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Representing Boolean Functions
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Simple example: AND

x1 x2 hΘ(x)
0 0
0 1
1 0
1 1

g(z) =
1

1 + e�z

Logistic / Sigmoid Function

hΘ(x) = g(-30 + 20x1 + 20x2)

-30

+20

+20
h✓(x) =

1

1 + e�✓Tx

Based on slide and example by Andrew Ng

x1 x2 hΘ(x)
0 0 g(-30) ≈ 0
0 1 g(-10) ≈ 0
1 0 g(-10) ≈ 0
1 1 g(10) ≈ 1



Representing Boolean Functions
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-10

+20
+20

h✓(x) =
1

1 + e�✓Tx

OR
-30

+20
+20

h✓(x) =
1

1 + e�✓Tx

AND

h✓(x) =
1

1 + e�✓Tx

NOT

h✓(x) =
1

1 + e�✓Tx

NOR: (NOT x1) AND (NOT x2)

+10

-20
-20

+10

-20



Representing Boolean Functions
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h✓(x) =
1

1 + e�✓Tx

XOR: (x1 AND (NOT x2)) OR ((NOT x1) AND x2) 



Combining Representations to Create 
Non-Linear Functions
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-10
+20
+20

h✓(x) =
1

1 + e�✓Tx

OR
-30

+20
+20

h✓(x) =
1

1 + e�✓Tx

AND
+10

-20
-20

h✓(x) =
1

1 + e�✓Tx

NOR

III

III IV

-10

+20

+20
h✓(x) =

1

1 + e�✓Tx

-30
+20

+20 in I

+10
-20

-20

in III I or III

Based on example by Andrew Ng



Layering Representations

Each image is “unrolled” into a vector x of pixel intensities
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20 × 20 pixel images
d = 400     10 classes

x1 ... x20
x21 ... x40
x41 ... x60

x381 ... x400

...



Layering Representations
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x1
x2

x3

x4

x5

xd

“0”

“1”

“9”

Input Layer

Output Layer
Hidden Layer

Visualization of 
Hidden Layer



Neural Network Learning
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J(✓) = � 1

n

nX

i=1

[yi log h✓(xi) + (1� yi) log (1� h✓(xi))] +
�

2n

dX

j=1

✓2j

Cost Function
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Logistic Regression:

Neural Network:

h⇥ 2 RK (h⇥(x))i = ithoutput

J(⇥) =� 1

n

"
nX

i=1

KX

k=1

yik log (h⇥(xi))k + (1� yik) log
⇣
1� (h⇥(xi))k

⌘#

+
�

2n

L�1X

l=1

sl�1X

i=1

slX

j=1

⇣
⇥(l)

ji

⌘2

h⇥ 2 RK (h⇥(x))i = ithoutput

J(⇥) =� 1

n

"
nX
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yik log (h⇥(xi))k + (1� yik) log
⇣
1� (h⇥(xi))k
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h⇥ 2 RK (h⇥(x))i = ithoutput

J(⇥) =� 1

n

"
nX

i=1

KX

k=1

yik log (h⇥(xi))k + (1� yik) log
⇣
1� (h⇥(xi))k

⌘#

+
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L�1X
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sl�1X

i=1

slX

j=1

⇣
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⌘2 kth class: true, predicted
not kth class: true, predicted

Based on slide by Andrew Ng



Optimizing the Neural Network
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Need code to compute:
•
•

Solve via: 

J(⇥) =� 1

n

"
nX

i=1

KX

k=1

yik log(h⇥(xi))k + (1� yik) log
⇣
1� (h⇥(xi))k

⌘#

+
�

2n

L�1X

l=1

sl�1X

i=1

slX

j=1

⇣
⇥(l)

ji

⌘2

J(Θ) is not convex, so GD on a 
neural net yields a local optimum
• But, tends to work well in practice

Based on slide by Andrew Ng



Forward Propagation
• Given one labeled training instance (x, y):

Forward Propagation
• a(1) = x
• z(2) = Θ(1)a(1)

• a(2) = g(z(2))     [add a0
(2)]

• z(3) = Θ(2)a(2)

• a(3) = g(z(3))     [add a0
(3)]

• z(4) = Θ(3)a(3)

• a(4) = hΘ(x) = g(z(4))
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a(1)

a(2) a(3) a(4)

Based on slide by Andrew Ng



Backpropagation
• Each hidden node j is “responsible” for some 

fraction of the error δj(l) in each of the output nodes 
to which it connects

• δj(l) is divided according to the strength of the 
connection between hidden node and the output 
node

• Then, the “blame” is propagated back to provide the 
error values for the hidden layer

12Based on slide by T. Finin, M. desJardins, L Getoor, R. Par



�(l)j =
@

@z(l)j

cost(xi)

where cost(xi) = yi log h⇥(xi) + (1� yi) log(1� h⇥(xi))

Backpropagation

δj(l) = “error” of node j in layer l
Formally,

13

�(4)1�(3)1�(2)1

�(2)2 �(3)2

Based on slide by Andrew Ng



Backpropagation

δj(l) = “error” of node j in layer l
Formally,
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�(4)1�(3)1�(2)1

�(2)2 �(3)2

Based on slide by Andrew Ng

δ(4) = a(4) – y

�(l)j =
@

@z(l)j

cost(xi)

where cost(xi) = yi log h⇥(xi) + (1� yi) log(1� h⇥(xi))



Backpropagation

δj(l) = “error” of node j in layer l
Formally,
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�(4)1�(3)1�(2)1

�(2)2 �(3)2

⇥(3)
12

δ2
(3) = Θ12

(3) ×δ1
(4)×a’2

(3)

Based on slide by Andrew Ng

�(l)j =
@

@z(l)j

cost(xi)

where cost(xi) = yi log h⇥(xi) + (1� yi) log(1� h⇥(xi))



Backpropagation

δj(l) = “error” of node j in layer l
Formally,
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�(3)1�(2)1

�(2)2 �(3)2

δ2
(3) = Θ12

(3) ×δ1
(4)×a’2

(3)

δ1
(3) = Θ11

(3) ×δ1
(4)×a’1

(3)

�(4)1

Based on slide by Andrew Ng

�(l)j =
@

@z(l)j

cost(xi)

where cost(xi) = yi log h⇥(xi) + (1� yi) log(1� h⇥(xi))



Backpropagation

δj(l) = “error” of node j in layer l
Formally,
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�(4)1�(3)1�(2)1

�(2)2 �(3)2

⇥(2)
12

⇥(2)
22

δ2
(2) = Θ12

(2) ×δ1
(3)×a’2

(2) + Θ22
(2) ×δ2

(3) ×a’2
(2)

Based on slide by Andrew Ng

�(l)j =
@

@z(l)j

cost(xi)

where cost(xi) = yi log h⇥(xi) + (1� yi) log(1� h⇥(xi))


