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Sensitivity: how to detect overfitting in order to prevent it

• consider a linear predictor


• if         is large then the predictor is very sensitive to  
small changes in      lead to large changes in the prediction


• large sensitivity can lead to overfitting and poor generalization 
or models that overfit tend to have large sensitivity


• for                  there is no sensitivity, as it is a constant


• This suggests that we would like                             
not to be large
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f(x) = w0 + w1x[1] + w2x[2] + · · ·+ wdx[d]
<latexit sha1_base64="1HUBsiR8br5iu6jxThDQ6VEfLkE=">AAACIHicbZDLSsNAFIYnXmu9RV26GSxCRShJFCoUoejGZQV7gSSEyWTSDp1cmJloS+mjuPFV3LhQRHf6NE7TLrT1wAwf/38OM+f3U0aFNIwvbWl5ZXVtvbBR3Nza3tnV9/ZbIsk4Jk2csIR3fCQIozFpSioZ6aScoMhnpO33ryd++55wQZP4Tg5T4kaoG9OQYiSV5OnVsDw4gU7t0qnBB8+Ap+o2B7bp5mTBgW1N0MFBIkWuBUoLXE8vGRUjL7gI5gxKYFYNT/90ggRnEYklZkgI2zRS6Y4QlxQzMi46mSApwn3UJbbCGEVEuKN8wTE8VkoAw4SrE0uYq78nRigSYhj5qjNCsifmvYn4n2dnMrxwRzROM0liPH0ozBiUCZykBQPKCZZsqABhTtVfIe4hjrBUmRZVCOb8yovQsirmWcW6PS/Vr2ZxFMAhOAJlYIIqqIMb0ABNgMEjeAav4E170l60d+1j2rqkzWYOwJ/Svn8ANDieug==</latexit>

x[0] = 1
<latexit sha1_base64="7MnasfSmPPZleJ6FEGAknp6xgcM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mtgl6EohePFewHbJeSTbNtbDZZkqxYlv4HLx4U8er/8ea/MW33oK0PBh7vzTAzL0w408Z1v53Cyura+kZxs7S1vbO7V94/aGmZKkKbRHKpOiHWlDNBm4YZTjuJojgOOW2Ho5up336kSjMp7s04oUGMB4JFjGBjpdaT7wZXXq9ccavuDGiZeDmpQI5Gr/zV7UuSxlQYwrHWvucmJsiwMoxwOil1U00TTEZ4QH1LBY6pDrLZtRN0YpU+iqSyJQyaqb8nMhxrPY5D2xljM9SL3lT8z/NTE10GGRNJaqgg80VRypGRaPo66jNFieFjSzBRzN6KyBArTIwNqGRD8BZfXiatWtU7q9buziv16zyOIhzBMZyCBxdQh1toQBMIPMAzvMKbI50X5935mLcWnHzmEP7A+fwBq9+OiA==</latexit>

w or (w1:d if x[0] = 1)
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Regularizer
• we measure the size of w using a regularizer function 


•  


• quadratic regularizer (a.k.a L2 or sum-of-squares)


• absolute value regularizer (a.k.a. L1)


• What is wrong with
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r(w) is the measure of the size of w (or w1:d)
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r(w) = kwk2 = w2
1 + w2

2 + · · ·+ w2
d
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r(w) = kwk1 = |w1|+ |w2|+ · · ·+ |wd|
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r(w) = w1 + w2 + · · ·+ wd
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Adding a regularizer to the loss

• we want small empirical risk (without normalization by ) 

                                     


• we want small sensitivity 
                                       


• these two objectives are traded off via regularized loss 

                                     


•  is the regularization parameter  
(or hyper parameter) and is one of the most relevant hyper parameter to 
tune in training


• solve the optimization problem for a choice of     
to choose  that minimizes the regularized loss 

1
nn

∑
i=1

(wT xi − yi)2

r(w)
n

∑
i=1

(wT xi − yi)2 + λ r(w)

λ ≥ 0

r(w)
w
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•      


• when  this reduces to the standard quadratic loss


• this defines a family of predictors,  
each (hyper)-parametrized by  


• in practice, we try out tens of values of   in a wide range


• we use validation to choose the right 


• we choose the largest  that gives near minimum test 
error, that is least sensitive predictor that generalizes well

minimizew

n

∑
i=1

(wT xi − yi)2 + λ r(w)

