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The regression problem, 1-dimensional

Given past sales data on zillow.com, predict:
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Process

Decide on a model
Find the function which fits the data best

Use function to make prediction on new
examples



The Model

We assume house sale price is
a linear function of square
feet.



Process

Decide on a model

Find the function which fits the data best o lle\a\'Cf/

Choose a loss function
Pick the function which minimizes loss
on data

Use function to make prediction on new
examples



Fit a function to our data, 1-d

Given past sales data on zillow.com, predict:

y = House sale price from

x = {# sq. ft.}

Sale Price
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Fit a function to our data, 1-d

Given past sales data on zillow.com, predict:

y = House sale price from
x = {#sq. ft.}

Sale Price
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Training Data: % © R
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{(wi i) iea e

Hypothesis/Model: linear

yszz

Loss: “east squaresj
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A

Fit a function to our data, 1-d

Given past sales data on zillow.com, predict:

y = House sale price from
x = {#sq. ft.}

([ J
best linear fit

# square feet
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Training Data: % © R
n y; €R
{(mi,y3) piea
Hypothesis/Model: linear
Yi =~ T;W

Loss: least squares
n
: 2
min g (y; — z;w)
1=

Find function: ?



Fit a function to our data, 1-d

Given past sales data on zillow.com, predict:

y = House sale price from Error: Training Data:

x = {# sq. ft.} Yi = W+ € {(Cvz'ayi) ?:1
Hypothesis/Model: linear
yi ~ xiw

Loss: least squares
n
: 2
min g (y; — z;w)
1=

Find function: ?
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Decide on a model L | n (;OL/{\

Find the function which fits the data best
Choose a loss function % (ecnS "'
Pick the function which minimizes loss S 9 neres
on data

Use function to make prediction on new
examples



Make a Prediction

Given past sales data on zillow.com, predict:

y = House sale price from
x = {#sq. ft.}

Sale Price
( ]

# square feet
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Make a Prediction
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Make a Prediction

Given past sales data on zillow.com, predict:

y = House sale price from
x = {#sq. ft.}

o
best linear fit ,%
[ 4 o ¢

Sale Price

# square feet
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Process

Decide on a model

Find the function which fits the data best
Choose a loss function
Pick the function which minimizes loss
on data

Use function to make prediction on new
examples



The regression problem, d-dim

Given past sales data on zillow.com, predict:

y = House sale price from (
x = {# sq. ft., zip code, date of sale, etc.} K

Training Data: ]xz € R ‘
([ J n 7

best linear fit {(ﬂﬁz,yz) i—1

o o
S . e Hypothesis: linear w=( |
~ ([ J .o~ T

= ° Yi ~ L; W

A

Loss: least squares

n
° H%,i,n Z (yz — aziTw)2
i=1

# square feet, ...
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The regression problem, d-dim

Given past sales data on zillow.com, predict:

y = House sale price from Error:
x = {# sq. ft., @ date of sale, etc.}@
i
° n

€
Training Data: i € RY
y; € R
best linear fit ,/: {(377,7 yz) i=1
o ©

. Hypothesis: linear
o T
‘ Yi = I; W

Sale Price

Loss: least squares

n
° H%,i,n Z (yz — aziTw)2
i=1

# square feet, ...
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The regression problem in matrix notation

e
/7 5?{‘1&5
U1 ]

- Lo — 2

o X C—_—
X= T

X1 d : # of features
n : # of examples/datapoints
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The regression problem in matrix notation

_y1_ _OU%F_
| Yn_
T

Y; = :I:;-r'w + €;

©2018 Kevin Jamieson

d : # of features

n: # of exam ples/datapoints

|
i < KT& KZA Léfmj
/7
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The regression problem in matrix notation

-y1 | _xip_ d : # of features
y = X — . n : # of examples/datapoints
| Yn _IEZ_
T
Y
~ L _
wralw (0 ) GBEe)
Tf e
T X ~

