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Boolean classification
• Supervised learning is training a predictor from labelled 

examples: 

• There are two types of supervised learning

• 1. Regression: the output variable y to be predicted is 

real valued scalar or a vector

• 2. Classification: the output variable y to be predicted is 

categorical

• 2.1 Boolean classification: there are two classes

• 2.2 Multi-class classification: multiple classes


• We study Boolean classification in this chapter

• We denote two classes by -1 and 1, often corresponding to 

{FALSE,TRUE}

•  

• A Boolean classifier predicts  label y given input x
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for a data point (xi, yi), the value yi 2 {�1, 1} is called the class or label
<latexit sha1_base64="hKtCMTzvvi7fclSYtji/69Xn31c="></latexit>



Training data for a Boolean classification problem

• in this example, each input is  


• Red points have label =-1, blue points have label =1


• We want a predictor that maps any  to a prediction 

xi ∈ ℝ2

yi yi
x ∈ ℝ2 ̂y ∈ {−1, + 1}4

x[1]
<latexit sha1_base64="G4qQjwHB5qu/snoWuKUhnnxkpFg=">AAAB7XicbVA9T8MwEL2Ur1K+CowsFi0SU5WUAcYKFsYi0Q8pjSrHdVpTx45sB1FF/Q8sDCDEyv9h49/gthmg5UknPb13p7t7YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tUEdoikkvVDbGmnAnaMsxw2k0UxXHIaScc38z8ziNVmklxbyYJDWI8FCxiBBsrtatPvhdU++WKW3PnQKvEy0kFcjT75a/eQJI0psIQjrX2PTcxQYaVYYTTaamXappgMsZD6lsqcEx1kM2vnaIzqwxQJJUtYdBc/T2R4VjrSRzazhibkV72ZuJ/np+a6CrImEhSQwVZLIpSjoxEs9fRgClKDJ9Ygoli9lZERlhhYmxAJRuCt/zyKmnXa95FrX5XrzSu8ziKcAKncA4eXEIDbqEJLSDwAM/wCm+OdF6cd+dj0Vpw8plj+APn8wdyRI5h</latexit>

x[2]
<latexit sha1_base64="+kGcMsx6YZr6dnzaJZGSu+hJC/s=">AAAB7XicbVA9T8MwEL2Ur1K+CowsFi0SU5WEAcYKFsYi0Q8pjSrHdVtTx45sB1FF/Q8sDCDEyv9h49/gthmg5UknPb13p7t7UcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8tUEdokkkvVibCmnAnaNMxw2kkUxXHEaTsa38z89iNVmklxbyYJDWM8FGzACDZWalWfAj+s9soVt+bOgVaJl5MK5Gj0yl/dviRpTIUhHGsdeG5iwgwrwwin01I31TTBZIyHNLBU4JjqMJtfO0VnVumjgVS2hEFz9fdEhmOtJ3FkO2NsRnrZm4n/eUFqBldhxkSSGirIYtEg5chINHsd9ZmixPCJJZgoZm9FZIQVJsYGVLIheMsvr5KWX/Muav6dX6lf53EU4QRO4Rw8uIQ63EIDmkDgAZ7hFd4c6bw4787HorXg5DPH8AfO5w9zyo5i</latexit>



Example: nearest neighbor classifier trained on 100 samples

• 1-nearest neighbor classifier:


• given , let  be the closest training sample, i.e. 
                


• prediction is the label of the nearest neighbor:  


• Red region is the set of  for which prediction is -1


• Blue region is the set of  for which prediction is +1

• zero training error (all training data correctly classified), but likely to be overfitting

x ̂i ∈ {1,…, n}
̂i = arg min

i∈{1,…,n}
∥x − xi∥2

2

f(x) = y ̂i

x
x
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x[1]
<latexit sha1_base64="G4qQjwHB5qu/snoWuKUhnnxkpFg=">AAAB7XicbVA9T8MwEL2Ur1K+CowsFi0SU5WUAcYKFsYi0Q8pjSrHdVpTx45sB1FF/Q8sDCDEyv9h49/gthmg5UknPb13p7t7YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tUEdoikkvVDbGmnAnaMsxw2k0UxXHIaScc38z8ziNVmklxbyYJDWI8FCxiBBsrtatPvhdU++WKW3PnQKvEy0kFcjT75a/eQJI0psIQjrX2PTcxQYaVYYTTaamXappgMsZD6lsqcEx1kM2vnaIzqwxQJJUtYdBc/T2R4VjrSRzazhibkV72ZuJ/np+a6CrImEhSQwVZLIpSjoxEs9fRgClKDJ9Ygoli9lZERlhhYmxAJRuCt/zyKmnXa95FrX5XrzSu8ziKcAKncA4eXEIDbqEJLSDwAM/wCm+OdF6cd+dj0Vpw8plj+APn8wdyRI5h</latexit>

x[2]
<latexit sha1_base64="+kGcMsx6YZr6dnzaJZGSu+hJC/s=">AAAB7XicbVA9T8MwEL2Ur1K+CowsFi0SU5WEAcYKFsYi0Q8pjSrHdVtTx45sB1FF/Q8sDCDEyv9h49/gthmg5UknPb13p7t7UcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8tUEdokkkvVibCmnAnaNMxw2kkUxXHEaTsa38z89iNVmklxbyYJDWM8FGzACDZWalWfAj+s9soVt+bOgVaJl5MK5Gj0yl/dviRpTIUhHGsdeG5iwg wrwwin01I31TTBZIyHNLBU4JjqMJtfO0VnVumjgVS2hEFz9fdEhmOtJ3FkO2NsRnrZm4n/eUFqBldhxkSSGirIYtEg5chINHsd9ZmixPCJJZgoZm9FZIQVJsYGVLIheMsvr5KWX/Muav6dX6lf53EU4QRO4Rw8uIQ63EIDmkDgAZ7hFd4c6bw4787HorXg5DPH8AfO5w9zyo5i</latexit>

when overfitting happens, 

we learned that prediction  

is sensitive to changes in , 

and this results in complicated 

decision boundaries

f(x)
x+1

-1



Empirical risk minimization (ERM) with quadratic loss
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• expanding on what we know from linear regression (in particular linear least 
squares regression), a straightforward approach for classification is the 
following

• use a linear model: 

        

• train on Empirical Risk Minimization with L2 loss 

        


• Note that this is exactly linear least squares regression, just applied to a 
discrete valued ’s


• to make a hard prediction in , 
        
           


• general recipe: 

• train linear model on ERM 


• make hard prediction by taking the  

• significantly better to choose the right loss tailored for discrete ’s

̂y = fw(x) = w0 + w1x[1] + w2x[2] + ⋯

ℒ(w) =
n

∑
i=1

( wT xi
⏟

̂yi

− yi )2

yi

{−1,1}
̂v = sign( fw(x) )

= sign( w0 + w1x[1] + ⋯ )

sign( ⋅ )
yi



Example: linear classifier trained on 100 samples

• linear model: 


• predict using 

• 20% mis-classified in training data

•     true positive            =42,      false positive          =12,

•     true negative          =38,     false negative           =8

̂y = f(x) = w0 + w1x[1] + w2x[2]
̂v = sign( ̂y) = sign(wT x)
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x[1]
<latexit sha1_base64="G4qQjwHB5qu/snoWuKUhnnxkpFg=">AAAB7XicbVA9T8MwEL2Ur1K+CowsFi0SU5WUAcYKFsYi0Q8pjSrHdVpTx45sB1FF/Q8sDCDEyv9h49/gthmg5UknPb13p7t7YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tUEdoikkvVDbGmnAnaMsxw2k0UxXHIaScc38z8ziNVmklxbyYJDWI8FCxiBBsrtatPvhdU++WKW3PnQKvEy0kFcjT75a/eQJI0psIQjrX2PTcxQYaVYYTTaamXappgMsZD6lsqcEx1kM2vnaIzqwxQJJUtYdBc/T2R4VjrSRzazhibkV72ZuJ/np+a6CrImEhSQwVZLIpSjoxEs9fRgClKDJ9Ygoli9lZERlhhYmxAJRuCt/zyKmnXa95FrX5XrzSu8ziKcAKncA4eXEIDbqEJLSDwAM/wCm+OdF6cd+dj0Vpw8plj+APn8wdyRI5h</latexit>

x[2]
<latexit sha1_base64="+kGcMsx6YZr6dnzaJZGSu+hJC/s=">AAAB7XicbVA9T8MwEL2Ur1K+CowsFi0SU5WEAcYKFsYi0Q8pjSrHdVtTx45sB1FF/Q8sDCDEyv9h49/gthmg5UknPb13p7t7UcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8tUEdokkkvVibCmnAnaNMxw2kkUxXHEaTsa38z89iNVmklxbyYJDWM8FGzACDZWalWfAj+s9soVt+bOgVaJl5MK5Gj0yl/dviRpTIUhHGsdeG5iwgwrwwin01I31TTBZIyHNLBU4JjqMJtfO0VnVumjgVS2hEFz9fdEhmOtJ3FkO2NsRnrZm4n/eUFqBldhxkSSGirIYtEg5chINHsd9ZmixPCJJZgoZm9FZIQVJsYGVLIheMsvr5KWX/Muav6dX6lf53EU4QRO4Rw8uIQ63EIDmkDgAZ7hFd4c6bw4787HorXg5DPH8AfO5w9zyo5i</latexit>

