Section 07: Solutions

1. Using the Eigenbasis
It’s a very useful fact that for any symmetric n x n matrix A you can find a set of eiegenvectors uy, . . ., u, for A such
that:

¢ fluila =1

. uiTuj =0,Vi#j

* uy,...,u, form a basis of R"

One of the reasons this fact is useful is that facts about these matrices are easier to prove if you think about the
vectors in terms of their “eigenbasis” components, instead of their components in the standard basis. As a trivial
example, we’ll show that you can calculate Ax for a vector x without having to do the matrix multiplication.

: o [4 -1 . [1/v2 _[-1/v2 :
(a) Consider the matrix A = [_1 4 } Verify that u; = { 1 2 and uy = [ ] /\/Q are eigenvectors and meet

the definitions. Find the eigenvalues associated with u; and uq

Solution:

They are eigenvectors: Au; = [_41//\{/%_4_11/\(%} = 3uy Aug = bSug by a similar calculation.

They are unit norm: u} u; = (1/v/2)% + (1/v/2)? = 1/2 + 1/2 = 1. The calculation for us is similar.
They are orthogonal: ufus = (1/v/2)(=1/v2) + (1/v2)(1/v/2) = —1/2+1/2 = 0.

They form a basis (since they’re 2 linearly independent vectors in R?)

(b) Since {u1,us} are a basis, we can write any vector as a linear combination of them. Write x = [_31/\/; in
this basis.
Solution:
2Tuy =-1/2+3/2=1. 2Tuy =1/2+3/2 = 2. So = = uy + 2us. ]

(c) Use the decomposition and the eigenvalues you calculated to calculate Az wihtout doing matrix-vector mul-
tiplication.

Solution:

—T/V2
Az = A(uy + 2uz) = Aug 4+ 2Aus = 3u; + 10uy = {13//\5

This method of calculating a matrix vector product won’t actually be more computationally efficient — but it’s what’s
“really” happening when you do the multiplication, so this will be useful intuition under certain circumstances.
Expressing vectors in an eigenbasis is also a useful proof technique, as we’ll see in some later problems.



2. Sets of Eigenvectors

(a) Prove that if A is a symmetric matrix with n distinct eigenvalues, then its eigenvectors are orthogonal. Hint:
if u and v are eigenvectors, calculate u” Av two different ways.

Solution:

Here’s one possible proof. Let u, v be eigenvectors with eigenvalues )\, and ), respectively (with A, # \,).
Consider the quantity u” Av.

On one hand,
ul Av = uT (\v) = Ay -u'v

On the other hand, since A is symmetric:

u? Av = uT ATy = (Au)Tv = X\ (u”v)

T

Combinbing we have \,u”v = A\, u”v, since A, # \,, we must have v”v = 0 for all eigenvectors u, v.

(b) Suppose that A is a symmetric matrix. Prove, without appealing to calculus, that the solution to arg max, % Az
s.t. ||x|]2 = 1 is the eigenvector x; corresponding to the largest eigenvalue \; of A. (Hint: the eigenvectors
of a symmetric matrix can be chosen to be an orthonormal basis, i.e. unit vectors spanning all of R™.)

Solution:

Let uq,...,u, be an orthonormal set of unit vectors (which are guaranteed to exist by symmetry of A. Let
x be a unit vector. We can write z as Y -, a;u,;. We claim that ) a7 = 1. Indeed:

llell* = 11D avual P = Y llwwl* = D aflfuil|* = D af

Where the starred equality is a result of observing that any cross-terms are 0 by orthogonality of u; (see a
more detailed explanation in Section [4] of the solution).

Now let’s examine =7 Az.
2T Ax =2TA (Z aiui)
=T (Z ai)\iui)
= (Z aiuiT) (Z ai)\iui)
> ad A fui]?
= Z a? )\

Where again the starred equality uses that cross terms are 0 by orthoganality. Since Y~ «a? = 1, we are
just taking a convex combination of the \;. This is clearly maximized by making «; = 1 where )A; is the
maximum eigenvalue. Observe that this is indeed possible by setting x = w; as claimed.

