
Classification 
Logistic Regression

 



P (Y = 1|x,w) = exp(wTx)

1 + exp(wTx)

P (Y = �1|x,w) = 1

1 + exp(wTx)

{(xi, yi)}ni=1 xi 2 Rd, yi 2 {�1, 1}

P (Y = y|x,w) = 1

1 + exp(�y wTx)

■ This is equivalent to:

■ So we can compute the maximum likelihood estimator:

bwMLE = argmax
w

nY

i=1

P (yi|xi, w)

■ Have a bunch of iid data:

Loss function: Conditional Likelihood

I



Sigmoid for binary classes

P(Y = 0|w,X) =
1

1 + exp(w0 +
P

k wkXk)

P(Y = 1|w,X) = 1� P(Y = 0|w,X) =
exp(w0 +

P
k wkXk)

1 + exp(w0 +
P

k wkXk)

P(Y = 1|w,X)

P(Y = 0|w,X)
= exp(w0 +

X

k

wkXk)

log
P(Y = 1|w,X)

P(Y = 0|w,X)
= w0 +

X

k

wkXk

Linear Decision Rule!
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Logistic Regression –  
a Linear classifier
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Process

Decide on a model  

Find the function which fits the data best 
Choose a loss function 
Pick the function which minimizes loss 
on data 

Use function to make prediction on new 
examples
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{(xi, yi)}ni=1 xi 2 Rd, yi 2 {�1, 1}

P (Y = y|x,w) = 1

1 + exp(�y wTx)

bwMLE = argmax
w

nY

i=1

P (yi|xi, w)

= argmin
w

nX

i=1

log(1 + exp(�yi x
T
i w))

Logistic Loss: `i(w) = log(1 + exp(�yi xT
i w))

Squared error Loss: `i(w) = (yi � xT
i w)

2

(MLE for Gaussian noise)

■ Have a bunch of iid data:

Loss function: Conditional Likelihood
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Process

Decide on a model  

Find the function which fits the data best 
Choose a loss function 
Pick the function which minimizes loss 
on data 

Use function to make prediction on new 
examples
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Loss function: Conditional Likelihood

{(xi, yi)}ni=1 xi 2 Rd, yi 2 {�1, 1}

P (Y = y|x,w) = 1

1 + exp(�y wTx)

bwMLE = argmax
w

nY

i=1

P (yi|xi, w)

= argmin
w

nX

i=1

log(1 + exp(�yi x
T
i w))= J(w)

What does J(w) look like? Is it convex?

■ Have a bunch of iid data:



Loss function: Conditional Likelihood

{(xi, yi)}ni=1 xi 2 Rd, yi 2 {�1, 1}

P (Y = y|x,w) = 1

1 + exp(�y wTx)

bwMLE = argmax
w

nY

i=1

P (yi|xi, w)

= argmin
w

nX

i=1

log(1 + exp(�yi x
T
i w))= J(w)

■ Have a bunch of iid data:

Good news: J(w) is convex function of w, no local optima problems

Bad news: no closed-form solution to maximize J(w)

Good news: convex functions easy to optimize

argniwn
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One other concern… overfitting.

{(xi, yi)}ni=1 xi 2 Rd, yi 2 {�1, 1}

P (Y = y|x,w) = 1

1 + exp(�y wTx)

bwMLE = argmax
w

nY

i=1

P (yi|xi, w)

= argmin
w

nX

i=1

log(1 + exp(�yi x
T
i w))

■ Have a bunch of iid data:

Does anyone see a situation when this minimization might overfit?



= argmin
w

nX

i=1

log(1 + exp(�yi x
T
i w)) When is this loss small?

©Kevin Jamieson 2018

Overfitting and Linear Separability
always so
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Large parameters → Overfitting

When data is linearly separable, weights  ⇒ ∞

Overfitting

Penalize high weights to prevent overfitting?
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Regularized Conditional Log Likelihood

argmin
w,b

nX

i=1

log
�
1 + exp(�yi (x

T
i w + b))

�
+ �||w||22

Be sure to not regularize the o↵set b!

Add a penalty to avoid high weights/overfitting?:

Wo
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Gradient Descent



Some unfinished business…

LASSO and Logistic regression didn’t have closed-form model descriptions

… we waved our hands and said “the loss functions are convex, optimize”

what did we mean by that, and how do we “optimize” a convex function?



Standard Machine Learning Problem Setup

{(xi, yi)}ni=1 xi 2 Rd yi 2 R

nX

i=1

`i(w)

■ Want to learn a model’s parameters:

Each `i(w) is convex.

■ Have a bunch of iid data:

argmion

the sum of convex fns is convex



Convexity

x

y

f convex:

f(y) � f(x) +rf(x)T (y � x) 8x, y

x

f(y) � f(x) +rf(x)T (y � x) + `
2 ||y � x||22 8x, y

r2f(x) � `I 8x

f `-strongly convex:

f (�x+ (1� �)y)  �f(x) + (1� �)f(y) 8x, y,� 2 [0, 1]

g is a subgradient at x if f(y) � f(x) + gT (y � x)

g is a subgradient at x if f(y) � f(x) + gT (y � x)

{(xi, yi)}ni=1 xi 2 Rd yi 2 R

nX

i=1

`i(w)

■ Want to learn a model’s parameters:

Each `i(w) is convex.