+1

-1

simple decision boundary 

at wT x = 0

Ctp
<latexit sha1_base64="kV00bgvd1xR70Ru6LKEeiL1lQjM=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRV0GOxF48VbC20oWy2m3btZjfsToQS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8MBHcoOd9O4W19Y3NreJ2aWd3b/+gfHjUNirVlLWoEkp3QmKY4JK1kKNgnUQzEoeCPYTjxsx/eGLacCXvcZKwICZDySNOCVqp3ehnmEz75YpX9eZwV4mfkwrkaPbLX72BomnMJFJBjOn6XoJBRjRyKti01EsNSwgdkyHrWipJzEyQza+dumdWGbiR0rYkunP190RGYmMmcWg7Y4Ijs+zNxP+8borRdZBxmaTIJF0silLhonJnr7sDrhlFMbGEUM3trS4dEU0o2oBKNgR/+eVV0q5V/Ytq7e6yUr/J4yjCCZzCOfhwBXW4hSa0gMIjPMMrvDnKeXHenY9Fa8HJZ47hD5zPH7b3jzg=</latexit>

Cfp
<latexit sha1_base64="gw/5p6rr9/EwzTlUfpnP9b15L/g=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mtgh6LvXisYGuhXUo2zbax2SQkWaEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZepDgz1ve/vcLa+sbmVnG7tLO7t39QPjxqG5lqQltEcqk7ETaUM0FblllOO0pTnEScPkTjxsx/eKLaMCnu7UTRMMFDwWJGsHVSu9HPYjXtlyt+1Z8DrZIgJxXI0eyXv3oDSdKECks4NqYb+MqGGdaWEU6npV5qqMJkjIe066jACTVhNr92is6cMkCx1K6ERXP190SGE2MmSeQ6E2xHZtmbif953dTG12HGhEotFWSxKE45shLNXkcDpimxfOIIJpq5WxEZYY2JdQGVXAjB8surpF2rBhfV2t1lpX6Tx1GEEziFcwjgCupwC01oAYFHeIZXePOk9+K9ex+L1oKXzxzDH3ifP6Gjjyo=</latexit>

Ctn
<latexit sha1_base64="rPqp2/vD7c/wYoDWEPgvVrbhE6E=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRV0GOxF48VbC20oWy2m3btZjfsToQS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8MBHcoOd9O4W19Y3NreJ2aWd3b/+gfHjUNirVlLWoEkp3QmKY4JK1kKNgnUQzEoeCPYTjxsx/eGLacCXvcZKwICZDySNOCVqp3ehnKKf9csWrenO4q8TPSQVyNPvlr95A0TRmEqkgxnR9L8EgIxo5FWxa6qWGJYSOyZB1LZUkZibI5tdO3TOrDNxIaVsS3bn6eyIjsTGTOLSdMcGRWfZm4n9eN8XoOsi4TFJkki4WRalwUbmz190B14yimFhCqOb2VpeOiCYUbUAlG4K//PIqadeq/kW1dndZqd/kcRThBE7hHHy4gjrcQhNaQOERnuEV3hzlvDjvzseiteDkM8fwB87nD7PtjzY=</latexit>

Cfn
<latexit sha1_base64="T4VMZjJI31iekR1DnWYq9O3ZKJ4=">AAAB73icbVDLTgJBEOzFF+IL9ehlIph4Irt40CORi0dM5JHAhswOszBhdnad6TUhG37CiweN8ervePNvHB4HBSvppFLVne6uIJHCoOt+O7mNza3tnfxuYW//4PCoeHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M6zO//cS1EbF6wEnC/YgOlQgFo2ilTrnez0I1LfeLJbfizkHWibckJVii0S9+9QYxSyOukElqTNdzE/QzqlEwyaeFXmp4QtmYDnnXUkUjbvxsfu+UXFhlQMJY21JI5urviYxGxkyiwHZGFEdm1ZuJ/3ndFMMbPxMqSZErtlgUppJgTGbPk4HQnKGcWEKZFvZWwkZUU4Y2ooINwVt9eZ20qhXvqlK9r5Zqt8s48nAG53AJHlxDDe6gAU1gIOEZXuHNeXRenHfnY9Gac5Yzp/AHzucPWHCPgg==</latexit>



Empirical risk minimization
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• given a choice of a loss function , the empirical risk is 

 

                        


• using a linear model: 
          
the empirical risk is now  

                    


• to make a hard prediction in , 
        
           


• ERM minimizes this empirical risk


• Regularized ERM minimizes 

ℓ( ̂y, y)

ℒ(w) =
1
n

n

∑
i=1

ℓ( ̂yi, yi )

̂y = fw(x) = w0 + w1x[1] + w2x[2] + ⋯

ℒ(w) =
1
n

n

∑
i=1

ℓ( wT xi, yi )

{−1,1}
̂v = sign( fw(x) )

= sign( w0 + w1x[1] + ⋯ )

ℒ(w) + λ r(w)



Loss function for Boolean classification
• We need to design loss function 

• Note that 


•     can take any real value 


• But  only take values in 


• so in order to specify              
we only need to give two functions (of scalar  )


•   is how much  irritates us when 


•   is how much  irritates us when 


• a natural choice of the empirical risk is  
the average number of mis-classified samples in the training data 


• where  is the 0-1 loss: 
 
                  
 

              

ℓ( ̂y, yi)

̂y = fw(x) = wT x ∈ ℝ
y′�is {−1, + 1}

ℓ( ̂y, yi)
̂y

ℓ( ̂y, − 1) ̂y y = − 1
ℓ( ̂y, + 1) ̂y y = + 1

ℓ( ̂y, yi)

ℓ( ̂y, y) =

ℒ(w) =
1
n

n

∑
i=1

ℓ( ̂yi, yi)
9

⇢
0 if sign(ŷ) = y

+1 otherwise
<latexit sha1_base64="x2aveE5s4XUSurksPakiaNP5y8c="></latexit>



0-1 loss
• 0-1 loss is 
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true y
<latexit sha1_base64="aHb1GRETLaJvPZKLjXa2qiOPoRo=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mkizZ2zt394TjyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMviAXXxnW/nbX1jc2t7cJOcXdv/+CwdHTc0lGiGDZZJCLVCahGwSU2DTcCO7FCGgYC28Hkdua3n1BpHskHk8boh3Qk+ZAzaqzUMSpBUkkr/VLZrbpzkFXi5aQMORr90ldvELEkRGmYoFp3PTc2fkaV4UzgtNhLNMaUTegIu5ZKGqL2s/m9U3JulQEZRsqWNGSu/p7IaKh1Gga2M6RmrJe9mfif103M8NrPuIwTg5ItFg0TQUxEZs+TAVfIjEgtoUxxeythY6ooMzaiog3BW355lbRqVe+yWruvles3eRwFOIUzuAAPrqAOd9CAJjAQ8Ayv8OY8Oi/Ou/OxaF1z8pkT+APn8wc6ko9t</latexit> true y

<latexit sha1_base64="aHb1GRETLaJvPZKLjXa2qiOPoRo=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mkizZ2zt394TjyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMviAXXxnW/nbX1jc2t7cJOcXdv/+CwdHTc0lGiGDZZJCLVCahGwSU2DTcCO7FCGgYC28Hkdua3n1BpHskHk8boh3Qk+ZAzaqzUMSpBUkkr/VLZrbpzkFXi5aQMORr90ldvELEkRGmYoFp3PTc2fkaV4UzgtNhLNMaUTegIu5ZKGqL2s/m9U3JulQEZRsqWNGSu/p7IaKh1Gga2M6RmrJe9mfif103M8NrPuIwTg5ItFg0TQUxEZs+TAVfIjEgtoUxxeythY6ooMzaiog3BW355lbRqVe+yWruvles3eRwFOIUzuAAPrqAOd9CAJjAQ8Ayv8OY8Oi/Ou/OxaF1z8pkT+APn8wc6ko9t</latexit>

prediction ŷ
<latexit sha1_base64="uJpWFMYdANdmk99ktBejslaed3k=">AAAB/XicbVC7TsMwFL3hWcorPDYWixaJqUrKAGMFC2OR6ENqo8px3Naq40S2gxSiil9hYQAhVv6Djb/BaTNAy5EsHZ9zrnx9/JgzpR3n21pZXVvf2Cxtlbd3dvf27YPDtooSSWiLRDySXR8rypmgLc00p91YUhz6nHb8yU3udx6oVCwS9zqNqRfikWBDRrA20sA+NumAkfyCqv0x1lk6rQ7silNzZkDLxC1IBQo0B/ZXP4hIElKhCcdK9Vwn1l6GpWaE02m5nygaYzLBI9ozVOCQKi+bbT9FZ0YJ0DCS5giNZurviQyHSqWhb5Ih1mO16OXif14v0cMrL2MiTjQVZP7QMOFIRyivAgVMUqJ5aggmkpldERljiYk2hZVNCe7il5dJu15zL2r1u3qlcV3UUYITOIVzcOESGnALTWgBgUd4hld4s56sF+vd+phHV6xi5gj+wPr8AUYKlRg=</latexit>