λ = 0

λ
λ

λ
λ

training MSE
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test MSE
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to be precise, this process is flawed  
and we should use a more principled  
way using cross-validation  
(which is at the end of this chapter)



Ridge regression
• ridge regression: quadratic loss and quadratic regularizer


• also called Tykhonov regularized least squares 
 

        

 
 
     

• the optimal solution is also analytical (or closed-form) 
    
where  is the d-dimensional identity matrix

ℒ(w) + λr(w) =
n

∑
i=1

(wT xi − yi)2

∥Xw−y∥2
2

+ λ
d

∑
j=1

w2
j

∥w∥2
2

ŵridge = arg min
w

ℒ(w) + λ r(w)

ŵridge = ( XTX + λId×d )−1XTy
Id×d
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• this follows from the fact that  
          

                                     

where  is the -dimensional identity matrix, and 
 is the -dimensional zero vector


• the gradient with respect to  is  

          

                

 




• Setting this gradient to zero, we get 
                     

ℒ(w) + λr(w) = ∥Xw − y∥2
2 + λ∥w∥2

2

= [ X
λ1/2 Id×d] w − [ y

0d]
2

2Id×d d × d
0d d

w

2 [XT λ1/2Id×d] ( [ X
λ1/2Id×d] w − [ y

0d] )
= 2 (XTX + λId×d) w − 2 [XT λ1/2Id×d] [ y

0d]
= 2 (XTX + λId×d) w − 2XTy

ŵridge = (XTX + λId×d)−1XTy
7



Example: housing price (data from kaggle)

• sale prices of 1459 homes in Ames, Iowa from 2006 to 2010

• out of 80 features, we use 16

• we manually remove 4 outliers with are>4000 sq.ft. 

we will learn outlier detection later
8

Living area sq. ft.

Sale price



Input features

9

• house price input data:  
area of living space 
garage (no:0, yes:1) 
year built 
area of lot 
year of last remodel 
area of basement 
area of first floor 
area of second floor 
number of bedrooms (above ground) 
number of kitchens (above ground) 
number of fireplaces 
area of garage 
area of wooden deck 
number of half bathrooms 
overall condition (1-10) 
overall quality of materials and finish (1-10) 
number of rooms (above ground)



Example: regression (with no regularization)

• split data randomly into 1164 training and 291 test

• target is log(price)

• standardize all features (and log(price)): shift and scale each feature (and 

the outcome log(price) ) such that they are zero mean and variance one

• training error = 0.1093

• test error = 0.1175

• plot shows all 291 test points 10

y
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prediction ŷ
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Example: Ridge regression minimize
n

∑
i=1

(wTxi − yi)2 + λ∥w∥2
2

• leftmost training error is with no regularization: 0.1093

• rightmost training error is variance of the training data: 0.9991

• the right plot is called regularization path

11

training MSE
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log10(�)
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<latexit sha1_base64="6xgAPo93WKN2uQVBvdIVatI4UoA=">AAAB/XicbVC7TsMwFHV4lvIKj43FokUqS5WUAcYKFsYi0YfURJHjOK1Vx45sB6lEFb/CwgBCrPwHG3+D22aAliNZOjrnHt3rE6aMKu0439bK6tr6xmZpq7y9s7u3bx8cdpTIJCZtLJiQvRApwignbU01I71UEpSEjHTD0c3U7z4Qqajg93qcEj9BA05jipE2UmAfVz0mBkHuOpOax0wuQufVwK44dWcGuEzcglRAgVZgf3mRwFlCuMYMKdV3nVT7OZKaYkYmZS9TJEV4hAakbyhHCVF+Prt+As+MEsFYSPO4hjP1dyJHiVLjJDSTCdJDtehNxf+8fqbjKz+nPM004Xi+KM4Y1AJOq4ARlQRrNjYEYUnNrRAPkURYm8LKpgR38cvLpNOouxf1xl2j0rwu6iiBE3AKasAFl6AJbkELtAEGj+AZvII368l6sd6tj/noilVkjsAfWJ8/xkaUIQ==</latexit>

