
Linear Regression

©2018 Kevin Jamieson



The regression problem, 1-dimensional
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Given past sales data on zillow.com, predict:
     y = House sale price from 
     x = {# sq. ft.} 

Training Data:
{(xi, yi)}ni=1

yi 2 R
xi 2 R
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Process

Decide on a model

Find the function which fits the data best

Use function to make prediction on new 
examples



The Model

 We assume house sale 
price is a linear function of 
square feet. 



Process

Decide on a model 

Find the function which fits the data best
Choose a loss function
Pick the function which minimizes 
loss on data

Use function to make prediction on new 
examples



Fit a function to our data, 1-d
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# square feet

Sa
le
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ric

e
Given past sales data on zillow.com, predict:
     y = House sale price from 
     x = {# sq. ft.} 

Training Data:
{(xi, yi)}ni=1

yi 2 R

Hypothesis/Model: linear

Loss: least squares

best linear fit

xi 2 R
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yi ⇡ xiw
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min
w

nX

i=1

(yi � xiw)
2
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Error:yi = xiw + ✏i
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Decide on a model 

Find the function which fits the data best
Choose a loss function
Pick the function which minimizes 
loss on data
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The regression problem, d-dim
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# square feet

Sa
le

 P
ric

e
Given past sales data on zillow.com, predict:
     y = House sale price from 
     x = {# sq. ft., zip code, date of sale, etc.} 

Training Data:
{(xi, yi)}ni=1

xi 2 Rd

yi 2 R

Hypothesis: linear

Loss: least squares

yi ⇡ xT
i w

min
w

nX

i=1

�
yi � xT

i w
�2

# square feet

Sa
le

 P
ric

e

best linear fit

# square feet

Sa
le
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Error:
yi = xiw + ✏i
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The regression problem in matrix notation

y =

2

64
y1
...
yn

3

75 X =

2

64
xT
1
...
xT
n

3

75
d : # of features
n : # of examples/datapoints
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The regression problem in matrix notation

y =

2

64
y1
...
yn

3

75 X =

2

64
xT
1
...
xT
n

3

75
d : # of features
n : # of examples/datapoints

yi ⇡ xT
i w

yi = xT
i w + ✏i

<latexit sha1_base64="XGQ0rQSnZMvlLaYfXpXfZFfomkE="></latexit>

y = Xw + ✏
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Process

Decide on a model 

Find the function which fits the data best
Choose a loss function- least 
squares
Pick the function which minimizes 
loss on data

Use function to make prediction on new 
examples
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Loss function: least squares in matrix notation

= argmin
w

(y �Xw)T (y �Xw)

bwLS = argmin
w

nX

i=1

�
yi � xT

i w
�2

y =

2

64
y1
...
yn

3

75 X =

2

64
xT
1
...
xT
n

3

75

Error:yi = xT
i w + ✏i
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= argmin
w

(y �Xw)T (y �Xw)

bwLS = argmin
w

||y �Xw||22

The regression problem in matrix notation

= (XTX)�1XTy

 “Closed form” 
solution!
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= (XTX)�1XTy

bwLS = argmin
w

||y �Xw||22

What about an offset?

bwLS ,bbLS = argmin
w,b

nX

i=1

�
yi � (xT

i w + b)
�2

= argmin
w,b

||y � (Xw + 1b)||22

The regression problem in matrix notation

Error:yi = xT
i w + ✏i

<latexit sha1_base64="XGQ0rQSnZMvlLaYfXpXfZFfomkE="></latexit>
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Dealing with an offset

bwLS ,bbLS = argmin
w,b

||y � (Xw + 1b)||22
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If XT1 = 0 (i.e., if each feature is mean-zero) then

bwLS = (XTX)�1XTY

bbLS =
1

n

nX

i=1

yi

XTX bwLS +bbLSX
T1 = XTy

1TX bwLS +bbLS1
T1 = 1Ty

bwLS ,bbLS = argmin
w,b

||y � (Xw + 1b)||22

Dealing with an offset



Process

Decide on a model 

Find the function which fits the data best
Choose a loss function- least 
squares
Pick the function which minimizes 
loss on data

Use function to make prediction on new 
examples



Make Predictions

bwLS = (XTX)�1XTY

bbLS =
1

n

nX

i=1

yi

A new house is about to be listed. What should it sell for?

ŷnew = xT
newŵLS + b̂LS

<latexit sha1_base64="OBCTZ1ysswu78fvh4ENNelplGmk="></latexit>



Process

 Why did we choose this loss function?

Decide on a model 

Find the function which fits the data best
Choose a loss function- least 
squares
Pick the function which minimizes 
loss on data

Use function to make prediction on new 
examples
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Why is least squares a good loss function?