Yi = T; W+ €
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Process

?MH culay Bef
;/\ d C/ frl«eYls ionS

Decide on a model LMW

Find the function which fits the data best
Choose a loss function- least squares
Pick the function which minimizes loss
on data

Use function to make prediction on new
examples
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Loss function: least squares in matrix notation

U1

©2018 Kevin Jamieson

@:

.O
[ ] ' ¢
¢ . [ I )
Error:

T
Yi = T; W+ €
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Loss function: least squares in matrix notation

_ - _ - ‘-;u’
U1 x{ /. .:.
y=1|:| X=]: -
| Yn _(EZ_
Error:
Yi =T; W€
~ . - 2
wrs = arg Hil)ﬂz (?Jz' - m'fw)
1=1
77 . T
d /. 22%"“@) e
ZIN -
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Loss function: least squares in matrix notation

_ —_ _ —_ % '.. ‘
y pr— X - .. ° ’
| Yn _(EZ_
Error:

T
Yi = T; W+ €

Wrs = arg minz (yi — x;rw)2
i=1
= argmin(y — Xw)? (y — Xw)
w e

&/ gg(%-m)u

e —
d W
©2018 Kevin Jamieson /' ’ - { w ( )C l - X l/\S 14




Nop O =Xy - X4

The regression problem in matrix notatlon

s = argmin [y — Xuwl[;

— argmin(y — Xw)? (y — Xw)

©2018 Kevin Jamieson
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The regression problem in matrix notation

Wrs = argmin [ly — Xwl[3

— argmin(y — Xw)? (y — Xw)

_ (XTX)_ley
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The regression problem in matrix notation

s = argmin [y — Xuwl[;

= arg min(y — Xw)? (y — Xw)

— (XTX)_ley

“Closed form” solution!

©2018 Kevin Jamieson
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The regression problem: an offset

s = argmin| [y — Xu|}

= (X'X)"' X"y
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The regression problem: an offset

s = argmin| [y — Xu|}

= (X'X)"' X"y

What about an offset?

©2018 Kevin Jamieson

Error:

T
Yi = T; W+ €
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The regression problem: an offset

s = argmin| [y — Xu|}

= (X'X)"' X"y
Error:
What about an offset? yi = 2w+ ¢
s, brs = arg min x@Jr b)

— 1= 1
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The regression problem: an offset

s = argmin| [y — Xu|}

= (X'X)"' X"y

Error:

What about an offset? yi = 2w+ ¢

+b
~ < 2
wrs,brs = arg min (yz — (2w + b))
T =1
= argmin [y — (Xw + 1b)|[3

P —————

—

<

©2018 Kevin Jamieson
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Dealing with an offset

wrs,brs = arg 131};1 ly — (Xw + 1b)|3
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Dealing with an offset

wrs,brs = arg Igll{l ly — (Xw + 1b)|3

X X+ brsXT1=X"y
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Dealing with an offset

wrs,brs = arg min ly — (Xw + 1b)|3

XXsterLsy(l—)ﬁy
17

w@@ﬁ — 17y

—
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Dealing with an offset

Wrs,brs = arg 121};1 ly — (Xw + 1b)|[3
X X+ brsXT1=X"y

1TX/@/s +brs171 =1y
Ricls bLsl

If XT1 =0 (i.e., if each feature is mean-zero) then
— -
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Dealing with an offset

wrs,brs = arg 121};1 ly — (Xw + 1b)|3

X Xirg + brsXT1=X"Ty
1" XGrg +brs171 =17y

If XT1 =0 (i.e., if each feature is mean-zero) then

s = (XI'X)"' XY

—_——
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Dealing with an offset

s, brs = arg min ly = (Xw + 1b)][3
X' Xwrg +brsXi1 =Xy
%s +bs1'1=1"y
%, J—
If XT1 =0 (i.e., if each feature is mean-zero) then

s = (XI'X)"' XY

©2018 Kevin Jamieson



Process

Decide on a model

Find the function which fits the data best
Choose a loss function- least squares
Pick the function which minimizes loss
on data

Use function to make prediction on new
examples
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Make Predictions

@: (XTX) "Xy
~ 1 <

A new house is about to be listed. What should it sell for?

