
Classification 
Logistic Regression

 



Thus far, regression:

 
predict a continuous value given some inputs



Weather prediction revisted

Temperature 
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Reading Your Brain, Simple Example

AnimalPerson

Pairwise classification accuracy: 85%
[Mitchell et al.]



• Learn f: X -> Y
• X - features
• Y - target classes

• Loss Function
• Expected loss of f:

• Suppose you knew P(Y|X) exactly, how should you classify?
• Bayes-Optimal classifier:

Classification
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• Learn f: X -> Y
• X - features
• Y - target classes

• Loss Function
• Expected loss of f:

• Suppose you knew P(Y|X) exactly, how should you classify?
• Bayes-Optimal classifier:

Classification

`(f(x), y) = 1{f(x) 6= y}

EXY [1{f(X) 6= Y }] = EX [EY |X [1{f(x) 6= Y }|X = x]]

f(x) = argmax
y

P(Y = y|X = x)

EY |X [1{f(x) 6= Y }|X = x] =
X

i

P (Y = i|X = x)1{f(x) 6= i} =
X

i 6=f(x)

P (Y = i|X = x)

= 1� P (Y = f(x)|X = x)
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• Learn f: X -> Y
• X - features
• Y - target classes

• Loss Function
• Expected loss of f:

• Suppose you knew P(Y|X) exactly, how should you classify?
• Bayes-Optimal classifier:

Binary Classification

`(f(x), y) = 1{f(x) 6= y}

EXY [1{f(X) 6= Y }] = EX [EY |X [1{f(x) 6= Y }|X = x]]

f(x) = argmax
y

P(Y = y|X = x)

EY |X [1{f(x) 6= Y }|X = x] =
X

i

P (Y = i|X = x)1{f(x) 6= i} =
X

i 6=f(x)

P (Y = i|X = x)

= 1� P (Y = f(x)|X = x)

Y 2 {0, 1}
<latexit sha1_base64="YcxQay6OVCb4QzjE4YxR2wKieNg=">AAAB9HicdVDLSgMxFM34rPVVdekmWAQXMmTaStuNFNy4rGAf0hlKJs20oZnMmGQKZeh3uHGhiFs/xp1/Y9qOoKIHLhzOuZd77/FjzpRG6MNaWV1b39jMbeW3d3b39gsHh20VJZLQFol4JLs+VpQzQVuaaU67saQ49Dnt+OOrud+ZUKlYJG71NKZeiIeCBYxgbSTvDrpMQDdF54476xeKyHZQtVJCENloAUPq9VqpfAGdTCmCDM1+4d0dRCQJqdCEY6V6Doq1l2KpGeF0lncTRWNMxnhIe4YKHFLlpYujZ/DUKAMYRNKU0HChfp9IcajUNPRNZ4j1SP325uJfXi/RQc1LmYgTTQVZLgoSDnUE5wnAAZOUaD41BBPJzK2QjLDERJuc8iaEr0/h/6Rdsp2yXbqpFBuXWRw5cAxOwBlwQBU0wDVoghYg4B48gCfwbE2sR+vFel22rljZzBH4AevtE2knkTc=</latexit>
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• Suppose you knew P(Y|X) exactly, how should you classify?
• Bayes-Optimal classifier:

• Suppose we don’t know P(Y|X), but have n iid examples

• What is a natural estimator for P(Y | X)?

f(x) = argmax
y

P(Y = y|X = x)

Y 2 {0, 1}
<latexit sha1_base64="YcxQay6OVCb4QzjE4YxR2wKieNg=">AAAB9HicdVDLSgMxFM34rPVVdekmWAQXMmTaStuNFNy4rGAf0hlKJs20oZnMmGQKZeh3uHGhiFs/xp1/Y9qOoKIHLhzOuZd77/FjzpRG6MNaWV1b39jMbeW3d3b39gsHh20VJZLQFol4JLs+VpQzQVuaaU67saQ49Dnt+OOrud+ZUKlYJG71NKZeiIeCBYxgbSTvDrpMQDdF54476xeKyHZQtVJCENloAUPq9VqpfAGdTCmCDM1+4d0dRCQJqdCEY6V6Doq1l2KpGeF0lncTRWNMxnhIe4YKHFLlpYujZ/DUKAMYRNKU0HChfp9IcajUNPRNZ4j1SP325uJfXi/RQc1LmYgTTQVZLgoSDnUE5wnAAZOUaD41BBPJzK2QjLDERJuc8iaEr0/h/6Rdsp2yXbqpFBuXWRw5cAxOwBlwQBU0wDVoghYg4B48gCfwbE2sR+vFel22rljZzBH4AevtE2knkTc=</latexit>