= (XTX)�1XTy

bwLS = argmin
w

||y �Xw||22

Consider yi = xT
i w + ✏i where ✏i

i.i.d.⇠ N (0,�2)

P (y|x,w,�) =



Maximizing log-likelihood

Maximize:

©2018 Kevin Jamieson

logP (D|w,�) = log( 1p
2⇡�

)n
nY

i=1

e�
(yi�xT

i w)2

2�2



MLE is LS under linear model
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bwLS = argmin
w

nX

i=1

�
yi � xT

i w
�2

if yi = xT
i w + ✏i and ✏i

i.i.d.⇠ N (0,�2)

bwMLE = argmax
w

P (D|w,�)

bwLS = bwMLE = (XTX)�1XTY



The regression problem
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# square feet

Sa
le

 P
ric

e
Given past sales data on zillow.com, predict:
     y = House sale price from 
     x = {# sq. ft., zip code, date of sale, etc.} 

Training Data:
{(xi, yi)}ni=1

xi 2 Rd

yi 2 R

Hypothesis: linear

Loss: least squares

yi ⇡ xT
i w

min
w

nX

i=1

�
yi � xT

i w
�2

best linear fit
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The regression problem
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date of sale

Sa
le

 P
ric

e

Training Data:
{(xi, yi)}ni=1

xi 2 Rd

yi 2 R

Hypothesis: linear

Loss: least squares

yi ⇡ xT
i w

min
w

nX

i=1

�
yi � xT

i w
�2

best linear fit Best linear model of data 
of sale is a very poor fit!

Either because date of 
sale doesn’t predict price 
well, or…

… because the 
relationship isn’t linear.

Given past sales data on zillow.com, predict:
     y = House sale price from 
     x = {# sq. ft., zip code, date of sale, etc.} 

http://zillow.com


Process

Decide on a model 

Find the function which fits the data best
Choose a loss function
Pick the function which minimizes 
loss on data

Use function to make prediction on new 
examples



Quadratic Regression
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date of sale

Sa
le

 P
ric

e

Training Data:
{(xi, yi)}ni=1

xi 2 Rd

yi 2 R

Hypothesis: quadratic

best quadratic fit

yi ⇡
dX

j=1

xi,jwj,1 + x2
i,jwj,2

<latexit sha1_base64="/Zu4oI551hdyVChiKmoIthziH2A="></latexit>

Given past sales data on zillow.com, predict:
     y = House sale price from 
     x = {# sq. ft., zip code, date of sale, etc.} 
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Polynomial regression
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date of sale

Sa
le

 P
ric

e

Training Data:
{(xi, yi)}ni=1

xi 2 Rd

yi 2 R

Hypothesis: 
degree p polynomial

best degree p fit

yi ⇡
dX

j=1

pX

`=1

x`
i,jwj,`

<latexit sha1_base64="NZFpZKIulIDL+6k3g0o2vL/AU0Y="></latexit>

Given past sales data on zillow.com, predict:
     y = House sale price from 
     x = {# sq. ft., zip code, date of sale, etc.} 
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Generalized linear regression
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date of sale

Sa
le

 P
ric

e

Training Data:
{(xi, yi)}ni=1

xi 2 Rd

yi 2 R

Hypothesis: 
generalized linear fn of x
yi ⇡

pX

`=1

h`(xi)
Tw`
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Given past sales data on zillow.com, predict:
     y = House sale price from 
     x = {# sq. ft., zip code, date of sale, etc.} 

http://zillow.com


Process

Decide on a model 

Find the function which fits the data best
Choose a loss function
Pick the function which minimizes 
loss on data

Use function to make prediction on new 
examples



The regression problem

Training Data:
{(xi, yi)}ni=1

xi 2 Rd

yi 2 R

Hypothesis: linear

Loss: least squares

yi ⇡ xT
i w

min
w

nX

i=1

�
yi � xT

i w
�2

Transformed data:



The regression problem

Training Data:
{(xi, yi)}ni=1

xi 2 Rd

yi 2 R

Hypothesis: linear

Loss: least squares

yi ⇡ xT
i w

min
w

nX

i=1

�
yi � xT

i w
�2

Transformed data:

in d=1:

h : Rd ! Rp maps original
features to a rich, possibly
high-dimensional space

hj(x) =
1

1 + exp(uT
j x)

hj(x) = (uT
j x)

2

for d>1, generate {uj}pj=1 ⇢ Rd

hj(x) = cos(uT
j x)

h(x) =

2

6664

h1(x)
h2(x)

...
hp(x)