©2018 Kevin Jamieson

20



Make Predictions

2018 Kevin Jamieson
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Process

Decide on a model

Find the function which fits the data best
Choose a loss function- least squares
Pick the function which minimizes loss
on data

Use function to make prediction on new
examples
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Process
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Choose a loss function- least squares
Pick the function which minimizes loss
on data

Use function to make prediction on new

examples

Why did we choose this loss function?
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Process

Decide on a model

Find the function which fits the data best
Choose a loss functiondleast squares
Pick the function which minimizes loss
on data

Use function to make prediction on new

examples

Why did we choose this loss function?
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Why is least squares a good loss function?

Wrs = argmin [ly — Xuwl[3

_ (XTx)—ley
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Why is least squares a good loss function?

Wrs = argmin [ly — Xuwl[3
= (X'X)"' X"y
> Naorse eX1Tol

: ivid.
Consider  y; =/} w where ¢ "~ N(0,07)

g

e /‘[(XT”‘)/GZ) M(/yg)
oT ==

S 9 g A /\}(X“"\/‘@)

\—/



N

What is the probability of training data | w?

Maximize Log Likelihood: ] P ;D%'L? (n

(y; wUI)2

logP(D|UyU) log[ o) He & ] NWM‘

= log () - gtl}ﬂ“s\z“ List w.

a——

VVU?,T?VV\
V/LA\( LQD P (D L""‘/G? er
) N\ T -
= hayx nl?ﬁﬁz%—y g (5
— W&X _ (}c_ )(‘t Q
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MLE is LS under linear model

©2018 Kevin Jamieson

n
N : 2
Wy, = arg min E (yz- — x;rw)
w
i=1

{DMLE = argmaXP(D|w,J)
w

if y;=alw+e and g F N(0,0%)

Wrs = Wy LE = (XTX)_leY

24



The regression problem

Given past sales data on zillow.com, predict:

y = House sale price from

x = {# sq. ft., zip code, date of sale, etc.}

. . d
best linear fit Training Data: % € R
n y; €R

3 Hypothesis: linear
o T

@ Yyi = x1; w

&

Loss: least squares

n
H%Li)n Z (yz — a:ZTw)Z
i=1

# square feet
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The regression problem

Given past sales data on zillow.com, predict:

y = House sale price from

x = {# sq. ft., zip code, date of sale, etc.}

. . d
best linear fit Training Data: % € R
n y; €R

3 Hypothesis: linear
o T

@ Yyi = x1; w

&

Loss: least squares

n
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The regression problem

Given past sales data on zillow.com, predict:

y = House sale price from

x = {# sq. ft., zip code, date of sale, etc.}

best linear fit . .
Best linear model of data of sale is a

very poor fit!

Either because date of sale doesn’t
predict price well, or...

Sale Price

... because the relationship isn’t linear.

date of sale

©2018 Kevin Jamieson
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Process

Decide on a model ('\)oldvt/VLOM (c\\ (? MO{F&‘% t’)

Find the function which fits the data best
Choose a loss function
Pick the function which minimizes loss
on data

Use function to make prediction on new
examples
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Quadratic Regression

Given past sales data on zillow.com, predict:

y = House sale price from

x = {# sq. ft., zip code, date of sale, etc.}

. . ) d
best quadratic fit Training Datg: 52% 661]%

{(24, i) biey

d

o . . . 2 .
Yi = E :xz,ywy,l + T5 jWj 2
i=1

Sale Price

=

date of sale

©2018 Kevin Jamieson
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Quadratic Regression

Given past sales data on zillow.com, predict:

y = House sale price from

x = {# sq. ft., zip code, date of sale, etc.}

Sale Price

©2018 Kevin Jamieson

e
@c quadratic @

date of sale

d
Training Data: % €R
5 n yi € R

{(33‘7;, yz) i—1
Hypothesis: quadratic
d

o

o . . . 2 .
Yyi = E :xz,awy,l + T5 jWj 2
j=1

N s {r\7?
d
minél oy o - OQ:‘XUXO’