wi’s
<latexit sha1_base64="xhDj4cmB5p1VaVOBU9OfgOgnTaA=">AAAB7nicbVA9TwJBEJ3DL8Qv1NJmIxityB0WWhJtLDGRjwQuZG/Zgw17e5fdOQ0h/AgbC42x9ffY+W9c4AoFXzLJy3szmZkXJFIYdN1vJ7e2vrG5ld8u7Ozu7R8UD4+aJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR7cxvPXJtRKwecJxwP6IDJULBKFqpVX7qifK56RVLbsWdg6wSLyMlyFDvFb+6/ZilEVfIJDWm47kJ+hOqUTDJp4VuanhC2YgOeMdSRSNu/Mn83Ck5s0qfhLG2pZDM1d8TExoZM44C2xlRHJplbyb+53VSDK/9iVBJilyxxaIwlQRjMvud9IXmDOXYEsq0sLcSNqSaMrQJFWwI3vLLq6RZrXiXlep9tVS7yeLIwwmcwgV4cAU1uIM6NIDBCJ7hFd6cxHlx3p2PRWvOyWaO4Q+czx9PDo7j</latexit>

Var(yi)
area of living space



Example: Ridge regression

• optimal regularizer lambda= 0.1412

• slightly improves the test performance 

• from test MSE = 0.1175 to test MSE = 0.1147

• this gain comes from shrinking w’s to get a less sensitive predictor

12

training MSE
<latexit sha1_base64="lf01m9336ECx70CC9KiAIx78lsA=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4Kkk96LEoghehov2ANpTNdtMu3WzC7kQooX/DiwdFvPpnvPlv3LY5aOuDgcd7M8zMCxIpDLrut7Oyura+sVnYKm7v7O7tlw4OmyZONeMNFstYtwNquBSKN1Cg5O1EcxoFkreC0fXUbz1xbUSsHnGccD+iAyVCwShaqYuaCiXUgNw93PRKZbfizkCWiZeTMuSo90pf3X7M0ogrZJIa0/HcBP2MahRM8kmxmxqeUDaiA96xVNGIGz+b3Twhp1bpkzDWthSSmfp7IqORMeMosJ0RxaFZ9Kbif14nxfDSz4RKUuSKzReFqSQYk2kApC80ZyjHllCmhb2VsCHVlKGNqWhD8BZfXibNasU7r1Tvq+XaVR5HAY7hBM7AgwuowS3UoQEMEniGV3hzUufFeXc+5q0rTj5zBH/gfP4AhWWRVQ==</latexit>

log10(�)
<latexit sha1_base64="6xgAPo93WKN2uQVBvdIVatI4UoA=">AAAB/XicbVC7TsMwFHV4lvIKj43FokUqS5WUAcYKFsYi0YfURJHjOK1Vx45sB6lEFb/CwgBCrPwHG3+D22aAliNZOjrnHt3rE6aMKu0439bK6tr6xmZpq7y9s7u3bx8cdpTIJCZtLJiQvRApwignbU01I71UEpSEjHTD0c3U7z4Qqajg93qcEj9BA05jipE2UmAfVz0mBkHuOpOax0wuQufVwK44dWcGuEzcglRAgVZgf3mRwFlCuMYMKdV3nVT7OZKaYkYmZS9TJEV4hAakbyhHCVF+Prt+As+MEsFYSPO4hjP1dyJHiVLjJDSTCdJDtehNxf+8fqbjKz+nPM004Xi+KM4Y1AJOq4ARlQRrNjYEYUnNrRAPkURYm8LKpgR38cvLpNOouxf1xl2j0rwu6iiBE3AKasAFl6AJbkELtAEGj+AZvII368l6sd6tj/noilVkjsAfWJ8/xkaUIQ==</latexit> log10(�)