prediction ŷ
<latexit sha1_base64="uJpWFMYdANdmk99ktBejslaed3k=">AAAB/XicbVC7TsMwFL3hWcorPDYWixaJqUrKAGMFC2OR6ENqo8px3Naq40S2gxSiil9hYQAhVv6Djb/BaTNAy5EsHZ9zrnx9/JgzpR3n21pZXVvf2Cxtlbd3dvf27YPDtooSSWiLRDySXR8rypmgLc00p91YUhz6nHb8yU3udx6oVCwS9zqNqRfikWBDRrA20sA+NumAkfyCqv0x1lk6rQ7silNzZkDLxC1IBQo0B/ZXP4hIElKhCcdK9Vwn1l6GpWaE02m5nygaYzLBI9ozVOCQKi+bbT9FZ0YJ0DCS5giNZurviQyHSqWhb5Ih1mO16OXif14v0cMrL2MiTjQVZP7QMOFIRyivAgVMUqJ5aggmkpldERljiYk2hZVNCe7il5dJu15zL2r1u3qlcV3UUYITOIVzcOESGnALTWgBgUd4hld4s56sF+vd+phHV6xi5gj+wPr8AUYKlRg=</latexit>

loss `(ŷ, y)
<latexit sha1_base64="eC27OZU9G9z9xvfIQngAZDW+P+k=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWArVJCS1IUui25cVrAPaEKZTCft0MlMmJkIIXbhr7hxoYhbf8Odf+O0zUJbD1w4nHMv994TxIwq7TjfVmFldW19o7hZ2tre2d2z9w/aSiQSkxYWTMhugBRhlJOWppqRbiwJigJGOsH4Zup3HohUVPB7ncbEj9CQ05BipI3Ut4+YUApWPMJY1RshnaWT8/Ss0rfLTs2ZAS4TNydlkKPZt7 +8gcBJRLjGDCnVc51Y+xmSmmJGJiUvUSRGeIyGpGcoRxFRfja7fwJPjTKAoZCmuIYz9fdEhiKl0igwnRHSI7XoTcX/vF6iwys/ozxONOF4vihMGNQCTsOAAyoJ1iw1BGFJza0Qj5BEWJvISiYEd/HlZdKu19yLWv2uXm5c53EUwTE4AVXggkvQALegCVoAg0fwDF7Bm/VkvVjv1se8tWDlM4fgD6zPH8jRlUs=</latexit>

loss `(ŷ, y)
<latexit sha1_base64="eC27OZU9G9z9xvfIQngAZDW+P+k=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWArVJCS1IUui25cVrAPaEKZTCft0MlMmJkIIXbhr7hxoYhbf8Odf+O0zUJbD1w4nHMv994TxIwq7TjfVmFldW19o7hZ2tre2d2z9w/aSiQSkxYWTMhugBRhlJOWppqRbiwJigJGOsH4Zup3HohUVPB7ncbEj9CQ05BipI3Ut4+YUApWPMJY1RshnaWT8/Ss0rfLTs2ZAS4TNydlkKPZt7+8gcBJRLjGDCnVc51Y+xmSmmJGJiUvUSRGeIyGpGcoRxFRfja7fwJPjTKAoZCmuIYz9fdEhiKl0igwnRHSI7XoTcX/vF6iwys/ozxONOF4vihMGNQCTsOAAyoJ1iw1BGFJza0Qj5BEWJvISiYEd/HlZdKu19yLWv2uXm5c53EUwTE4AVXggkvQALegCVoAg0fwDF7Bm/VkvVjv1se8tWDlM4fgD6zPH8jRlUs=</latexit>

`(ŷ,�1) =

⇢
0 ŷ < 0

+1 ŷ � 0
<latexit sha1_base64="+7dzkzD0kIytNYrA39/oTDjk/xo="></latexit>

`(ŷ,+1) =

⇢
0 ŷ > 0

+1 ŷ  0
<latexit sha1_base64="NGZSeuQiASQVE+HdEdOEfCy3d1M="></latexit>



Problem with 0-1 loss
• 0-1 loss is not differentiable, or even continuous (and 

certainly not convex)


• its gradient is zero or does not exist


• Gradient based optimizer does not know how to improve 
the model

11



Ideas of proxy loss
• we get better results using proxy losses that 


• approximate, or captures the flavor of, the 0-1 loss 

•  is more easily optimized (e.g. convex and/or non-

zero derivatives)


• concretely, we want proxy loss function

•  

•  

•  Which has other nice characteristics, e.g., 

differentiable or convex

12

with `(ŷ,�1) small when ŷ < 0 and larger when ŷ > 0
<latexit sha1_base64="Ye8A6Yf0RfRi+v4zjJTnAxqs56c="></latexit>

with `(ŷ, 1) small when ŷ > 0 and larger when ŷ < 0
<latexit sha1_base64="FPK/cEAUSYhH2bAZlkPbi0NO30g="></latexit>



Sigmoid loss (also known as logistic function)

• differentiable approximation of 0-1 loss


• but not convex in  

• the two losses sum to one 

       


• softer (or smoothed) version of the 0-1 loss

̂y

1
1 + e− ̂y

+
1

1 + e ̂y
=

e ̂y

e ̂y + 1
+

1
1 + e ̂y

= 1
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`(ŷ,�1) = 1
1+e�ŷ

<latexit sha1_base64="aCMdFQxhW8LtlLpgLq9WEDOM0Ps=">AAACGHicbVDLSgNBEJyNrxhfUY9eBhMhosbdeNCLEPTiMYJ5QDaG2UlvMmT2wcysEJb9DC/+ihcPinjNzb9xkuxBEwsaiqpuuruckDOpTPPbyCwtr6yuZddzG5tb2zv53b2GDCJBoU4DHoiWQyRw5kNdMcWhFQognsOh6QxvJ37zCYRkgf+gRiF0PNL3mcsoUVrq5s+LNnBesgdExaPk9Mw6xtfYdgWhsZXE1gk8xmepmSRFnOvmC2bZnAIvEislBZSi1s2P7V5AIw98RTmRsm2ZoerERChGOSQ5O5IQEjokfWhr6hMPZCeePpbgI630sBsIXb7CU/X3REw8KUeeozs9ogZy3puI/3ntSLlXnZj5YaTAp7NFbsSxCvAkJdxjAqjiI00IFUzfiumA6FSUznISgjX/8iJpVMrWRblyXylUb9I4sugAHaISstAlqqI7VEN1RNEzekXv6MN4Md6MT+Nr1pox0pl99AfG+Ae+lJ5X</latexit>

true y
<latexit sha1_base64="aHb1GRETLaJvPZKLjXa2qiOPoRo=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mkizZ2zt394TjyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMviAXXxnW/nbX1jc2t7cJOcXdv/+CwdHTc0lGiGDZZJCLVCahGwSU2DTcCO7FCGgYC28Hkdua3n1BpHskHk8boh3Qk+ZAzaqzUMSpBUkkr/VLZrbpzkFXi5aQMORr90ldvELEkRGmYoFp3PTc2fkaV4UzgtNhLNMaUTegIu5ZKGqL2s/m9U3JulQEZRsqWNGSu/p7IaKh1Gga2M6RmrJe9mfif103M8NrPuIwTg5ItFg0TQUxEZs+TAVfIjEgtoUxxeythY6ooMzaiog3BW355lbRqVe+yWruvles3eRwFOIUzuAAPrqAOd9CAJjAQ8Ayv8OY8Oi/Ou/OxaF1z8pkT+APn8wc6ko9t</latexit>

true y
<latexit sha1_base64="aHb1GRETLaJvPZKLjXa2qiOPoRo=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mkizZ2zt394TjyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMviAXXxnW/nbX1jc2t7cJOcXdv/+CwdHTc0lGiGDZZJCLVCahGwSU2DTcCO7FCGgYC28Hkdua3n1BpHskHk8boh3Qk+ZAzaqzUMSpBUkkr/VLZrbpzkFXi5aQMORr90ldvELEkRGmYoFp3PTc2fkaV4UzgtNhLNMaUTegIu5ZKGqL2s/m9U3JulQEZRsqWNGSu/p7IaKh1Gga2M6RmrJe9mfif103M8NrPuIwTg5ItFg0TQUxEZs+TAVfIjEgtoUxxeythY6ooMzaiog3BW355lbRqVe+yWruvles3eRwFOIUzuAAPrqAOd9CAJjAQ8Ayv8OY8Oi/Ou/OxaF1z8pkT+APn8wc6ko9t</latexit>