{(xi, yi)}ni=1
<latexit sha1_base64="UqaH6vcVWZifLsdS+5sBhtpWCH0=">AAACAXicdVDLSsNAFJ3UV62vqhvBzWARKkhJ2tLWhVJw47KCfUATw2Q6bYdOHsxMxBDixl9x40IRt/6FO//GSVtBRQ9cOJxzL/fe4wSMCqnrH1pmYXFpeSW7mltb39jcym/vdIQfckza2Gc+7zlIEEY90pZUMtILOEGuw0jXmZynfveGcEF970pGAbFcNPLokGIklWTn98y4eGvTYxjZ9MhM7JjCU2gk18oq6CVdr5drNZiSRrVipKSq6yc1aCglRQHM0bLz7+bAx6FLPIkZEqJv6IG0YsQlxYwkOTMUJEB4gkakr6iHXCKsePpBAg+VMoBDn6vyJJyq3ydi5AoRuY7qdJEci99eKv7l9UM5bFgx9YJQEg/PFg1DBqUP0zjggHKCJYsUQZhTdSvEY8QRliq0nArh61P4P+mUS0alVL6sFppn8ziyYB8cgCIwQB00wQVogTbA4A48gCfwrN1rj9qL9jprzWjzmV3wA9rbJ9dVlds=</latexit>

Bayes Optimal Binary Classifier

Eh



• Suppose we don’t know P(Y|X), but have n iid examples

• What is a natural estimator for P(Y | X)?

Bayes Optimal Binary Classifier

{(xi, yi)}ni=1
<latexit sha1_base64="UqaH6vcVWZifLsdS+5sBhtpWCH0=">AAACAXicdVDLSsNAFJ3UV62vqhvBzWARKkhJ2tLWhVJw47KCfUATw2Q6bYdOHsxMxBDixl9x40IRt/6FO//GSVtBRQ9cOJxzL/fe4wSMCqnrH1pmYXFpeSW7mltb39jcym/vdIQfckza2Gc+7zlIEEY90pZUMtILOEGuw0jXmZynfveGcEF970pGAbFcNPLokGIklWTn98y4eGvTYxjZ9MhM7JjCU2gk18oq6CVdr5drNZiSRrVipKSq6yc1aCglRQHM0bLz7+bAx6FLPIkZEqJv6IG0YsQlxYwkOTMUJEB4gkakr6iHXCKsePpBAg+VMoBDn6vyJJyq3ydi5AoRuY7qdJEci99eKv7l9UM5bFgx9YJQEg/PFg1DBqUP0zjggHKCJYsUQZhTdSvEY8QRliq0nArh61P4P+mUS0alVL6sFppn8ziyYB8cgCIwQB00wQVogTbA4A48gCfwrN1rj9qL9jprzWjzmV3wA9rbJ9dVlds=</latexit>

Fix some x̃ 2 X
<latexit sha1_base64="BEZ9t+I1RU3pPlp6V7Vib1hJc0s=">AAACC3icdVA9SwNBEN3z2/gVtbRZDIJVuIshaiOCIJYRjAZyIextJrq4u3fszknCkd7Gv2JjoYitf8DOf+OeiaCiDwYe780wMy9KpLDo++/exOTU9Mzs3HxhYXFpeaW4unZu49RwaPBYxqYZMQtSaGigQAnNxABTkYSL6Poo9y9uwFgR6zMcJNBW7FKLnuAMndQpboYIfTQqOxZ9amMFdBiikF3I+kMaCk2bhU6x5Jd9f7dSq9Gc7FV3gpxUfX+/RgOn5CiRMeqd4lvYjXmqQCOXzNpW4CfYzphBwSUMC2FqIWH8ml1Cy1HNFNh29vnLkG45pUt7sXGlkX6q3ycypqwdqMh1KoZX9reXi395rRR7e+1M6CRF0Hy0qJdKijHNg6FdYYCjHDjCuBHuVsqvmGEcXXx5CF+f0v/JeaUc7JQrp9XS4cE4jjmyQTbJNgnILjkkJ6ROGoSTW3JPHsmTd+c9eM/ey6h1whvPrJMf8F4/AP4Wmv0=</latexit>