<latexit sha1_base64="6xgAPo93WKN2uQVBvdIVatI4UoA=">AAAB/XicbVC7TsMwFHV4lvIKj43FokUqS5WUAcYKFsYi0YfURJHjOK1Vx45sB6lEFb/CwgBCrPwHG3+D22aAliNZOjrnHt3rE6aMKu0439bK6tr6xmZpq7y9s7u3bx8cdpTIJCZtLJiQvRApwignbU01I71UEpSEjHTD0c3U7z4Qqajg93qcEj9BA05jipE2UmAfVz0mBkHuOpOax0wuQufVwK44dWcGuEzcglRAgVZgf3mRwFlCuMYMKdV3nVT7OZKaYkYmZS9TJEV4hAakbyhHCVF+Prt+As+MEsFYSPO4hjP1dyJHiVLjJDSTCdJDtehNxf+8fqbjKz+nPM004Xi+KM4Y1AJOq4ARlQRrNjYEYUnNrRAPkURYm8LKpgR38cvLpNOouxf1xl2j0rwu6iiBE3AKasAFl6AJbkELtAEGj+AZvII368l6sd6tj/noilVkjsAfWJ8/xkaUIQ==</latexit>

wi’s
<latexit sha1_base64="xhDj4cmB5p1VaVOBU9OfgOgnTaA=">AAAB7nicbVA9TwJBEJ3DL8Qv1NJmIxityB0WWhJtLDGRjwQuZG/Zgw17e5fdOQ0h/AgbC42x9ffY+W9c4AoFXzLJy3szmZkXJFIYdN1vJ7e2vrG5ld8u7Ozu7R8UD4+aJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR7cxvPXJtRKwecJxwP6IDJULBKFqpVX7qifK56RVLbsWdg6wSLyMlyFDvFb+6/ZilEVfIJDWm47kJ+hOqUTDJp4VuanhC2YgOeMdSRSNu/Mn83Ck5s0qfhLG2pZDM1d8TExoZM44C2xlRHJplbyb+53VSDK/9iVBJilyxxaIwlQRjMvud9IXmDOXYEsq0sLcSNqSaMrQJFWwI3vLLq6RZrXiXlep9tVS7yeLIwwmcwgV4cAU1uIM6NIDBCJ7hFd6cxHlx3p2PRWvOyWaO4Q+czx9PDo7j</latexit>

test MSE
<latexit sha1_base64="Ah5EKURToUD74zbDd+jAc9AU8xw=">AAAB73icbVDLSgNBEJyNrxhfUY9eBoPgKezGgx6DIngRIpoHJEuYnXSSIbOz60yvEJb8hBcPinj1d7z5N06SPWhiQUNR1U13VxBLYdB1v53cyura+kZ+s7C1vbO7V9w/aJgo0RzqPJKRbgXMgBQK6ihQQivWwMJAQjMYXU395hNoIyL1gOMY/JANlOgLztBKLQSD9Pb+ulssuWV3BrpMvIyUSIZat/jV6UU8CUEhl8yYtufG6KdMo+ASJoVOYiBmfMQG0LZUsRCMn87undATq/RoP9K2FNKZ+nsiZaEx4zCwnSHDoVn0puJ/XjvB/oWfChUnCIrPF/UTSTGi0+dpT2jgKMeWMK6FvZXyIdOMo42oYEPwFl9eJo1K2TsrV+4qpeplFkeeHJFjcko8ck6q5IbUSJ1wIskzeSVvzqPz4rw7H/PWnJPNHJI/cD5/AHEyj5E=</latexit>



Example: piecewise linear fit

• with a specific choice of features using piecewise linear functions 
 

     h(x) =

x
[x + 0.75]+

[x + 0.2]+

[x − 0.4]+

[x − 0.8]+

we fit a linear model: f(x) = w0 + w1h1(x) + w2h2(x) + w3h3(x) + w4h4(x) + w5h5(x)

[a]+ ≜ max{a,0}

-0.75 -0.2 0 0.4 0.8

h1(x)h2(x) h3(x) h4(x) h5(x)

demo5_piece

w1 w1 + w2

w1 + w2 + w3

the weights capture the change in the slopes



Example: piecewise linear fit

• features: 

• lambda=1 gives  

w= [-0.0377, 0.00140, -0.00177,  0.01014,  0.00875,  0.01482]