`(ŷ,+1) =
1

1 + eŷ
<latexit sha1_base64="JxSC+J99uzZtp4893nwOgdmzhSQ=">AAACE3icbVDLSgNBEJyNrxhfqx69DAYhGgm7UdCLEPTiMYJ5QDaG2UlvMmT2wcysEJb9By/+ihcPinj14s2/cZLsQaMFDUVVN91dbsSZVJb1ZeQWFpeWV/KrhbX1jc0tc3unKcNYUGjQkIei7RIJnAXQUExxaEcCiO9yaLmjq4nfugchWRjcqnEEXZ8MAuYxSpSWeuaRA5yXnCFRyTg9LtuH+AI7niA0sdPELsNdknlp2jOLVsWaAv8ldkaKKEO9Z346/ZDGPgSKciJlx7Yi1U2IUIxySAtOLCEidEQG0NE0ID7IbjL9KcUHWuljLxS6AoWn6s+JhPhSjn1Xd/pEDeW8NxH/8zqx8s67CQuiWEFAZ4u8mGMV4klAuM8EUMXHmhAqmL4V0yHRiSgdY0GHYM+//Jc0qxX7pFK9OS3WLrM48mgP7aMSstEZqqFrVEcNRNEDekIv6NV4NJ6NN+N91pozspld9AvGxzfOUZ2G</latexit>



Logistic loss

• differentiable and convex in 

• approximation of 0-1 

• don’t get confused between logistic loss (which is the function 

above) and logistic function (which is the sigmoid loss)

̂y
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`(ŷ,�1) = log(1 + eŷ)
<latexit sha1_base64="dfDuPaHuglh+tIV/Off0fWMs5Eo=">AAACFHicbVDLSsNAFJ3UV62vqEs3g63QUi1JXehGKLpxWcE+oIllMr1th04ezEyEEPoRbvwVNy4UcevCnX9j0mah1QMXDufcy733OAFnUhnGl5ZbWl5ZXcuvFzY2t7Z39N29tvRDQaFFfe6LrkMkcOZBSzHFoRsIIK7DoeNMrlK/cw9CMt+7VVEAtktGHhsySlQi9fVqyQLOy9aYqDiaHp+YFXyBscX9Udmswl2cGdNKCRf6etGoGTPgv8TMSBFlaPb1T2vg09AFT1FOpOyZRqDsmAjFKIdpwQolBIROyAh6CfWIC9KOZ09N8VGiDPDQF0l5Cs/UnxMxcaWMXCfpdIkay0UvFf/zeqEantsx84JQgUfni4Yhx8rHaUJ4wARQxaOEECpYciumYyIIVUmOaQjm4st/SbteM09r9Zt6sXGZxZFHB+gQlZGJzlADXaMmaiGKHtATekGv2qP2rL1p7/PWnJbN7KNf0D6+AYY2m/g=</latexit>

true y
<latexit sha1_base64="aHb1GRETLaJvPZKLjXa2qiOPoRo=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mkizZ2zt394TjyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMviAXXxnW/nbX1jc2t7cJOcXdv/+CwdHTc0lGiGDZZJCLVCahGwSU2DTcCO7FCGgYC28Hkdua3n1BpHskHk8boh3Qk+ZAzaqzUMSpBUkkr/VLZrbpzkFXi5aQMORr90ldvELEkRGmYoFp3PTc2fkaV4UzgtNhLNMaUTegIu5ZKGqL2s/m9U3JulQEZRsqWNGSu/p7IaKh1Gga2M6RmrJe9mfif103M8NrPuIwTg5ItFg0TQUxEZs+TAVfIjEgtoUxxeythY6ooMzaiog3BW355lbRqVe+yWruvles3eRwFOIUzuAAPrqAOd9CAJjAQ8Ayv8OY8Oi/Ou/OxaF1z8pkT+APn8wc6ko9t</latexit>

true y
<latexit sha1_base64="aHb1GRETLaJvPZKLjXa2qiOPoRo=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mkizZ2zt394TjyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMviAXXxnW/nbX1jc2t7cJOcXdv/+CwdHTc0lGiGDZZJCLVCahGwSU2DTcCO7FCGgYC28Hkdua3n1BpHskHk8boh3Qk+ZAzaqzUMSpBUkkr/VLZrbpzkFXi5aQMORr90ldvELEkRGmYoFp3PTc2fkaV4UzgtNhLNMaUTegIu5ZKGqL2s/m9U3JulQEZRsqWNGSu/p7IaKh1Gga2M6RmrJe9mfif103M8NrPuIwTg5ItFg0TQUxEZs+TAVfIjEgtoUxxeythY6ooMzaiog3BW355lbRqVe+yWruvles3eRwFOIUzuAAPrqAOd9CAJjAQ8Ayv8OY8Oi/Ou/OxaF1z8pkT+APn8wc6ko9t</latexit>

`(ŷ,+1) = log(1 + e�ŷ)
<latexit sha1_base64="BavQ7kgEsDPZS9sh/dE1nxYZjoo=">AAACEHicbVDLSgNBEJyNrxhfUY9eBoOYEA27UdCLEPTiMYJ5QHYNs5NOMmT2wcyssCz5BC/+ihcPinj16M2/cZLsQaMFDUVVN91dbsiZVKb5ZWQWFpeWV7KrubX1jc2t/PZOUwaRoNCgAQ9E2yUSOPOhoZji0A4FEM/l0HJHVxO/dQ9CssC/VXEIjkcGPuszSpSWuvlDGzgv2kOiknh8VLZK+ALbPBgUrTLcJcepMS518wWzYk6B/xIrJQWUot7Nf9q9gEYe+IpyImXHMkPlJEQoRjmMc3YkISR0RAbQ0dQnHkgnmT40xgda6eF+IHT5Ck/VnxMJ8aSMPVd3ekQN5bw3Ef/zOpHqnzsJ88NIgU9ni/oRxyrAk3RwjwmgiseaECqYvhXTIRGEKp1hTodgzb/8lzSrFeukUr05LdQu0ziyaA/toyKy0BmqoWtURw1E0QN6Qi/o1Xg0no03433WmjHSmV30C8bHNyn1m2s=</latexit>



Hinge loss

• non-differentiable but convex approximation of 0-1 loss
15

`(ŷ,�1) = [1 + ŷ]+
<latexit sha1_base64="XZifSA0ZLb55QFNLOcG35WxZP6g=">AAACEHicbVDLSsNAFJ3UV62vqEs3g61YqZakLnQjFN24rGAfkMQymU7boZNJmJkIIeQT3Pgrblwo4talO//GpM1CqwcuHM65l3vvcQNGpTKML62wsLi0vFJcLa2tb2xu6ds7HemHApM29pkvei6ShFFO2ooqRnqBIMhzGem6k6vM794TIanPb1UUEMdDI06HFCOVSn39sGITxqr2GKk4So5PzCN4AaFl1uJcSpy7WgWW+nrZqBtTwL/EzEkZ5Gj19U974OPQI1xhhqS0TCNQToyEopiRpGSHkgQIT9CIWCnlyCPSiacPJfAgVQZw6Iu0uIJT9edEjDwpI89NOz2kxnLey8T/PCtUw3MnpjwIFeF4tmgYMqh8mKUDB1QQrFiUEoQFTW+FeIwEwirNMAvBnH/5L+k06uZpvXHTKDcv8ziKYA/sgyowwRlogmvQAm2AwQN4Ai/gVXvUnrU37X3WWtDymV3wC9rHN410ml8=</latexit>

where [x]+ = max{0, x}
<latexit sha1_base64="po+trxOdff3cdlFy/8nA3Vd53Cg=">AAACCHicbVDJSgNBEO2JW4zbqEcPNiaCoISZeFAIQtCLxwhmgcwYejqVpEnPQnePJgw5evFXvHhQxKuf4M2/sbMcNPFBweO9KqrqeRFnUlnWt5FaWFxaXkmvZtbWNza3zO2dqgxjQaFCQx6KukckcBZARTHFoR4JIL7Hoeb1rkZ+7R6EZGFwqwYRuD7pBKzNKFFaapr7D10QgHONvnt3jJ3ihVPEjk/6TmKd9J1hrmlmrbw1Bp4n9pRk0RTlpvnltEIa+xAoyomUDduKlJsQoRjlMMw4sYSI0B7pQEPTgPgg3WT8yBAfaqWF26HQFSg8Vn9PJMSXcuB7utMnqitnvZH4n9eIVfvcTVgQxQoCOlnUjjlWIR6lgltMAFV8oAmhgulbMe0SQajS2WV0CPbsy/OkWsjbp/nCTSFbupzGkUZ76AAdIRudoRK6RmVUQRQ9omf0it6MJ+PFeDc+Jq0pYzqzi/7A+PwB1geX8A==</latexit>

