
w 0 for — A< 2ab< )\Z—”@‘Xfa‘z 2)(‘1?_
g + ﬁ for A < —2ab
Tw‘c«—) — W‘C€)~ = Lotelt Ma—VEU"-JmW
[gé BV[UN) N = @5l/lr'fuk.
@ §FA¢5~V@71’

¥



How do we find the minimizer?

e the minimizer wl(t) is when zero is included in the sub-gradient

2a(aw; —b) + X for wy; >0
Of(wy) = | —2ab— X\, —2ab+ )] for w; =0
2a(awy —b) — A for wy <0

e case 1:
e 2a(aw; — b) + 1 = 0 for some w; > 0
 this happens when
—A+ 2ab
Wl — > O
2a?
* hence, ]
1 a 2a?

minimum

if A < 2ab



* case 2:
e 2a(aw; — b) — A = 0 for some w; < 0
e this happens when

A+ 2ab

w = ——<0( \j
a2
[ hence, -10 7.5 -5 A5 25 5 7.5 10
0 A |
Wl A Z + 2a2’ minimum
ifA < —2ab
e case 3:

e 0 € [-2ab— A, —2ab + /]
eandw; =0

* hence,
wl(t) < 0,

if —A <2ab <A

minimum
19



Coordinate descent on Lasso

e considering all three cases, we get the following update rule by setting the
sub-gradient to zero

g 2 for 2ab > \

~ 2a?2
w for — A< 2ab < A
bt 29 for A < —2ab

X[, 1 (y = X[: .2 : dlw_y)
VXL 17X]: 1]

250

where a = \/X[: A17X[: ,1],and b =

200
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50 \/
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When does coordinate descent work?

» Consider minimizing a differentiable convex function f(x),
then coordinate descent converges to the global minima

A 7

-

e when coordinate descent has stopped, that means

P =Oforallj € {1,...,d}

o;

e this implies that the gradient V. f(x) = 0, which happens only
at minimum
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When does coordinate descent work?

e Consider minimizing a non-differentiable convex function
f(x), then coordinate descent can get stuck

7
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When does coordinate descent work?

* then how can coordinate descent find optimal solution for Lasso?
e consider minimizing a non-ddifferentiable convex function but has a

structure of f(x) = g(x) + 2 hi(x;) , with differentiable convex

j=1 l(frh[lg_ = £ [NJl
function g(x) and coordinate-wise non-differehtiable convex functions

hi(x;)’s, then coordinate descent converges to the global minima

x2
0
|




Stochastic Gradient Descent

W



Machine Learning Problems

» Given data:
{(i,y0)}ier a2 € RY y; € R

= Learning a model’s parameters: l i Z(w)
n l
i=1

Gradient Descent:
Wi41 = Wt — va (

% Z&(’W) ‘w:wt



Machine Learning Problems

» Given data:
{(i,y0)}ier a2 € RY y; € R

= Learning a model’s parameters: l i Z(w)
n l
i=1

Gradient Descent:
Wi41 = Wt — va (

% i&(’@) ‘w:wt

Stochastic Gradient Descent:

Wi = wi — NVl (w)| I; drawn uniform at

E[VLr, (w)] =

— random from {1,...,n}



Stochastic Gradient Descent

Theorem
wt+1=wt—nvw€n<w>\w_w e
oy len G finec o
E[Ver, (w Zw (w)

It ”W() — W*”Z <R and Sli)pmlax IV (w)|l2 < G then

_ R 1n& _|RG _ | R

1 T

== — Wi

(In practice use Iast |terate)



Stochastic Gradient Descent

Proof

Efl|wesr — wil[3] = E[|[we — Ve, (we) — w|[3]



Stochastic Gradient Descent

Proof

Efl|wesr — wil[3] = E[|[we — Ve, (we) — w|[3]



Stochastic Gradient Descent

Proof

Efl|wesr — wil[3] = E[|[we — Ve, (we) — w|[3]

= E[llwe — w.ll3] = 20E[V 1, (we) " (we — wi)] + 0" E[|[ VL, (we) | [3]

< E[lJw; — w.|[3] — 2nBe(w;) — L(w.)] +7° G

RV, (w)! (w; — w,)] = E|E[V{;, (we) ! (wy — w) |, wi, ..o e, wy—1]]

— E[Vﬁ(wt)T(wt — wy)]
> B[((wy) — ()]

T

> Ell(w) — b(w,)] <

1
o (Elllwr — w.|[3] = Bl |wrs1 — w.|[3] + Tn*G)
t=1 R TnG?

<
<ot 3



Stochastic Gradient Descent

Proof

Jensen’s inequality:
For any random Z € RY and convex function ¢ : R — R, ¢(E[Z]) < E[¢(Z)]

T

T
1
B{H(@) — ()] € 7 D Ellw) —fws)] = >y
t=1

t=1



Stochastic Gradient Descent

Proof

Jensen’s inequality:
For any random Z € RY and convex function ¢ : R — R, ¢(E[Z]) < E[¢(Z)]

T
_ 1 « 1
E{e() — tw.)] < 75 3 Blt(we) — t(w.)] D= ; w
_ R G RG _
E[ﬁ(w) — E(w*)] ~ 2T77 h 9 ? n QT




Mini-batch SGD

Instead of one iterate, average B stochastic gradient together

Advantages:

- Smaller variance
- Parallelization