• lambda=1e-6 gives 

w=[-0.1382, 0.97846, -1.3467, 0.57375, -0.32763,   0.2658]
14

� = 0.005
<latexit sha1_base64="tNS298VahgESe8U91hnv2y40kNk=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M9gKrkpSEd0IRTcuK9gHtKFMJpN26GQSZiZCLf0SNy4UceunuPNvnLRZaOuBgcM553LvHD/hTGnH+bYKa+sbm1vF7dLO7t5+2T44bKs4lYS2SMxj2fWxopwJ2tJMc9pNJMWRz2nHH99mfueRSsVi8aAnCfUiPBQsZARrIw3scrXPTTrA107NcS6qA7uSkQxolbg5qUCO5sD+6gcxSSMqNOFYqZ7rJNqbYqkZ4XRW6qeKJpiM8ZD2DBU4osqbzg+foVOjBCiMpXlCo7n6e2KKI6UmkW+SEdYjtexl4n9eL9XhlTdlIkk1FWSxKEw50jHKWkABk5RoPjEEE8nMrYiMsMREm65KpgR3+curpF2vuee1+n290rjJ6yjCMZzAGbhwCQ24gya0gEAKz/AKb9aT9WK9Wx+LaMHKZ47gD6zPHzBakXg=</latexit>

� = 0.000001
<latexit sha1_base64="tDVNuxalqRp5b7zdN82zvk+hpxI=">AAAB+3icbVBNS8NAFHypX7V+xXr0stgKnkpSD3oRil48VrC10Iay2WzapZtN2N2IJfSvePGgiFf/iDf/jZs2B20dWBhm5vHejp9wprTjfFultfWNza3ydmVnd2//wD6sdlWcSkI7JOax7PlYUc4E7WimOe0lkuLI5/TBn9zk/sMjlYrF4l5PE+pFeCRYyAjWRhra1fqAm3SAr5yGk8OtD+1awR20StyC1KBAe2h/DYKYpBEVmnCsVN91Eu1lWGpGOJ1VBqmiCSYTPKJ9QwWOqPKy+e0zdGqUAIWxNE9oNFd/T2Q4Umoa+SYZYT1Wy14u/uf1Ux1eehkTSaqpIItFYcqRjlFeBAqYpETzqSGYSGZuRWSMJSba1FUxJbjLX14l3WbDPW8075q11nVRRxmO4QTOwIULaMEttKEDBJ7gGV7hzZpZL9a79bGIlqxi5gj+wPr8AYE8kiI=</latexit>

� = 1
<latexit sha1_base64="bi4HpZcSj7aJHPC01f+B69ptUoM=">AAAB8nicbVBNSwMxFMzWr1q/qh69BFvBU9mtB70IRS8eK9ha2C4lm822odlkSd4KZenP8OJBEa/+Gm/+G9N2D9o6EBhm5pH3JkwFN+C6305pbX1jc6u8XdnZ3ds/qB4edY3KNGUdqoTSvZAYJrhkHeAgWC/VjCShYI/h+HbmPz4xbbiSDzBJWZCQoeQxpwSs5Nf7wmYjcu3VB9Wa23DnwKvEK0gNFWgPql/9SNEsYRKoIMb4nptCkBMNnAo2rfQzw1JCx2TIfEslSZgJ8vnKU3xmlQjHStsnAc/V3xM5SYyZJKFNJgRGZtmbif95fgbxVZBzmWbAJF18FGcCg8Kz+3HENaMgJpYQqrndFdMR0YSCbaliS/CWT14l3WbDu2g075u11k1RRxmdoFN0jjx0iVroDrVRB1Gk0DN6RW8OOC/Ou/OxiJacYuYY/YHz+QPvcJBd</latexit>

h(x) = (1, x, [x+ 0.75]+, [x+ 0.2]+, [x� 0.4]+, [x� 0.8]+)
<latexit sha1_base64="85EBUFBBOKqZ2JLuGhfjgmJe2MI=">AAACIXicbZDLSgMxFIYz9VbrrerSTbAVWlqHmVFpN0LRjcsK9gLTsWTStA3NXEgy0jL0Vdz4Km5cKNKd+DKmF0SrPwQ+/nMOJ+d3Q0aFNIwPLbGyura+kdxMbW3v7O6l9w/qIog4JjUcsIA3XSQIoz6pSSoZaYacIM9lpOEOrqf1xgPhggb+nRyFxPFQz6ddipFUVjtdzvZzwzy8hDmzOCxCe1gw9NKFc18oztCa06mhn39TWVE+205nDN2YCf4FcwEZsFC1nZ60OgGOPOJLzJAQtmmE0okRlxQzMk61IkFChAeoR2yFPvKIcOLZhWN4opwO7AZcPV/CmftzIkaeECPPVZ0ekn2xXJua/9XsSHbLTkz9MJLEx/NF3YhBGcBpXLBDOcGSjRQgzKn6K8R9xBGWKtSUCsFcPvkv1C3dPNOtWytTuVrEkQRH4BjkgAlKoAJuQBXUAAaP4Bm8gjftSXvR3rXJvDWhLWYOwS9pn19gUpzf</latexit>