true y
<latexit sha1_base64="aHb1GRETLaJvPZKLjXa2qiOPoRo=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mkizZ2zt394TjyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMviAXXxnW/nbX1jc2t7cJOcXdv/+CwdHTc0lGiGDZZJCLVCahGwSU2DTcCO7FCGgYC28Hkdua3n1BpHskHk8boh3Qk+ZAzaqzUMSpBUkkr/VLZrbpzkFXi5aQMORr90ldvELEkRGmYoFp3PTc2fkaV4UzgtNhLNMaUTegIu5ZKGqL2s/m9U3JulQEZRsqWNGSu/p7IaKh1Gga2M6RmrJe9mfif103M8NrPuIwTg5ItFg0TQUxEZs+TAVfIjEgtoUxxeythY6ooMzaiog3BW355lbRqVe+yWruvles3eRwFOIUzuAAPrqAOd9CAJjAQ8Ayv8OY8Oi/Ou/OxaF1z8pkT+APn8wc6ko9t</latexit>

true y
<latexit sha1_base64="aHb1GRETLaJvPZKLjXa2qiOPoRo=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mkizZ2zt394TjyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMviAXXxnW/nbX1jc2t7cJOcXdv/+CwdHTc0lGiGDZZJCLVCahGwSU2DTcCO7FCGgYC28Hkdua3n1BpHskHk8boh3Qk+ZAzaqzUMSpBUkkr/VLZrbpzkFXi5aQMORr90ldvELEkRGmYoFp3PTc2fkaV4UzgtNhLNMaUTegIu5ZKGqL2s/m9U3JulQEZRsqWNGSu/p7IaKh1Gga2M6RmrJe9mfif103M8NrPuIwTg5ItFg0TQUxEZs+TAVfIjEgtoUxxeythY6ooMzaiog3BW355lbRqVe+yWruvles3eRwFOIUzuAAPrqAOd9CAJjAQ8Ayv8OY8Oi/Ou/OxaF1z8pkT+APn8wc6ko9t</latexit>

`(ŷ,+1) = [1� ŷ]+
<latexit sha1_base64="ybsypnu892/Uo3MyRtIMqD22LaI=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0WoVEtSBd0IRTcuK9gHJLFMppN26GQSZiZCCN268VfcuFDErX/gzr9x2mah1QMXDufcy733+DGjUlnWl1FYWFxaXimultbWNza3zO2dtowSgUkLRywSXR9JwignLUUVI91YEBT6jHT80dXE79wTIWnEb1UaEy9EA04DipHSUs+ELmGs4g6RytLxUdU+hBfQsY9zwbur9syyVbOmgH+JnZMyyNHsmZ9uP8JJSLjCDEnp2FasvAwJRTEj45KbSBIjPEID4mjKUUikl00/GcMDrfRhEAldXMGp+nMiQ6GUaejrzhCpoZz3JuJ/npOo4NzLKI8TRTieLQoSBlUEJ7HAPhUEK5ZqgrCg+laIh0ggrHR4JR2CPf/yX9Ku1+yTWv3mtNy4zOMogj2wDyrABmegAa5BE7QABg/gCbyAV+PReDbejPdZa8HIZ3bBLxgf3+u4mJE=</latexit>



Square loss

• not only is it convex, square loss is easy to minimize 
 (has a closed form solution)

16

true y
<latexit sha1_base64="aHb1GRETLaJvPZKLjXa2qiOPoRo=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mkizZ2zt394TjyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMviAXXxnW/nbX1jc2t7cJOcXdv/+CwdHTc0lGiGDZZJCLVCahGwSU2DTcCO7FCGgYC28Hkdua3n1BpHskHk8boh3Qk+ZAzaqzUMSpBUkkr/VLZrbpzkFXi5aQMORr90ldvELEkRGmYoFp3PTc2fkaV4UzgtNhLNMaUTegIu5ZKGqL2s/m9U3JulQEZRsqWNGSu/p7IaKh1Gga2M6RmrJe9mfif103M8NrPuIwTg5ItFg0TQUxEZs+TAVfIjEgtoUxxeythY6ooMzaiog3BW355lbRqVe+yWruvles3eRwFOIUzuAAPrqAOd9CAJjAQ8Ayv8OY8Oi/Ou/OxaF1z8pkT+APn8wc6ko9t</latexit>

true y
<latexit sha1_base64="aHb1GRETLaJvPZKLjXa2qiOPoRo=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mkizZ2zt394TjyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMviAXXxnW/nbX1jc2t7cJOcXdv/+CwdHTc0lGiGDZZJCLVCahGwSU2DTcCO7FCGgYC28Hkdua3n1BpHskHk8boh3Qk+ZAzaqzUMSpBUkkr/VLZrbpzkFXi5aQMORr90ldvELEkRGmYoFp3PTc2fkaV4UzgtNhLNMaUTegIu5ZKGqL2s/m9U3JulQEZRsqWNGSu/p7IaKh1Gga2M6RmrJe9mfif103M8NrPuIwTg5ItFg0TQUxEZs+TAVfIjEgtoUxxeythY6ooMzaiog3BW355lbRqVe+yWruvles3eRwFOIUzuAAPrqAOd9CAJjAQ8Ayv8OY8Oi/Ou/OxaF1z8pkT+APn8wc6ko9t</latexit>

ℓ( ̂y, + 1) = ( ̂y − 1)2
ℓ( ̂y, − 1) = ( ̂y + 1)2
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Logistic regression:  
it is called regression but is just classification with 

logistic loss



Logistic regression
• uses logistic loss 

 
            
 
 
 
 

         

 
with a choice of a regularizer 


• can minimize 

• is a convex optimization if the regularizer is convex, and the minimizer 

can be found efficiently


• this follows from the fact that  is convex in  
(and  is also a convex function in )

ŵlogistic = arg min
w

ℒ(w) =
1
n ( ∑

i:yi=−1

log(1 + ewT xi) + ∑
i:yi=+1

log(1 + e−wT xi) )
r(w)

ℒ(w) + λr(w)

f(z) = log(1 + ez) z ∈ ℝ
f(z) = log(1 + e−z) z ∈ ℝ

18



Example: linear classifier trained on 100 samples

• linear model: 


• predict using 

• 20% mis-classified in training data

•     true positive            =42,      false positive          =12,

•     true negative          =38,     false negative           =8

̂y = f(x) = w0 + w1x[1] + w2x[2]
̂v = sign( ̂y)

19

x[1]
<latexit sha1_base64="G4qQjwHB5qu/snoWuKUhnnxkpFg=">AAAB7XicbVA9T8MwEL2Ur1K+CowsFi0SU5WUAcYKFsYi0Q8pjSrHdVpTx45sB1FF/Q8sDCDEyv9h49/gthmg5UknPb13p7t7YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tUEdoikkvVDbGmnAnaMsxw2k0UxXHIaScc38z8ziNVmklxbyYJDWI8FCxiBBsrtatPvhdU++WKW3PnQKvEy0kFcjT75a/eQJI0psIQjrX2PTcxQYaVYYTTaamXappgMsZD6lsqcEx1kM2vnaIzqwxQJJUtYdBc/T2R4VjrSRzazhibkV72ZuJ/np+a6CrImEhSQwVZLIpSjoxEs9fRgClKDJ9Ygoli9lZERlhhYmxAJRuCt/zyKmnXa95FrX5XrzSu8ziKcAKncA4eXEIDbqEJLSDwAM/wCm+OdF6cd+dj0Vpw8plj+APn8wdyRI5h</latexit>

x[2]
<latexit sha1_base64="+kGcMsx6YZr6dnzaJZGSu+hJC/s=">AAAB7XicbVA9T8MwEL2Ur1K+CowsFi0SU5WEAcYKFsYi0Q8pjSrHdVtTx45sB1FF/Q8sDCDEyv9h49/gthmg5UknPb13p7t7UcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8tUEdokkkvVibCmnAnaNMxw2kkUxXHEaTsa38z89iNVmklxbyYJDWM8FGzACDZWalWfAj+s9soVt+bOgVaJl5MK5Gj0yl/dviRpTIUhHGsdeG5iwgwrwwin01I31TTBZIyHNLBU4JjqMJtfO0VnVumjgVS2hEFz9fdEhmOtJ3FkO2NsRnrZm4n/eUFqBldhxkSSGirIYtEg5chINHsd9ZmixPCJJZgoZm9FZIQVJsYGVLIheMsvr5KWX/Muav6dX6lf53EU4QRO4Rw8uIQ63EIDmkDgAZ7hFd4c6bw4787HorXg5DPH8AfO5w9zyo5i</latexit>

