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Loss function: Conditional Likelihood
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This is equivalent to:
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Sigmoid for binary classes
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Linear Decision Rule!
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Logistic Regression —
a Linear classifier 1
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Process
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Decide on a model

Find the function which fits the data best
Choose a loss function .

Pick the function which minimizes loss
on data J

Use function to make prediction on new
examples

©2018 Kevin Jamieson



Loss function: Conditional Likelihood

Have a bunch of iid data: {(afz, yz) ?:1 T; € Rd, y; € {—1,1}
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Logistic Loss: ¢;(w) = log(1 + exp(—y; ! w))
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Squared error Loss: £;(w) = (y; — zl w)?

(MLE for Gaussian noise)
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Find the function which fits the data best
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on data
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Loss function: Conditional Likelihood

Have abunch ofiiddata: {(z;,v;)}i=; x; € RY, y; € {-1,1}
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What does J(w) look like? Ts it convex?



Loss function: Conditional Likelihood

Have abunch ofiiddata: {(z;,v;)}i=; x; € RY, y; € {-1,1}
1
1+ exp(—yw'z)

PY =ylz,w) =

n
Wy LE = arg maXH P(y;|x;,w)
w
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n &vr\&gl

— arg minz log(1 + exp(—@)) = J(w)
i=1

Good news: J(w) is convex function of w, no local optima problems

Bad news: no closed-form solution to maximize J(w)
oM

Good news: convex functions easy to optimize



One other concern... overfitting.

Have abunch ofiiddata: {(z;,v;)}i=; x; € RY, y; € {-1,1}
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( Yo, w) 1+ exp(—ywTx)
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Wy LE = arg mng P(yi|xi, w)
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= arg mui)n Z log(1 4 exp(—y; z} w))
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Does anyone see a situation when this minimization might overfit?



Overfitting and Linear Separability
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Large parameters — Overfitting

When data is linearly separable, weights = oo
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Overfitting

[ Penalize high weights to prevent overfitting? / .




Regularized Conditional Log Likelihood

Add a penalty to avoid high weights/overfitting?:

arg mil?Zlog (1 + exp(—y; (z] w +£))) + Mwl|3
P i=1 Wo
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Be sure to not regularize the offset ,b/'



Gradient Descent
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Some unfinished business...

LASSO and Logistic regression didn’t have closed-form model descriptions

... we waved our hands and said “the loss functions are convex, optimize”

what did we mean by that, and how do we “optimize” a convex function?



Standard Machine Learning Problem Setup

= Have a bunch of iid data:
{(mi,yi) bim1 T € R4 y; € R
= Want to learn a model’s parameters;b

Each /;(w) is convex. aspe Zfi(w)
2 =1
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Convexity

= Have a bunch of iid data:
{(zi,yi)}imy @ €R? y; € R
= Want to learn a model’s parametersg}
Each /;(w) is convex. Zfi(w)

g is a subgradient at x if
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Convexity: two equivalent definitions

g is a subgradient at x if
) +9" (y — )

f convex:
fOz+ (1 =Ny <Af(x)+ (1 -=XN)f(y) Va,y, A € [0,1]
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Two convex loss functions

= Have a bunch of iid data:
{(zi,yi)}imy @ €R? y; € R
= Want to learn a model’s parameters;b
Each /;(w) is convex. Zfi(w)
1=1

Logistic Loss: £;(w) :[log(l + exp(—y; x?w&

Squared error Loss: £;(w) = (y; — zl w)?



Least squares

= Have a bunch of iid data:
{(x’wyz) ?:1 T; € R4 y; € R

= Want to learn a model’s parameters:

Each /;(w) is convex. Zfi(w)
i=1
Squared error Loss: £;(w) = (y; — z} w)?

How does software solve: % ’ \Xw — y\ ‘%



Least squares

= Have a bunch of iid data:
{(x’wyz) ?:1 T; € R4 y; € R
= Want to learn a model’s parameters;b
Each ¢;(w) is convex. Zfi(w)
1=1
Squared error Loss: £;(w) = (y; — z} w)?

How does software solve: % ’ \Xw — y\ ‘%

...Its complicated: Do you need high precision?
Is X column/row sparse?
(LAPACK, BLAS, MKL...) s @y 5 sparse?

Is XTX “well-conditioned”?
Can XTX fit in cache/memory?



Taylor Series Approximation, 1-d
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» Gradient descent:
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Taylor Series Approximation, d dimensions

flx+v) = flx)+ Vf(x) v+ %UTV2f(£E)U +

» Gradient descent:
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Gradient Descent, LS f(w) = %HX@U — YH%

Viw) = X' (Xw—y) =X"Xw-X"y
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Gradient Descent, LS f(w) = %HX@U — YH%
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Gradient Descent for Logistic Regression

Loss function: Conditional Likelihood

{(zi, i) }ie1  zi e R,y € {-1,1}
1
1+ exp(—ywlx)

n
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f(w) = argmin ) _log(1 + exp(—y; zj w))
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