Polynomial regression

Given past sales data on zillow.com, predict:

y = House sale price from

x = {# sq. ft., zip code, date of sale, etc.}

best degree p fit . Training Data: i € R
n y; € R
{(xza yz) —1

Sale Price

w]g

w35

TTM@

date of sale

©2018 Kevin Jamieson
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Polynomial regression

Given past sales data on zillow.com, predict:

y = House sale price from

x = {# sq. ft., zip code, date of sale, etc.}

best degree p fit», Training Data:

Hypothesis:

Sale Price

date of sale

©2018 Kevin Jamieson

(s, 9:) Hieq

ZUZ'ERd
y; € R

degree p polynomial
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Generalized linear regression

Given past sales data on zillow.com, predict:

y = House sale price from

x = {# sq. ft., zip code, date of sale, etc.}

(s, 9:) Hieq

Sale Price

y; hg(ﬂ?i)ng

[
] M@
[y

date of sale

©2018 Kevin Jamieson

Training Data: %i € R

yz'E]R
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Generalized linear regression

Given past sales data on zillow.com, predict:

y = House sale price from

x = {# sq. ft., zip code, date of sale, etc.}

Training Data: %i € R
{(24, yi) bieq

Hypothesis:
generalized linear fn of x

p
y; Z hg(ﬂ?i)ng
(=1

Sale Price

date of sale
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Process

Decide on a model

Find the function which fits the data best
Choose a loss function
Pick the function which minimizes loss
on data

Use function to make prediction on new
examples

31



The regression problem

Training Data: i € R
n y; € R
{(wi,y3) by

Hypothesis: linear

~ L
Yi~ T, w

Loss: least squares

n
mui]n Z (yi — a:iTw)2
i=1

©2018 Kevin Jamieson

Transformed data:

32



The regression problem

Training Data: i € R Transformed data:

n y: € R h : RY — RP maps original
{(x’b yz) =1 features to a rich, possibly
high-dimensional space
Hypothesis: linear ha () .
R A ha () z2
Y ~ XL; W in d=1: h(z)=1 . |=1].
Loss: least squares hp() a?
n
. 2 for d>1, generate d
min g (yi — a:ZTw) & {uj}j-1 CR
w 1
i=1 hj(x)

1+ exp(u] x)
hi(w) = (uj z)?

hj(x) = Cos(ujTac)

©2018 Kevin Jamieson



The regression problem

Training Data: i € R
n y; € R
{(wi,y3) by

Hypothesis: linear

~ L
Yi~ T, w

Loss: least squares

n
mui]n Z (yi — a:iTw)2
i=1

2018 Kevin Jamieson

Transformed data: fy, ()

hg X

hp.(x)
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The regression problem

.. d
Training Data:  %i €R

. ER
{(%7%) ?:1 e

2018 Kevin Jamieson

Transformed data: p, ()

hg X

hp.(l’)
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The regression problem

.. d
Training Data:  %i €R

. ER
{(%7%) ?:1 e

2018 Kevin Jamieson

Transformed data: p, ()
hg(l’)
h(z) = :
hp(x)
Hypothesis: linear in h

Y & h(xi)Tw w e RP
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The regression problem

.. d
Training Data:  %i €R

. ER
{(%7%) ?:1 e

©2018 Kevin Jamieson

Transformed data: fy, ()

) = |
e
Hypothesis: linear in h
yi ~ h(z;))'w weR?