+1

-1

simple decision boundary 

at wT x = 0

Ctp
<latexit sha1_base64="kV00bgvd1xR70Ru6LKEeiL1lQjM=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRV0GOxF48VbC20oWy2m3btZjfsToQS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8MBHcoOd9O4W19Y3NreJ2aWd3b/+gfHjUNirVlLWoEkp3QmKY4JK1kKNgnUQzEoeCPYTjxsx/eGLacCXvcZKwICZDySNOCVqp3ehnmEz75YpX9eZwV4mfkwrkaPbLX72BomnMJFJBjOn6XoJBRjRyKti01EsNSwgdkyHrWipJzEyQza+dumdWGbiR0rYkunP190RGYmMmcWg7Y4Ijs+zNxP+8borRdZBxmaTIJF0silLhonJnr7sDrhlFMbGEUM3trS4dEU0o2oBKNgR/+eVV0q5V/Ytq7e6yUr/J4yjCCZzCOfhwBXW4hSa0gMIjPMMrvDnKeXHenY9Fa8HJZ47hD5zPH7b3jzg=</latexit>

Cfp
<latexit sha1_base64="gw/5p6rr9/EwzTlUfpnP9b15L/g=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mtgh6LvXisYGuhXUo2zbax2SQkWaEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZepDgz1ve/vcLa+sbmVnG7tLO7t39QPjxqG5lqQltEcqk7ETaUM0FblllOO0pTnEScPkTjxsx/eKLaMCnu7UTRMMFDwWJGsHVSu9HPYjXtlyt+1Z8DrZIgJxXI0eyXv3oDSdKECks4NqYb+MqGGdaWEU6npV5qqMJkjIe066jACTVhNr92is6cMkCx1K6ERXP190SGE2MmSeQ6E2xHZtmbif953dTG12HGhEotFWSxKE45shLNXkcDpimxfOIIJpq5WxEZYY2JdQGVXAjB8surpF2rBhfV2t1lpX6Tx1GEEziFcwjgCupwC01oAYFHeIZXePOk9+K9ex+L1oKXzxzDH3ifP6Gjjyo=</latexit>

Ctn
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Cfn
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Probabilistic interpretation of logistic regression
• just as Maximum Likelihood Estimator (MLE) under linear model and 

additive Gaussian noise model recovers linear least squares, 

• we study a particular noise model that recovers logistic regression  

• a probabilistic noise model for Boolean labels: 

                      
 

                      
 
with a ground truth model parameter  

• this function  is called a logistic function (not to be 
confused with logistic loss, which is different) or a sigmoid function 

• if we know that the data came from such a model, but do not know the 
ground truth parameter , we can apply MLE to find the best 


• this MLE recovers the logistic regression algorithm, exactly

ℙ(yi = + 1 |xi) =
1

1 + e−wT xi

ℙ(yi = − 1 |xi) =
1

1 + ewT xi

w ∈ ℝd

σ(z) =
1

1 + e−z

w ∈ ℝd w
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Maximum Likelihood Estimator (MLE)
• if the data came from a probabilistic model model:


• log-likelihood of observing a data point  is 


• Maximum Likelihood Estimator is the one that maximizes the sum of all log-
likelihoods on training data points 
   

 

    

 

   

(xi, yi)

ŵMLE = arg max
w

ℙ({y1, …, yn} |{x1, …, xn})

= arg max
w

n

∏
i=1

ℙ(yi |xi)

= arg max
w ∑

i:yi=−1

log( 1
1 + ewT xi

) + ∑
i:yi=1

log( 1
1 + e−wT xi

)
21

(
1

1 + e�wT x
| {z }
P(yi=+1|xi)

,
1

1 + ewT x
| {z }
P(yi=�1|xi)

)

<latexit sha1_base64="v2hVfOx7Dflcc3ic2iErTr3IKFw="></latexit>

log-likelihood = log
⇣
P(yi|xi)

⌘
=

8
<

:
log

⇣
1

1+e�wT xi

⌘
if yi = +1

log
⇣

1
1+ew

T xi

⌘
if yi = �1

<latexit sha1_base64="t04mqFqc4+8EsIhlCFAAwRo3moE="></latexit>

(independence)

(substitution)



• notice that this is exactly the logistic regression:  
 
 

 

• once we have trained a model , we can make a hard 
prediction  of the label at an input example  
 
        

ŵlogistic = arg min
w

1
n ( ∑

i:yi=−1

log(1 + ewT xi) + ∑
i:yi=1

log(1 + e−wT xi) )

ŵlogistic
̂v x

̂v
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=

⇢
+1 if P(+1|x) � P(�1|x)
�1 otherwise

<latexit sha1_base64="qN+cqG0fMoqW6rk9X0oejOsfSrA="></latexit>

=

⇢
+1 if 1

1+e�wT x
� 1

1+ewT x

�1 otherwise
<latexit sha1_base64="xHzbOu1hlx/wGkdUaJHekEzZY8g="></latexit>

=

⇢
+1 if 1  e2w

T x

�1 otherwise
<latexit sha1_base64="DGLdRAy0CfoZC2VOFdhM2aK3RMU="></latexit>

= sign(wTx)
<latexit sha1_base64="rcXPrDzoG45WVF2U+I72Qtjorfg=">AAAB+3icbVDLSgMxFM3UV62vsS7dBItQN2WmCroRim5cVugL2rFk0kwbmmSGJKMtw/yKGxeKuPVH3Pk3pu0stPXAhcM593LvPX7EqNKO823l1tY3Nrfy24Wd3b39A/uw2FJhLDFp4pCFsuMjRRgVpKmpZqQTSYK4z0jbH9/O/PYjkYqGoqGnEfE4GgoaUIy0kfp28RomPcmhokORlp8eGpOzvl1yKs4ccJW4GSmBDPW+/dUbhDjmRGjMkFJd14m0lyCpKWYkLfRiRSKEx2hIuoYKxInykvntKTw1ygAGoTQlNJyrvycSxJWact90cqRHatmbif953VgHV15CRRRrIvBiURAzqEM4CwIOqCRYs6khCEtqboV4hCTC2sRVMCG4yy+vkla14p5XqvcXpdpNFkceHIMTUAYuuAQ1cAfqoAkwmIBn8ArerNR6sd6tj0VrzspmjsAfWJ8/6TKTtg==</latexit>



Overfitting in classification
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Example: adding more polynomial features

• data: x in 2-dimensions, y in {+1,-1}

• features: polynomials

• model: linear

•

24

2

66666664

h0(x) = 1
h1(x) = x[1]
h2(x) = x[2]
h3(x) = x[1]2

h4(x) = x[2]2

...

3

77777775

<latexit sha1_base64="R8lT9YrTLdjF0zIJVePceYxnBEw="></latexit>

Polynomial

features

f(x) = w0h0(x) + w1h1(x) + w2h2(x) + · · ·
<latexit sha1_base64="JUYZhM1SkEXYn6hp60bsVkxC6Bo=">AAACHnicbZDLSsNAFIYnXmu9RV26GSxCRShJVBSKUHTjsoK9QBPCZDpphk4uzEzUUvokbnwVNy4UEVzp2zhpI2jrDwPf/OccZs7vJYwKaRhf2tz8wuLScmGluLq2vrGpb203RZxyTBo4ZjFve0gQRiPSkFQy0k44QaHHSMvrX2b11i3hgsbRjRwkxAlRL6I+xUgqy9VP/PL9AbSr53YV3rlG4BrZ/VCxGbjmD1uBa03Yxt1YClcvGRVjLDgLZg4lkKvu6h92N8ZpSCKJGRKiYxqJdIaIS4oZGRXtVJAE4T7qkY7CCIVEOMPxeiO4r5wu9GOuTiTh2P09MUShEIPQU50hkoGYrmXmf7VOKv0zZ0ijJJUkwpOH/JRBGcMsK9ilnGDJBgoQ5lT9FeIAcYSlSrSoQjCnV56FplUxjyrW9XGpdpHHUQC7YA+UgQlOQQ1cgTpoAAwewBN4Aa/ao/asvWnvk9Y5LZ/ZAX+kfX4DTw6drQ==</latexit>