1ES

(c) Let A and B be two R™*™ symmetric matrices. Suppose A and B have the exact same set of eigenvectors

uy,Usg, -+ , U, With the corresponding eigenvalues ay,as, - , o, for A, and 81, fs,--- , B, for B. Please
write down the eigenvectors and their corresponding eigenvalues for the following matrices:
i) D=A-B
Solution:



Eigenvectors u; with eigenvalues «; — ; Since (A — B)x = Az — Bx = (o; — B;)x.

(ii) E = AB Solution:

Eigenvecutors u; with eigenvalues «;3; Since ABu; = AB;u; = B;Au; = Biou;.

(iii) F = A~ !B (assume A is invertible) Solution:

Observe that A~ 1wy, = a%uz
To show this we examine A~ Au;.
On the one hand: A_lAui = A_laiui = aiA_lui.
On the other hand: A~ 'Au; = Tu; = u;.
Setting both equal to each other, we have o; A~ u; = u;, s0 A~ u; = aiul
Then we have A~'Bu; = A~ Bu; = ;A" u; = %u,

Bi

[e3%

Thus A~!B has eigenvectors u; with eigenvalues

3. Positive Semi-Definite Matrices

A symmetric matrix A € R"*" is positive-semidefinite (PSD) if 7 Az > 0 for all z € R".
(a) For any y € R", show that yy” is PSD.

Solution:

Let x be any vector, then the quadratic form we need to examine is 27 (yy?)x. Regrouping, we care about
(xTy)(yTz). Since 27y is just a number, and dot products are symmetric, we can rewrite this number as

(xTy)?, and it is clearly non-negative as required.

(b) Let X be a random vector in R™ with covariance matrix ¥ = E[(X —E[X])(X — E[X])T]. Show that X is PSD.

Solution:

Let y be an arbitrary vector in R". We show 373y > 0.
Expanding the definition of ¥ we have

y'E[(X - E[X])(X - E[X]))"]y =E [y" (X - E[X]))(X — E[X])"y]

where the equality follows from y being non-random. Observe that for any realization of X this becomes
yTww?y for some vector w, but this is the exact form we looked at in part a, so we know that for any w
this is non-negative. The expectation of a random variable must be non-negative if all of its realizations
are non-negative, thus ¥ is PSD.

(c) Assume A is a symmetric matrix so that A = Udiag(a)U” where diag(a) is an all zeros matrix with the
entries of a on the diagonal and U U = I. Show that A is PSD if and only if min; o; > 0. (Hint: compute
2T Ax and consider values of x proportional to the columns of U, i.e., the orthonormal eigenvectors).

Solution:

We show first that if all «; are positive that the resulting matrix is PSD:
Let 2 be an arbitrary vector in R”, and consider z7Udiag(a)U”z. Let y = UTz Then we can rewrite our
previous expression as yT diag(a)y = 3" a;y2 > 0 by the assumption that all «; are non-negative.

We now show if some «; is negative, that the matrix is not PSD by finding a vector y such that y7 Ay < 0.



Let i be an index such that «; is negative. Let = be the vector which is 1 in entry ¢ and 0 everywhere else,
and let y = Uxz. Then yT Ay = 27UTUdiag(a)UT Uz = 2T diag(a)z = a; < 0. Since we have exhibited a
vector y, such that y” Ay < 0, A is not PSD.

(d) Show that a real symmetrix matrix is PSD if and only if all of its eigenvalues are non-negative. ~Solution:

Let A be a PSD matrix, and z be an eigenvector, then 27 Az = 27 \x = \||z||3, where ) is the associated
eigenvalue, since the quadratic form must be non-negative, and norms are non-negative, A cannot be
negative.

Conversely letuy, . .., u, be some orthonormal set of eigenvectors, with non-negative eigenvalues A1, ..., \,.
By rewriting any vectors in the orthonormal basis, we can easily see what happens:

Where again we use the fact that since u; and u; are orthogonal means there won’t be cross terms. Since
A; > 0, the quantity is indeed non-negative so the matrix is PSD.

4. Cross term proof

Solution:

1D sl = O aiui) " (O i)
= Za?u?ui + ZaiajuiTuj
i

i#]

= E o2ulu; (u; and u; are perpendicular)
i

= [aui]|?
7
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