Piecewise linear with 10 parameters

15



Fitting predictors with more parameters than data points

• in general, fitting a model with more parameters than data points 
does not make sense


• but one can fit such over-parametrized models with regularization

• 10 piece linear model with 10 parameters 

16

=3λ =1λ=10λ



Model complexity and lambda

• Having large regularization limits what type of models we 
can choose from, hence enforces simpler models

17

training MSE
<latexit sha1_base64="lf01m9336ECx70CC9KiAIx78lsA=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4Kkk96LEoghehov2ANpTNdtMu3WzC7kQooX/DiwdFvPpnvPlv3LY5aOuDgcd7M8zMCxIpDLrut7Oyura+sVnYKm7v7O7tlw4OmyZONeMNFstYtwNquBSKN1Cg5O1EcxoFkreC0fXUbz1xbUSsHnGccD+iAyVCwShaqYuaCiXUgNw93PRKZbfizkCWiZeTMuSo90pf3X7M0ogrZJIa0/HcBP2MahRM8kmxmxqeUDaiA96xVNGIGz+b3Twhp1bpkzDWthSSmfp7IqORMeMosJ0RxaFZ9Kbif14nxfDSz4RKUuSKzReFqSQYk2kApC80ZyjHllCmhb2VsCHVlKGNqWhD8BZfXibNasU7r1Tvq+XaVR5HAY7hBM7AgwuowS3UoQEMEniGV3hzUufFeXc+5q0rTj5zBH/gfP4AhWWRVQ==</latexit>

test MSE
<latexit sha1_base64="Ah5EKURToUD74zbDd+jAc9AU8xw=">AAAB73icbVDLSgNBEJyNrxhfUY9eBoPgKezGgx6DIngRIpoHJEuYnXSSIbOz60yvEJb8hBcPinj1d7z5N06SPWhiQUNR1U13VxBLYdB1v53cyura+kZ+s7C1vbO7V9w/aJgo0RzqPJKRbgXMgBQK6ihQQivWwMJAQjMYXU395hNoIyL1gOMY/JANlOgLztBKLQSD9Pb+ulssuWV3BrpMvIyUSIZat/jV6UU8CUEhl8yYtufG6KdMo+ASJoVOYiBmfMQG0LZUsRCMn87undATq/RoP9K2FNKZ+nsiZaEx4zCwnSHDoVn0puJ/XjvB/oWfChUnCIrPF/UTSTGi0+dpT2jgKMeWMK6FvZXyIdOMo42oYEPwFl9eJo1K2TsrV+4qpeplFkeeHJFjcko8ck6q5IbUSJ1wIskzeSVvzqPz4rw7H/PWnJPNHJI/cD5/AHEyj5E=</latexit>

�
<latexit sha1_base64="XSowtl+Vgdk+vmznhbHzb3KsrlA=">AAAB8HicbVDLTgIxFL2DL8QX6tJNI5i4IjOw0CXRjUtM5GFgQjqdDjS0nUnbMSETvsKNC41x6+e4828sMAsFT9Lk5Jxz03tPkHCmjet+O4WNza3tneJuaW//4PCofHzS0XGqCG2TmMeqF2BNOZO0bZjhtJcoikXAaTeY3M797hNVmsXywUwT6gs8kixiBBsrPVYH3GZDXB2WK27NXQCtEy8nFcjRGpa/BmFMUkGlIRxr3ffcxPgZVoYRTmelQappgskEj2jfUokF1X62WHiGLqwSoihW9kmDFurviQwLracisEmBzVivenPxP6+fmujaz5hMUkMlWX4UpRyZGM2vRyFTlBg+tQQTxeyuiIyxwsTYjkq2BG/15HXSqde8Rq1+X680b/I6inAG53AJHlxBE+6gBW0gIOAZXuHNUc6L8+58LKMFJ585hT9wPn8A+FKP2w==</latexit>