Learned decision boundary

25

decision boundary

• Simple regression models had smooth predictors

• Simple classifier models have smooth decision boundaries

Feature Value Coefficient 
learnedh0(x) 1 0.23

h1(x) x[1] 1.12
h2(x) x[2] -1.07

3-d view

x[1]
<latexit sha1_base64="tI1dD7ifFzvm6NeEzfCF5mfwbWw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7AekoWy2m3bp7ibsbsQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8MOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244uc397iNVmsXywUwTGgg8kixiBJtcevK9YFCtuXV3DrRKvILUoEBrUP3qD2OSCioN4Vhr33MTE2RYGUY4nVX6qaYJJhM8or6lEguqg2x+6wydWWWIoljZkgbN1d8TGRZaT0VoOwU2Y73s5eJ/np+a6DrImExSQyVZLIpSjkyM8sfRkClKDJ9agoli9lZExlhhYmw8FRuCt/zyKuk06t5FvXF/WWveFHGU4QRO4Rw8uIIm3EEL2kBgDM/wCm+OcF6cd+dj0Vpyiplj+APn8we5yo4H</latexit>

x[2]
<latexit sha1_base64="68KD07JPHpmYifnn3x19MRCCeNk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7AekoWy2m3bp7ibsbsQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8MOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244uc397iNVmsXywUwTGgg8kixiBJtcevIbwaBac+vuHGiVeAWpQYHWoPrVH8YkFVQawrHWvucmJsiwMoxwOqv0U00TTCZ4RH1LJRZUB9n81hk6s8oQRbGyJQ2aq78nMiy0norQdgpsxnrZy8X/PD810XWQMZmkhkqyWBSlHJkY5Y+jIVOUGD61BBPF7K2IjLHCxNh4KjYEb/nlVdJp1L2LeuP+sta8KeIowwmcwjl4cAVNuIMWtIHAGJ7hFd4c4bw4787HorXkFDPH8AfO5w+7T44I</latexit>

f(x) = w0 + w1x[1] + w2x[2]
<latexit sha1_base64="OhcY2F7Kh/dVA/LxiIP9xgba30Q=">AAACA3icbVDLSsNAFJ34rPUVdaebwSJUCiWJgm6EohuXFewD0hAm00k7dDIJMxPbEgpu/BU3LhRx60+482+cPhbaeuDC4Zx7ufeeIGFUKsv6NpaWV1bX1nMb+c2t7Z1dc2+/LuNUYFLDMYtFM0CSMMpJTVHFSDMRBEUBI42gdzP2Gw9ESBrzezVMiBehDqchxUhpyTcPw+Lg9KrvW7AE+749cG2v1Pedget4vlmwytYEcJHYM1IAM1R986vVjnEaEa4wQ1K6tpUoL0NCUczIKN9KJUkQ7qEOcTXlKCLSyyY/jOCJVtowjIUuruBE/T2RoUjKYRTozgiprpz3xuJ/npuq8NLLKE9SRTieLgpTBlUMx4HANhUEKzbUBGFB9a0Qd5FAWOnY8joEe/7lRVJ3yvZZ2bk7L1SuZ3HkwBE4BkVggwtQAbegCmoAg0fwDF7Bm/FkvBjvxse0dcmYzRyAPzA+fwCN9ZWN</latexit>

https://www.google.com/search?ei=Wxu9XPS3BYmt0gLrkoyYDQ&q=0.23+1.12x+-1.07y&oq=0.23+1.12x+-1.07y&gs_l=psy-ab.3...11199.11199..11397...0.0..0.33.33.1......0....1..gws-wiz.......0i71.J2TOrs9fhMw


Learned decision boundary
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decision boundary

• Simple regression models had smooth predictors

• Simple classifier models have smooth decision boundaries

Feature Value Coefficient 
learnedh0(x) 1 0.23

h1(x) x[1] 1.12
h2(x) x[2] -1.07

3-d view

x[2]
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f(x) = w0 + w1x[1] + w2x[2]
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decision boundary

• Simple regression models had smooth predictors

• Simple classifier models have smooth decision boundaries

Feature Value Coefficient 
learnedh0(x) 1 0.23

h1(x) x[1] 1.12
h2(x) x[2] -1.07

3-d view

x[1]
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<latexit sha1_base64="68KD07JPHpmYifnn3x19MRCCeNk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7AekoWy2m3bp7ibsbsQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8MOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244uc397iNVmsXywUwTGgg8kixiBJtcevIbwaBac+vuHGiVeAWpQYHWoPrVH8YkFVQawrHWvucmJsiwMoxwOqv0U00TTCZ4RH1LJRZUB9n81hk6s8oQRbGyJQ2aq78nMiy0norQdgpsxnrZy8X/PD810XWQMZmkhkqyWBSlHJkY5Y+jIVOUGD61BBPF7K2IjLHCxNh4KjYEb/nlVdJp1L2LeuP+sta8KeIowwmcwjl4cAVNuIMWtIHAGJ7hFd4c4bw4787HorXkFDPH8AfO5w+7T44I</latexit>

f(x) = w0 + w1x[1] + w2x[2]
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Adding quadratic features

• Adding more features gives more complex models

• Decision boundary becomes more complex28

Feature Value Coefficient 
 learnedh0(x) 1 1.68

h1(x) x[1] 1.39
h2(x) x[2] -0.59
h3(x) (x[1])2 -0.17
h4(x) (x[2])2 -0.96
h5(x) x[1]x[2] Omitted



Adding quadratic features

• Adding more features gives more complex models

• Decision boundary becomes more complex29

Feature Value Coefficient 
 learnedh0(x) 1 1.68

h1(x) x[1] 1.39
h2(x) x[2] -0.59
h3(x) (x[1])2 -0.17
h4(x) (x[2])2 -0.96
h5(x) x[1]x[2] Omitted



Adding quadratic features

• Adding more features gives more complex models

• Decision boundary becomes more complex30

Feature Value Coefficient 
 learnedh0(x) 1 1.68

h1(x) x[1] 1.39
h2(x) x[2] -0.59
h3(x) (x[1])2 -0.17
h4(x) (x[2])2 -0.96
h5(x) x[1]x[2] Omitted



Adding higher degree polynomial features
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Overfitting leads to  
non-generalization

Feature Value Coefficient
learned

h0(x) 1 21.6
h1(x) x[1] 5.3
h2(x) x[2] -42.7
h3(x) (x[1])2 -15.9
h4(x) (x[2])2 -48.6
h5(x) (x[1])3 -11.0
h6(x) (x[2])3 67.0
h7(x) (x[1])4 1.5
h8(x) (x[2])4 48.0
h9(x) (x[1])5 4.4
h10(x) (x[2])5 -14.2
h11(x) (x[1])6 0.8
h12(x) (x[2])6 -8.6

Coefficient values 
getting large
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Overfitting leads to  
non-generalization

Feature Value Coefficient
learned
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Adding higher degree polynomial features
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Overfitting leads to  
non-generalization

Feature Value Coefficient
learned

h0(x) 1 21.6
h1(x) x[1] 5.3
h2(x) x[2] -42.7
h3(x) (x[1])2 -15.9
h4(x) (x[2])2 -48.6
h5(x) (x[1])3 -11.0
h6(x) (x[2])3 67.0
h7(x) (x[1])4 1.5
h8(x) (x[2])4 48.0
h9(x) (x[1])5 4.4
h10(x) (x[2])5 -14.2
h11(x) (x[1])6 0.8
h12(x) (x[2])6 -8.6

Coefficient values 
getting large

• Overfitting leads to very large values of
f(x) = w0h0(x) + w1h1(x) + w2h2(x) + · · ·
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Feature Value Coefficient 
 learnedh0(x) 1 8.7

h1(x) x[1] 5.1
h2(x) x[2] 78.7
… … …

h11(x) (x[1])6 -7.5
h12(x) (x[2])6 3803
h13(x) (x[1])7 21.1
h14(x) (x[2])7 -2406

… … …
h37(x) (x[1])19 -2*10-6

h38(x) (x[2])19 -0.15
h39(x) (x[1])20 -2*10-8

h40(x) (x[2])20 0.03

Even higher degree polynomial features



Regularization path

• Absolute regularizer (a.k.a L1 regularizer) gives sparse 
parameters, which is desired for interpretability, feature 
selection, and efficiency
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absolute regularizer: kwk1 = |w1|+ · · ·+ |wd|
<latexit sha1_base64="At1Qzl9tmjhNixt3SyCK3/hnpO4="></latexit>

L2 regularizer: ∥W∥2
2 = |w1 |2 + ⋯ + |wd |2



Gradient descent
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Iterative algorithms for Empirical Risk Minimization

•
                       


• for some convex loss function , which is convex in 


• we want to find  that minimizes the objective function

• if there is no analytical solution (which is the case for logistic 

regression), we resort to iterative algorithms that compute 
sequence of parameters  each in , hoping 
that it converges to the minimizer of the objective function 


•  is called the -th iterate 

•  is called the starting point 
• an algorithm is a descent method if  

                       
each iterate is better than the previous one

minimizew

n

∑
i=1

ℓ(wT xi, yi)

ℒ(w)

ℓ( ̂y, y) ̂y
ŵ

w(0), w(1), ⋯, w(t) ℝd

w(t) t
w(0)

ℒ(w(t+1)) ≤ ℒ(w(t))
37
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Gradient descent
• suppose  is differentiable, so gradient exists every 


• at (t+1)-th iteration, create affine Taylor approximation of  around 
current iterate  
 
                      

• this approximation is more accurate,  
, for  near 


• hence, we choose  that 


• makes  small 


• while keeping  
 

         


• where  is a trust parameter or step length or learning rate

• the optimal solution of the above update rule is  

              
              


• roughly, take a step in the direction of negative gradient

ℒ(w) w ∈ ℝd

ℒ(w)
w(t)

̂ℒ (w; w(t)) = ℒ(w(t)) + ∇ℒ(w(t))T(w − w(t))

̂ℒ (w; w(t)) ≈ ℒ(w) w w(t)

w(t+1)