Suppose xi = x̃ for m  n samples
<latexit sha1_base64="iItiC45/9OT7ijLEnv5fmJFytgU="></latexit>

What is a natural estimator for ✓⇤ := P(Y = 1|X = x̃)?
<latexit sha1_base64="oOBarT68gssPDSoYq8y5RvjrmHk="></latexit>

Y 2 {0, 1}
<latexit sha1_base64="YcxQay6OVCb4QzjE4YxR2wKieNg=">AAAB9HicdVDLSgMxFM34rPVVdekmWAQXMmTaStuNFNy4rGAf0hlKJs20oZnMmGQKZeh3uHGhiFs/xp1/Y9qOoKIHLhzOuZd77/FjzpRG6MNaWV1b39jMbeW3d3b39gsHh20VJZLQFol4JLs+VpQzQVuaaU67saQ49Dnt+OOrud+ZUKlYJG71NKZeiIeCBYxgbSTvDrpMQDdF54476xeKyHZQtVJCENloAUPq9VqpfAGdTCmCDM1+4d0dRCQJqdCEY6V6Doq1l2KpGeF0lncTRWNMxnhIe4YKHFLlpYujZ/DUKAMYRNKU0HChfp9IcajUNPRNZ4j1SP325uJfXi/RQc1LmYgTTQVZLgoSDnUE5wnAAZOUaD41BBPJzK2QjLDERJuc8iaEr0/h/6Rdsp2yXbqpFBuXWRw5cAxOwBlwQBU0wDVoghYg4B48gCfwbE2sR+vFel22rljZzBH4AevtE2knkTc=</latexit>

If k of the m labels are equal to Y = 1 then
<latexit sha1_base64="bVauKjO6On2wxC11e34tWoM5srk="></latexit>
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• Suppose we don’t know P(Y|X), but have n iid examples

• What is a natural estimator for argmax_y P(Y = y | X)?

Bayes Optimal Binary Classifier

{(xi, yi)}ni=1
<latexit sha1_base64="UqaH6vcVWZifLsdS+5sBhtpWCH0=">AAACAXicdVDLSsNAFJ3UV62vqhvBzWARKkhJ2tLWhVJw47KCfUATw2Q6bYdOHsxMxBDixl9x40IRt/6FO//GSVtBRQ9cOJxzL/fe4wSMCqnrH1pmYXFpeSW7mltb39jcym/vdIQfckza2Gc+7zlIEEY90pZUMtILOEGuw0jXmZynfveGcEF970pGAbFcNPLokGIklWTn98y4eGvTYxjZ9MhM7JjCU2gk18oq6CVdr5drNZiSRrVipKSq6yc1aCglRQHM0bLz7+bAx6FLPIkZEqJv6IG0YsQlxYwkOTMUJEB4gkakr6iHXCKsePpBAg+VMoBDn6vyJJyq3ydi5AoRuY7qdJEci99eKv7l9UM5bFgx9YJQEg/PFg1DBqUP0zjggHKCJYsUQZhTdSvEY8QRliq0nArh61P4P+mUS0alVL6sFppn8ziyYB8cgCIwQB00wQVogTbA4A48gCfwrN1rj9qL9jprzWjzmV3wA9rbJ9dVlds=</latexit> Y 2 {0, 1}

<latexit sha1_base64="YcxQay6OVCb4QzjE4YxR2wKieNg=">AAAB9HicdVDLSgMxFM34rPVVdekmWAQXMmTaStuNFNy4rGAf0hlKJs20oZnMmGQKZeh3uHGhiFs/xp1/Y9qOoKIHLhzOuZd77/FjzpRG6MNaWV1b39jMbeW3d3b39gsHh20VJZLQFol4JLs+VpQzQVuaaU67saQ49Dnt+OOrud+ZUKlYJG71NKZeiIeCBYxgbSTvDrpMQDdF54476xeKyHZQtVJCENloAUPq9VqpfAGdTCmCDM1+4d0dRCQJqdCEY6V6Doq1l2KpGeF0lncTRWNMxnhIe4YKHFLlpYujZ/DUKAMYRNKU0HChfp9IcajUNPRNZ4j1SP325uJfXi/RQc1LmYgTTQVZLgoSDnUE5wnAAZOUaD41BBPJzK2QjLDERJuc8iaEr0/h/6Rdsp2yXbqpFBuXWRw5cAxOwBlwQBU0wDVoghYg4B48gCfwbE2sR+vFel22rljZzBH4AevtE2knkTc=</latexit>

If X = {0, 1}d, or is generally discrete

f̂(x) = argmaxy2{0,1}

Pn
i=1 1[xi=x,yi=y]Pn

i=1 1[xi=x]
<latexit sha1_base64="98z6HLzuYp629WGkIS1OwBapZrI="></latexit>

Issues?
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• What is a natural estimator for argmax_y P(Y = y | X)?