Loss: least squares

minz (yi — h(azi)Tw)2
i=1

34



The regression problem

Training Data:

n yi € R

{(24, i) biey

Sale Price

2018 Kevin Jamieson

date of sale

Transformed data: h(2)
hg(.CC)
hp.(l')
Hypothesis: linear in h

h(z) =

yi ~ h(z;))Tw weRP
Loss: least squares

minz (yi — h(:I;i)Tw)2
i=1



The regression problem

Training Data:

n yi € R

{(24, i) biey

Sale Price

2018 Kevin Jamieson

date of sale

Transformed data: h(2)
hg(.CC)
hp.(l')
Hypothesis: linear in h

h(z) =

yi ~ h(z;))Tw weRP
Loss: least squares

minz (yi — h(:I;i)Tw)2
i=1



The regression problem

Training Data:

n yi € R

{(24, i) biey

Sale Price

2018 Kevin Jamieson

date of sale

Transformed data: h(2)
hg(.CC)
hp.(l')
Hypothesis: linear in h

h(z) =

yi ~ h(z;))Tw weRP
Loss: least squares

minz (yi — h(:I;i)Tw)2
i=1



Bias-Variance Tradeoff
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Statistical Learning

Goal: Predict Y given X

Find function n that minimizes

Exy[(Y —n(X))?]

©2018 Kevin Jamieson

ny(X = CE,Y
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Statistical Learning

©2018 Kevin Jamieson

Goal: Predict Y given X

Find function n that minimizes

Exy[(Y —n(X))*]=Ex |Eyx[(Y — n(2))*|X = ]

n(z) = arg mCiHEY|X[(Y —o)’|X =a] = Eyx[Y]X = 2]

Under LS loss, optimal predictor: n(z) = Ey | x[Y|X = x]

39



Statistical Learning

Exy|[(Y —n(X))%]




Statistical Learning

©2018 Kevin Jamieson

Exy|[(Y —n(X))%]

ny(Y — y|X f— $0)
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Statistical Learning

©2018 Kevin Jamieson

Exy|[(Y —n(X))%]

Ideally, we want to find:
n(z) = Ey | x[Y[X = ]

PXy(Y B y'X = $0)

42



Statistical Learning

Pxy(X =2,Y =vy) Ideally, we want to find:
n(x) = By x[Y[X = 7]




Statistical Learning

Pxy(X =2,V =y) Ideally, we want to find:
n(x) = By x[Y[X = 7]

But we only have samples:
(@i, y:) "% Pxy fori=1,...,n

©2018 Kevin Jamieson 44



Statistical Learning

Pxy(X =2,V =y) Ideally, we want to find:
n(x) = By x[Y[X = 7]

But we only have samples:
(@i, y:) "% Pxy fori=1,...,n

and are restricted to a
function class (e.g., linear)

SO we compute:

7 =argmin 3 (g — f(m0))?

feEF N 4
=il

©2018 Kevin Jamieson
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Statistical Learning

Pxy(X =2,V =y) Ideally, we want to find:
n(x) = By x[Y[X = 7]

But we only have samples:
(@i, y:) "% Pxy fori=1,...,n

and are restricted to a
function class (e.g., linear)

SO we compute:

7 =argmin 3 (g — f(m0))?

F m
X e

~

We care about future predictions: Exy [(Y — f(X))?]

©2018 Kevin Jamieson
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Statistical Learning

Pxy(X =z,Y =y) Ideally, we want to find:
n(z) =Eyx[Y]X = ]

But we only have samples:
(x4, Y;) " Py Sori=1,....m

- and are restricted to a
function class (e.g., linear)

SO we compute:

7 =argmin 3 (g — f(m0))?

Fn
X fe i—1

Each draw D = {(z;,y:)}", results in different f

©2018 Kevin Jamieson
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Statistical Learning

AN

Eplf(z)]

X

Each draw D = {(z;, i) }i

©2018 Kevin Jamieson

Ideally, we want to find:
n(z) =By x[Y]|X =z

But we only have samples:
(x4, Y;) . Pyy Sori=1,....m
and are restricted to a
function class (e.g., linear)
SO we compute:

f=arg inin % ;(y — fl&))?

results in different ]?