̂ℒ (w(t+1); w(t))
∥w(t+1) − w(t)∥2

2

w(t+1) ← arg min
w

̂ℒ (w; w(t)) +
1

2h(t)
∥w − w(t)∥2

2

h(t) > 0

w(t+1) ← w(t) − h(t) ∇ℒ(w(t))
39
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w(t)

̂ℒ (w; w(t))
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Gradient descent update
• at each iteration, we want update  as the minimizer of  

        


• this can be re-written as  
       




• as the first and third terms don’t depend on 

• middle term is minimized (and made zero) by choosing 

 
            


• this is how we update iterates in gradient descent


• in practice,  is fixed as a constant until no progress is being 
made and then decreased by 

w(t+1)

ℒ(w(t)) + ∇ℒ(w(t))T(w − w(t)) +
1

2h(t)
∥w − w(t)∥2

2

ℒ(w(t)) +
1

2h(t)
(w − w(t)) + h(t) ∇ℒ(w(t))

2

2
−

h(t)

2
∥∇ℒ(w(t))∥2

2

w

w(t+1) ← w(t) − h(t) ∇ℒ(w(t))

h(t)

h(t+1) = h(t)/2
41



Gradient descent convergence
• (under some technical conditions) we have  

                   

• i.e., the gradient descent method always finds a global 

minimum of a differentiable convex function

∥∇ℒ(w(t))∥2
2 → 0 as t → ∞

42



Gradient descent for ERM
• to implement gradient descent on a given ERM, one needs to compute 

the gradient (which is typically done automatically via auto 
differentiation) and choose hyper-parameters


• we can manually compute the gradient as 

              

 

              

where  is derivative of  with respect to its first argument 


• this can be done via


• first, compute n-dim vector 


• next, compute n-dim vector  with each entry 


• finally, compute d-dim vector  
              

ℒ(w) =
1
n

n

∑
i=1

ℓ(wT xi, yi)

∇ℒ(w) =
1
n

n

∑
i=1

ℓ′�(wT xi, yi)xi

ℓ′�( ̂y, y) ℓ( ̂y, y) ̂y

̂y(t) = Xw(t)

z(t) z(t)
i = ℓ′ �( ̂y(t)

i , yi)

∇ℒ(w(t)) =
1
n

XTz(t)

43
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2nd operations

n operations



Gradient descent for logistic regression
• the logistic loss is (for )    




• the derivative is        


• the gradient is  
                   




•    operations per iteration

̂y = wT x
ℓ( ̂y, y) = log(1 + e−y ̂y) = log(1 + e−y(wT x))

ℓ′�( ̂y, y) =
∂ℓ( ̂y, y)

∂ ̂y
=

−y e−y ̂y

1 + e−y ̂y

∇ℒ(w(t)) =
1
n

n

∑
i=1

ℓ′ �(wT xi, yi)xi =
1
n

n

∑
i=1

−yi e−yi wT xi

1 + e−yi wT xi
xi

4nd + n ≈ 4nd
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Stochastic gradient descent for logistic regression

• recall the gradient descent for ERM is 

                

 

              

 
               

• as gradient computation can be slow (4nd operations) for large training data with 
large , 


• stochastic gradient descent (SGD) approximates the gradient by a minibatch of 
sampled gradients 


• choose the size  of minibatches to be used


• at each iteration, randomly sample a minibatch of size   
                  


• compute stochastic gradient update 

                 

ℒ(w) =
1
n

n

∑
i=1

ℓ(wT xi, yi)

∇ℒ(w) =
1
n

n

∑
i=1

ℓ′ �(wT xi, yi)xi

w(t+1) ← w(t) − h(t) ∇ℒ(w(t))

n

m
m

S(t) = {i(t)
1 , …, i(t)

m }

w(t+1) ← w(t) − h(t) 1
m ∑

i∈S(t)

ℓ′ �(wT xi, yi)xi
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Stochastic gradient descent
• each update requires 4md operations 

• this is a stochastic (random) approximation of the actual full gradient


• this is an unbiased estimate of the full gradient  
 
            

  

 
                                              

                                             


• choosing a small batch size  is faster, but has large variance


• choosing a large batch size  is slower, but has small variance


• This is another hyper-parameter you tune, in practice

𝔼S(t)[ 1
m ∑

i∈S(t)

ℓ′ �(wT xi, yi)xi] =
1
m

m

∑
i=1

𝔼i∼Uniform{1,…,n}[ℓ′�(wT xi, yi)xi]

= 𝔼i∼Uniform{1,…,n}[ℓ′ �(wT xi, yi)xi]

=
1
n

n

∑
i=1

ℓ′�(wT xi, yi)xi

m
m
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Multi-class classification



How do we encode categorical data y?
• so far, we considered Boolean case where there are two categories


• encoding  is simple: {+1,-1}, as there is not much difference


• multi-class classification predicts categorial  

• taking values in  

• ’s are called classes or labels


• examples:


• a k-class classifier predicts  given 

y

y
C = {c1, …, ck}

cj

y x
48

Country of birth
(Argentina, Brazil, USA,...)

Zipcode
(10005, 98195,...)

All English words



Embedding ’s in real valuescj
• for optimization we need to embed raw categorical ’s 

into real valued vectors

• there are many ways to embed categorial data

• True->1, False->-1

• Yes->1, Maybe->0, No->-1

• Yes->(1,0), Maybe->(0,0), No->(0,1)

• Apple->(1,0,0), Orange->(0,1,0), Banana->(0,0,1)

• Ordered sequence:  

        (Horse 3, Horse 1, Horse 2) -> (3,1,2)

• we use one-hot embedding (a.k.a. one-hot encoding)

• each class is a standard basis vector in dimension

cj

k−

49

Country of birth
(Argentina, Brazil, USA,...)

x =

196 categories

1-hot 
encoding x h1(x) h2(x) … h195(x) h196(x)

Brazil
Zimbabwe

196 features

1
1



Multi-class logistic regression
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• data: categorical  in  with  categories 

 we use one-hot encoding, s.t.  implies that 


• model: linear vector-function makes a linear prediction  
 

 
 
with model parameter matrix  and sample  
 

  

 
 

y {c1, …, ck} k

y =

1
0
0
0
0

y = c1

̂y ∈ ℝk

̂yi = f(xi) = wT xi

w ∈ ℝd×k xi ∈ ℝd

f(xi) =

f1(xi)
f2(xi)

⋮
fk(xi)

=

w1,0 w1,1 w1,2 ⋯
w2,0 w2,1 w2,2 ⋯

⋮
wk,0 wk,1 wk,2 ⋯

wT

1
xi[1]

⋮
xi[d]

xi

=

w1,0 + w1,1xi[1] + w1,2xi[2] + ⋯
w2,0 + w2,1xi[1] + w2,2xi[2] + ⋯

⋮
wk,0 + wk,1xi[1] + wk,2xi[2] + ⋯

w = [w[: ,1] w[: ,2] ⋯ w[: , k]]



• Logistic regression
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2 classes k classes

Maximum Likelihood Estimator
<latexit sha1_base64="obyMf5CLUC8LFJMMYsPnTNbfIwI=">AAACBXicbVC7SgNBFJ31GeNr1VKLwSBYhd1YaBkUwUIhgnlAsoTZ2dlkyDyWmVkxLGls/BUbC0Vs/Qc7/8ZJsoUmHhg4nHPvnXtPmDCqjed9OwuLS8srq4W14vrG5ta2u7Pb0DJVmNSxZFK1QqQJo4LUDTWMtBJFEA8ZaYaDi7HfvCdKUynuzDAhAUc9QWOKkbFS1z24QQ+Upxxe04Ed0pcygpfaUI6MVF235JW9CeA88XNSAjlqXferE0mcciIMZkjrtu8lJsiQMhQzMip2Uk0ShAeoR9qWCsSJDrLJFSN4ZJUIxlLZJwycqL87MsS1HvLQVtrt+nrWG4v/ee3UxGdBRkWSGiLw9KM4ZdBIOI4ERlQRbNjQEoQVtbtC3EcKYWODK9oQ/NmT50mjUvZPypXbSql6nsdRAPvgEBwDH5yCKrgCNVAHGDyCZ/AK3pwn58V5dz6mpQtO3rMH/sD5/AGUm5if</latexit>

ℙ(yi = − 1 |xi) =
1

1 + ewT xi

ℙ(yi = + 1 |xi) =
1

1 + e−wT xi

maximizew∈ℝd
1
n

n

∑
i=1

log( 1
1 + e−yiwT xi )

maximizew
1
n

n

∑
i=1

log(ℙ(yi |xi))

ℙ(yi = c1 |xi) =
ew[:,1]T xi

ew[:,1]T xi + ⋯ + ew[:,k]T xi

ℙ(yi = ck |xi) =
ew[:,k]T xi

ew[:,1]T xi + ⋯ + ew[:,k]T xi

⋮

maximizew∈ℝd×k
1
n

n

∑
i=1

k

∑
j=1

I{yi = cj}log( ew[:, j]T xi

∑k
j′�=1 ew[:, j′�]T xi

)

 is an indicator that is one only if I{yi = j} yi = j