Bayes Optimal Binary Classifier

Y 2 {0, 1}
<latexit sha1_base64="YcxQay6OVCb4QzjE4YxR2wKieNg=">AAAB9HicdVDLSgMxFM34rPVVdekmWAQXMmTaStuNFNy4rGAf0hlKJs20oZnMmGQKZeh3uHGhiFs/xp1/Y9qOoKIHLhzOuZd77/FjzpRG6MNaWV1b39jMbeW3d3b39gsHh20VJZLQFol4JLs+VpQzQVuaaU67saQ49Dnt+OOrud+ZUKlYJG71NKZeiIeCBYxgbSTvDrpMQDdF54476xeKyHZQtVJCENloAUPq9VqpfAGdTCmCDM1+4d0dRCQJqdCEY6V6Doq1l2KpGeF0lncTRWNMxnhIe4YKHFLlpYujZ/DUKAMYRNKU0HChfp9IcajUNPRNZ4j1SP325uJfXi/RQc1LmYgTTQVZLgoSDnUE5wnAAZOUaD41BBPJzK2QjLDERJuc8iaEr0/h/6Rdsp2yXbqpFBuXWRw5cAxOwBlwQBU0wDVoghYg4B48gCfwbE2sR+vFel22rljZzBH4AevtE2knkTc=</latexit>

If X = {0, 1}d, or is generally discrete

f̂(x) = argmaxy2{0,1}

Pn
i=1 1[xi=x,yi=y]Pn

i=1 1[xi=x]
<latexit sha1_base64="98z6HLzuYp629WGkIS1OwBapZrI="></latexit>

Issues?

2d possible inputs, for small d requires huge n
<latexit sha1_base64="5i3n3mCHc+IJU5q3s5ApWJljqbg="></latexit>

To make predictions for unseen inputs (xs),
<latexit sha1_base64="AkgNG0asVmfku1J86csJMxdrFjE="></latexit>

need a general model for P(Y = 1|X = x)
<latexit sha1_base64="i+Dtidkceclgwuugg/8Tjy+f2wg="></latexit>
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Process

Decide on a model  

Find the function which fits the data best 
Choose a loss function 
Pick the function which minimizes loss 
on data 

Use function to make prediction on new 
examples

12©2018 Kevin Jamieson



Decide on a model, Binary Classification

13©2018 Kevin Jamieson

To make predictions for unseen inputs (xs),
<latexit sha1_base64="AkgNG0asVmfku1J86csJMxdrFjE="></latexit>

need a general model for P(Y = 1|X = x)
<latexit sha1_base64="i+Dtidkceclgwuugg/8Tjy+f2wg="></latexit>

• What about standard linear regression model?

• Need to map real values to [0,1]
• We call such maps “link functions”

x
time
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Logistic Regression

Actually classification, not regression :)

Logistic function(or Sigmoid):

Learn P(Y = 1|X = x) using �(wTx), for link function � =
<latexit sha1_base64="6YR2mQoAdwRZWy+rKGhBlBEbQ6k="></latexit>

Features can be discrete or continuous!

P[Y = 1|X = x,w] = �(wTx) =
1

1 + exp(�wTx)
<latexit sha1_base64="lK3XZHT7juGteOWzhLgwqXNsfog="></latexit>

P[Y = 0|X = x,w] = 1� �(wTx) =
exp(�wTx)

1 + exp(�wTx)

=
1

1 + exp(wTx)
<latexit sha1_base64="xnYqZTBi0eGmbMByz6xx1hQ4vUA="></latexit>
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Understanding the sigmoid
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�(w0 +
X
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1

1 + ew0+
P
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<latexit sha1_base64="D1DRbps4IzWYXN3CCgJ7Lk/8iQY="></latexit> I
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Sigmoid for binary classes