3

7775
=

2

6664

x
x2

...
xp

3

7775



The regression problem

Training Data:
{(xi, yi)}ni=1

xi 2 Rd

yi 2 R

Hypothesis: linear

Loss: least squares

yi ⇡ xT
i w

min
w

nX

i=1

�
yi � xT

i w
�2

Transformed data:
h(x) =

2

6664

h1(x)
h2(x)

...
hp(x)

3

7775

Hypothesis: linear

Loss: least squares

yi ⇡ h(xi)
Tw w 2 Rp

min
w

nX

i=1

�
yi � h(xi)

Tw
�2



The regression problem

Training Data:
{(xi, yi)}ni=1

xi 2 Rd

yi 2 R Transformed data:
h(x) =

2

6664

h1(x)
h2(x)

...
hp(x)

3

7775

Hypothesis: linear

Loss: least squares

yi ⇡ h(xi)
Tw w 2 Rp

min
w

nX

i=1

�
yi � h(xi)

Tw
�2

small p fit

date of sale

S
al

e 
P

ric
e



The regression problem

date of sale

S
al

e 
P

ric
e

large p fit

What’s going on here?

Transformed data:
h(x) =

2

6664

h1(x)
h2(x)

...
hp(x)

3

7775

Hypothesis: linear

Loss: least squares

yi ⇡ h(xi)
Tw w 2 Rp

min
w

nX

i=1

�
yi � h(xi)

Tw
�2

Training Data:
{(xi, yi)}ni=1

xi 2 Rd

yi 2 R



Bias-Variance Tradeoff
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Statistical Learning
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PXY (X = x, Y = y)

Goal: Predict Y given X
Find function ⌘ that minimizes

EXY [(Y � ⌘(X))2]



Statistical Learning

©2018 Kevin Jamieson

PXY (X = x, Y = y)

Goal: Predict Y given X

EXY [(Y � ⌘(X))2]

Find function ⌘ that minimizes

= EX

h
EY |X [(Y � ⌘(x))2|X = x]

i

⌘(x) = argmin
c

EY |X [(Y � c)2|X = x] = EY |X [Y |X = x]

Under LS loss, optimal predictor: ⌘(x) = EY |X [Y |X = x]



Statistical Learning
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x

y

PXY (X = x, Y = y)

EXY [(Y � ⌘(X))2]



Statistical Learning
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x

y

PXY (X = x, Y = y)

x0 x1

PXY (Y = y|X = x0)

PXY (Y = y|X = x1)

EXY [(Y � ⌘(X))2]



Statistical Learning
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PXY (Y = y|X = x0)

PXY (Y = y|X = x1)
x

y

PXY (X = x, Y = y)

x0 x1

Ideally, we want to find:

EXY [(Y � ⌘(X))2]

⌘(x) = EY |X [Y |X = x]



Statistical Learning
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x

y

PXY (X = x, Y = y) Ideally, we want to find:

⌘(x) = EY |X [Y |X = x]



Statistical Learning

©2018 Kevin Jamieson

x

y

PXY (X = x, Y = y) Ideally, we want to find:

(xi, yi)
i.i.d.⇠ PXY for i = 1, . . . , n

But we only have samples:

⌘(x) = EY |X [Y |X = x]



Statistical Learning
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x

y

PXY (X = x, Y = y)

bf = argmin
f2F

1

n

nX

i=1

(yi � f(xi))
2

Ideally, we want to find:

(xi, yi)
i.i.d.⇠ PXY for i = 1, . . . , n

But we only have samples:

and are restricted to a
function class (e.g., linear)
so we compute:

⌘(x) = EY |X [Y |X = x]



Statistical Learning
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x

y

PXY (X = x, Y = y)

bf = argmin
f2F

1

n

nX

i=1

(yi � f(xi))
2

Ideally, we want to find:

(xi, yi)
i.i.d.⇠ PXY for i = 1, . . . , n

But we only have samples:

and are restricted to a
function class (e.g., linear)
so we compute:

We care about future predictions: EXY [(Y � bf(X))2]

⌘(x) = EY |X [Y |X = x]



Statistical Learning

©2018 Kevin Jamieson

x

y

PXY (X = x, Y = y)

Each draw D = {(xi, yi)}ni=1 results in di↵erent bf

bf = argmin
f2F

1

n

nX

i=1

(yi � f(xi))
2

Ideally, we want to find:

(xi, yi)
i.i.d.⇠ PXY for i = 1, . . . , n

But we only have samples:

and are restricted to a
function class (e.g., linear)
so we compute:

⌘(x) = EY |X [Y |X = x]



Statistical Learning
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x

y

PXY (X = x, Y = y)

Each draw D = {(xi, yi)}ni=1 results in di↵erent bf

ED[ bf(x)]
bf = argmin

f2F

1

n

nX

i=1

(yi � f(xi))
2

Ideally, we want to find:

(xi, yi)
i.i.d.⇠ PXY for i = 1, . . . , n

But we only have samples:

and are restricted to a
function class (e.g., linear)
so we compute:

⌘(x) = EY |X [Y |X = x]



Bias-Variance Tradeoff
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bf = argmin
f2F

1

n

nX

i=1

(yi � f(xi))
2⌘(x) = EY |X [Y |X = x]

EY |X [ED[(Y � bfD(x))2]
��X = x] = EY |X [ED[(Y � ⌘(x) + ⌘(x)� bfD(x))2]

��X = x]



Bias-Variance Tradeoff

©2018 Kevin Jamieson

irreducible error
Caused by stochastic 
label noise

learning error 
Caused by either using too “simple”  

of a model or not enough  
data to learn the model accurately

bf = argmin
f2F

1

n

nX

i=1

(yi � f(xi))
2⌘(x) = EY |X [Y |X = x]

EY |X [ED[(Y � bfD(x))2]
��X = x] = EY |X [ED[(Y � ⌘(x) + ⌘(x)� bfD(x))2]

��X = x]

=EY |X

h
ED[(Y � ⌘(x))2 + 2(Y � ⌘(x))(⌘(x)� bfD(x))

+ (⌘(x)� bfD(x))2]
��X = x

i

=EY |X [(Y � ⌘(x))2
��X = x] + ED[(⌘(x)� bfD(x))2]



Bias-Variance Tradeoff
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ED[(⌘(x)� bfD(x))2] = ED[(⌘(x)� ED[ bfD(x)] + ED[ bfD(x)]� bfD(x))2]

bf = argmin
f2F

1

n

nX

i=1

(yi � f(xi))
2⌘(x) = EY |X [Y |X = x]



Bias-Variance Tradeoff
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=(⌘(x)� ED[ bfD(x)])2 + ED[(ED[ bfD(x)]� bfD(x))2]

=ED[(⌘(x)� ED[ bfD(x)])2 + 2(⌘(x)� ED[ bfD(x)])(ED[ bfD(x)]� bfD(x))

+ (ED[ bfD(x)]� bfD(x))2]

ED[(⌘(x)� bfD(x))2] = ED[(⌘(x)� ED[ bfD(x)] + ED[ bfD(x)]� bfD(x))2]

biased squared variance

bf = argmin
f2F

1

n

nX

i=1

(yi � f(xi))
2⌘(x) = EY |X [Y |X = x]



Bias-Variance Tradeoff

biased squared variance

+(⌘(x)� ED[ bfD(x)])2 + ED[(ED[ bfD(x)]� bfD(x))2]
irreducible error

EY |X [ED[(Y � bfD(x))2]
��X = x] = EY |X [(Y � ⌘(x))2

��X = x]



Example: Linear LS

©2018 Kevin Jamieson

if yi = xT
i w + ✏i and ✏i

i.i.d.⇠ N (0,�2)

bwMLE = (XTX)�1XTY

Y = Xw + ✏

= w + (XTX)�1XT ✏

bfD(x) = bwTx = wTx+ ✏TX(XTX)�1x

⌘(x) = EY |X [Y |X = x]



Example: Linear LS
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if yi = xT
i w + ✏i and ✏i

i.i.d.⇠ N (0,�2)

bwMLE = (XTX)�1XTY

Y = Xw + ✏

= w + (XTX)�1XT ✏

bfD(x) = bwTx = wTx+ ✏TX(XTX)�1x

⌘(x) = EY |X [Y |X = x]

EXY [ED[(Y � bfD(x))2]
��X = x] = EXY [(Y � ⌘(x))2

��X = x]= �2

irreducible error biased squared

+(⌘(x)� ED[ bfD(x)])2 + ED[(ED[ bfD(x)]� bfD(x))2]= 0



Example: Linear LS
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if yi = xT
i w + ✏i and ✏i

i.i.d.⇠ N (0,�2)

bwMLE = (XTX)�1XTY

Y = Xw + ✏

= w + (XTX)�1XT ✏

bfD(x) = bwTx = wTx+ ✏TX(XTX)�1x

variance

+(⌘(x)� ED[ bfD(x)])2 + ED[(ED[ bfD(x)]� bfD(x))2]= ED[x
T (XTX)�1XT ✏✏TX(XTX)�1x]
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xix
T
i

n large! n⌃ ⌃ = E[XXT ], X ⇠ PX

= �2Trace((XTX)�1xxT )

+(⌘(x)� ED[ bfD(x)])2 + ED[(ED[ bfD(x)]� bfD(x))2]EX=x

⇥ ⇤
=

�2

n
EX [Trace(⌃�1XXT )] =

d�2

n
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