48



Bias-Variance Tradeoff

n(x) = By x[Y]X = 2] F=argmin = 3 (g — £(w:))?

feFn

=1L

~

Eyix[Eol(Y — fo(@))*)|X = 2] = Eyix[Eol(Y — n(x) +n(z) — Fo(@))2)| X =]

©2018 Kevin Jamieson
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Bias-Variance Tradeoff

©2018 Kevin Jamieson

n(x) = By x[Y]X = 2] F=argmin = 3 (g — £(w:))?

fEF N 4
=1L

Eyix[Epl(Y ~ fo(@))?)|X = ] = By x[Eol(Y — n(a) + n(x) ~ Fo(2))?)| X =4
=By |x [Epl(Y = n(2))? +2(Y —n(x))(n(x) — fo(x))
+ (1) — Fo(@)?]]X =]
=Ey x[(Y —n(2))*|X = 2] + Ep[(n(x) - fo(x))*

irreducible error . 'Iearnir:g' error
Caused by stochastic Caused by either using too “simple

. of a model or not enough
label noise data to learn the model accurately

50



Bias-Variance Tradeoff
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Bias-Variance Tradeoff

n(z) = By x[Y|X = ] = argmin — > (4 - f(z:))?

Ep[(n(x) — fp(x))*] = Ep[(n(z) — Ep[fp(z)] + Ep[fo(2)] - fo(x))’
]

Ep|
=Ep[(n(z) — Ep[fp(@)])? + 2(n(z) — Ep[fp(z)])(Ep[fo(z)] — fo(z))
+ (ED[fD( )] — fD(fC)) ]

=(n(z) — Ep[fo(@))* + En[(En[fp ()] — fo(x))?]

biased squared variance

©2018 Kevin Jamieson



Bias-Variance Tradeoff

Ey x[Ep[(Y — fo(z )| X =] =By x[(Y — n(2))*| X = 1]
irreducible error
+(n(x) — Ep[fp(2)])? + Ep[(Ep[fp(2)] — fo(z))?

biased squared variance

—— bias?
—— variance
—— total

error

4 06
complexity



Example: Linear LS
Y = Xw+ €

if y=alw+e and g R N(0,0%)
Oyrep = (XTX)IXTY =w+ (XTX)_lXTe
n(x) = Ey|X[Y|X = x|
fo(x) =

©2018 Kevin Jamieson



Example: Linear LS
Y = Xw+ €

if y;=alw+e¢ and e i N(0,0%)
Oyrep = (XTX)IXTY =w+ (XTX)_lXTe
n(x) = Ey|X[Y|X = x|
fp(x) = 'y =wlz+XXTX)

Exy[(Y —n(2))*|X = 2] = 52 (n(x) — Ep[fp(2)])* = 0

irreducible error biased squared

©2018 Kevin Jamieson 55



Example: Linear LS
Y = Xw+ €

if y=alw+e and g R N(0,0%)
Oyrep = (XTX)IXTY =w+ (XTX)_lXTe
fp(:c) =0l =wlz+ ' XXIX) e

Ep[(Ep[fp(z)] — fo(x))?] =

variance
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Example: Linear LS
Y = Xw+ €

if y=alw+e and g ik N(0,0?)
e = (XTX)T'XTY =w + (XTX) X e
o) =0Tz =wTz+ I X(XTX) 1
Ep[(Ep[fo(x)] — fo(x))*] = Ep[2T (XTX) ' X e’ X(XTX) 2]
variance — 02T (XTX) g

= o?Trace((XTX)1zz™)

n
lar
XTX =) wua] "3 0y 2 =E[XXT], X~ Px

1=1
Ex— [Ep[(Ep[fp(2)] — fo(2))?] = ZEx[Trace(S ' X XT)] = do”

n n
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Example: Linear LS
Y = Xw+ €

if y;=alw+e¢ and e i N(0,0%)
Oyrep = (XTX)IXTY =w+ (XTX)_lXTe
n(x) = Ey|X[Y|X = x|
fp(x) = 'y =wlz+XXTX)

Exy[(Y —n(2))*|X = 2] = 52 (n(x) — Ep[fp(2)])* = 0

irreducible error biased squared

Ex—s Ep[(Eolfp(2)] - fo(x))’]] = 4

n

variance
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