■ Have a bunch of iid data:
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Convexity: two equivalent definitions

x

y

f convex:

f(y) � f(x) +rf(x)T (y � x) 8x, y

x

f(y) � f(x) +rf(x)T (y � x) + `
2 ||y � x||22 8x, y

r2f(x) � `I 8x

f `-strongly convex:

f (�x+ (1� �)y)  �f(x) + (1� �)f(y) 8x, y,� 2 [0, 1]

g is a subgradient at x if f(y) � f(x) + gT (y � x)

g is a subgradient at x if f(y) � f(x) + gT (y � x)
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Two convex loss functions

Logistic Loss: `i(w) = log(1 + exp(�yi xT
i w))

Squared error Loss: `i(w) = (yi � xT
i w)

2

{(xi, yi)}ni=1 xi 2 Rd yi 2 R

nX

i=1

`i(w)

■ Want to learn a model’s parameters:

Each `i(w) is convex.

■ Have a bunch of iid data:



Least squares

Squared error Loss: `i(w) = (yi � xT
i w)

2

1
2 ||Xw � y||22

{(xi, yi)}ni=1 xi 2 Rd yi 2 R

nX

i=1

`i(w)

■ Want to learn a model’s parameters:

Each `i(w) is convex.

■ Have a bunch of iid data:

How does software solve:



Least squares

Squared error Loss: `i(w) = (yi � xT
i w)

2

How does software solve:

…its complicated: Do you need high precision?
Is X column/row sparse?
Is bwLS sparse?
Is XTX “well-conditioned”?
Can XTX fit in cache/memory?

(LAPACK, BLAS, MKL…)

1
2 ||Xw � y||22

{(xi, yi)}ni=1 xi 2 Rd yi 2 R

nX

i=1

`i(w)

■ Want to learn a model’s parameters:

Each `i(w) is convex.

■ Have a bunch of iid data:



Taylor Series Approximation, 1-d

f(x+ �) = f(x) + f 0(x)� + 1
2f

00(x)�2 + . . .

■ Gradient descent:
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f(x+ v) = f(x) +rf(x)T v + 1
2v

Tr2f(x)v + . . .

■ Gradient descent:

Taylor Series Approximation, d dimensions
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Gradient Descent, LS

wt+1 = wt � ⌘rf(wt)

rf(w) =

f(w) = 1
2 ||Xw � y||22

XT (Xw � y) = XTXw �XTy
<latexit sha1_base64="t9Xrr2K9wH+zYKZkA6BBQeuK7V8=">AAACKHicbZBNS8MwHMZTX+d8q3r0EhzCPDjaKehFHXjxOGEvha0baZZuYekLSaqUso/jxa/iRUSRXf0kpl0Pc/MPgR/P84Tk/zgho0IaxlRbWV1b39gsbBW3d3b39vWDw5YIIo5JEwcs4JaDBGHUJ01JJSNWyAnyHEbazvg+9dtPhAsa+A0Zh8T20NCnLsVIKqmv3yVdx4XWpNco5/QMz2GG8eQM3szQ6jXmnTSeR/p6yagY2cBlMHMogXzqff2jOwhw5BFfYoaE6JhGKO0EcUkxI5NiNxIkRHiMhqSj0EceEXaSLTqBp0oZQDfg6vgSZur8jQR5QsSeo5IekiOx6KXif14nku61nVA/jCTx8ewhN2JQBjBtDQ4oJ1iyWAHCnKq/QjxCHGGpui2qEszFlZehVa2YF5Xq42WpdpvXUQDH4ASUgQmuQA08gDpoAgxewBv4BF/aq/aufWvTWXRFy+8cgT+j/fwC0iyj/w==</latexit>

= (I � ⌘XTX)wt + ⌘XTy
<latexit sha1_base64="Tggux8w7xeG5aoGN+p1OuJfkWqU="></latexit>

(wt+1 � w⇤) = (I � ⌘XTX)(wt � w⇤)� ⌘XTXw⇤ + ⌘XTy
<latexit sha1_base64="sQGeXoGdlKo3XWHLX81TJ19kqy8="></latexit>

w⇤ = (XTX)�1XTy
<latexit sha1_base64="HiBAwXGtAP5dZo1YRYpsceI7Lg8="></latexit>

If, in round t, we ended up at w*:what
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Gradient Descent, LS

wt+1 = wt � ⌘rf(wt)

(wt+1 � w⇤) = (I � ⌘XTX)(wt � w⇤)

= (I � ⌘XTX)t+1(w0 � w⇤)

f(w) = 1
2 ||Xw � y||22

dire



Gradient Descent for Logistic Regression

{(xi, yi)}ni=1 xi 2 Rd, yi 2 {�1, 1}

P (Y = y|x,w) = 1

1 + exp(�y wTx)bwMLE = argmax
w

nY

i=1

P (yi|xi, w)

= argmin
w

nX

i=1

log(1 + exp(�yi x
T
i w))f(w)

rf(w) =

Loss function: Conditional Likelihood
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