P(Y = 0|w,X) =
1

1 + exp(w0 +
P

k wkXk)

P(Y = 1|w,X) = 1� P(Y = 0|w,X) =
exp(w0 +

P
k wkXk)

1 + exp(w0 +
P

k wkXk)

P(Y = 1|w,X)

P(Y = 0|w,X)
= exp(w0 +

X

k

wkXk)
I
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Sigmoid for binary classes

P(Y = 0|w,X) =
1

1 + exp(w0 +
P

k wkXk)

P(Y = 1|w,X) = 1� P(Y = 0|w,X) =
exp(w0 +

P
k wkXk)

1 + exp(w0 +
P

k wkXk)

P(Y = 1|w,X)

P(Y = 0|w,X)
= exp(w0 +

X

k

wkXk)

log
P(Y = 1|w,X)

P(Y = 0|w,X)
= w0 +

X

k

wkXk

Linear Decision Rule!

0



Logistic Regression –  
a Linear classifier
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Process

Decide on a model  

Find the function which fits the data best 
Choose a loss function 
Pick the function which minimizes loss 
on data 

Use function to make prediction on new 
examples

19©2018 Kevin Jamieson

o



P (Y = 1|x,w) = exp(wTx)

1 + exp(wTx)

P (Y = �1|x,w) = 1

1 + exp(wTx)

{(xi, yi)}ni=1 xi 2 Rd, yi 2 {�1, 1}

P (Y = y|x,w) = 1

1 + exp(�y wTx)

■ This is equivalent to:

■ So we can compute the maximum likelihood estimator:

bwMLE = argmax
w

nY

i=1

P (yi|xi, w)

■ Have a bunch of iid data:

Loss function: Conditional Likelihood

MY01 x w

if

1



Loss function: Conditional Likelihood

{(xi, yi)}ni=1 xi 2 Rd, yi 2 {�1, 1}

P (Y = y|x,w) = 1

1 + exp(�y wTx)bwMLE = argmax
w

nY

i=1

P (yi|xi, w)

= argmin
w

nX

i=1

log(1 + exp(�yi x
T
i w))

■ Have a bunch of iid data: 0



{(xi, yi)}ni=1 xi 2 Rd, yi 2 {�1, 1}

P (Y = y|x,w) = 1

1 + exp(�y wTx)bwMLE = argmax
w

nY

i=1

P (yi|xi, w)

= argmin
w

nX

i=1

log(1 + exp(�yi x
T
i w))

Logistic Loss: `i(w) = log(1 + exp(�yi xT
i w))

Squared error Loss: `i(w) = (yi � xT
i w)

2 (MLE for Gaussian noise)

■ Have a bunch of iid data:

Loss function: Conditional Likelihood



Process

Decide on a model  

Find the function which fits the data best 
Choose a loss function 
Pick the function which minimizes loss 
on data 

Use function to make prediction on new 
examples

23©2018 Kevin Jamieson



Loss function: Conditional Likelihood

{(xi, yi)}ni=1 xi 2 Rd, yi 2 {�1, 1}

P (Y = y|x,w) = 1

1 + exp(�y wTx)bwMLE = argmax
w

nY

i=1

P (yi|xi, w)

= argmin
w

nX

i=1

log(1 + exp(�yi x
T
i w))= J(w)

What does J(w) look like? Is it convex?

■ Have a bunch of iid data:



{(xi, yi)}ni=1 xi 2 Rd, yi 2 {�1, 1}

P (Y = y|x,w) = 1

1 + exp(�y wTx)bwMLE = argmax
w

nY

i=1

P (yi|xi, w)

= argmin
w

nX

i=1

log(1 + exp(�yi x
T
i w))= J(w)

Good news: J(w) is convex function of w, no local optima problems

Bad news: no closed-form solution to maximize J(w)

Good news: convex functions easy to optimize

Loss function: Conditional Likelihood



Linear Separability

= argmin
w

nX

i=1

log(1 + exp(�yi x
T
i w))

When is this loss small?



Large parameters → Overfitting

When data is linearly separable, weights  ⇒ ∞

Overfitting

Penalize high weights to prevent overfitting?



Regularized Conditional Log Likelihood

argmin
w,b

nX

i=1

log
�
1 + exp(�yi (x

T
i w + b))

�
+ �||w||22

Be sure to not regularize the o↵set b!

Add a penalty to avoid high weights/overfitting?:



Gradient Descent