large
<latexit sha1_base64="hjKiFMqGeTsHtTTAJz1VzR0/2YA=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0nqQY9FLx4rmLbQhrLZTtqlm03Y3Qgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSq4Nq777ZQ2Nre2d8q7lb39g8Oj6vFJWyeZYuizRCSqG1KNgkv0DTcCu6lCGocCO+Hkbu53nlBpnshHM00xiOlI8ogzaqzkC6pGOKjW3Lq7AFknXkFqUKA1qH71hwnLYpSGCap1z3NTE+RUGc4Ezir9TGNK2YSOsGeppDHqIF8cOyMXVhmSKFG2pCEL9fdETmOtp3FoO2NqxnrVm4v/eb3MRDdBzmWaGZRsuSjKBDEJmX9OhlwhM2JqCWWK21sJG1NFmbH5VGwI3urL66TdqHtX9cZDo9a8LeIowxmcwyV4cA1NuIcW+MCAwzO8wpsjnRfn3flYtpacYuYU/sD5/AHhmo65</latexit>

small
<latexit sha1_base64="lu66y5RphlNoMiC/qU/Mn3Uls5c=">AAAB7HicbVBNTwIxEJ3iF+IX6tFLIzHxRHbxoEeiF4+YuEACG9ItXWhou5u2a0I2/AYvHjTGqz/Im//GAntQ8CWTvLw3k5l5USq4sZ73jUobm1vbO+Xdyt7+weFR9fikbZJMUxbQRCS6GxHDBFcssNwK1k01IzISrBNN7uZ+54lpwxP1aKcpCyUZKR5zSqyTAiOJEINqzat7C+B14hekBgVag+pXf5jQTDJlqSDG9HwvtWFOtOVUsFmlnxmWEjohI9ZzVBHJTJgvjp3hC6cMcZxoV8rihfp7IifSmKmMXKckdmxWvbn4n9fLbHwT5lylmWWKLhfFmcA2wfPP8ZBrRq2YOkKo5u5WTMdEE2pdPhUXgr/68jppN+r+Vb3x0Kg1b4s4ynAG53AJPlxDE+6hBQFQ4PAMr/CGFHpB7+hj2VpCxcwp/AH6/AH29Y7H</latexit>

model
<latexit sha1_base64="0eFyUPt4z1d4qe9ZCitRXH3BM28=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5ioWXQxjKClwSSI+ztbZIl+3Hs7gnhyG+wsVDE1h9k579xk1yhiQ8GHu/NMDMvTjkz1ve/vdLG5tb2Tnm3srd/cHhUPT5pG5VpQkOiuNLdGBvKmaShZZbTbqopFjGnnXhyN/c7T1QbpuSjnaY0Engk2ZARbJ0UCpVQPqjW/Lq/AFonQUFqUKA1qH71E0UyQaUlHBvTC/zURjnWlhFOZ5V+ZmiKyQSPaM9RiQU1Ub44doYunJKgodKupEUL9fdEjoUxUxG7ToHt2Kx6c/E/r5fZ4U2UM5lmlkqyXDTMOLIKzT9HCdOUWD51BBPN3K2IjLHGxLp8Ki6EYPXlddJu1IOreuOhUWveFnGU4QzO4RICuIYm3EMLQiDA4Ble4c2T3ov37n0sW0teMXMKf+B9/gDqwo6/</latexit>

complex
<latexit sha1_base64="aEG/lBo1BRUlYdhaeZAEPerN7uI=">AAAB7nicbVDLSgNBEJz1GeMr6tHLYBA8hd140GPQi8cI5gHJEmYnnWTIvJiZFcOSj/DiQRGvfo83/8ZJsgdNLGgoqrrp7ko0Z9aF4Xewtr6xubVd2Cnu7u0fHJaOjptWpYZCgyquTDshFjiT0HDMcWhrA0QkHFrJ+Hbmtx7BWKbkg5toiAUZSjZglDgvtagSmsNTr1QOK+EceJVEOSmjHPVe6avbVzQVIB3lxNpOFGoXZ8Q4RjlMi93UgiZ0TIbQ8VQSATbO5udO8blX+nigjC/p8Fz9PZERYe1EJL5TEDeyy95M/M/rpG5wHWdM6tSBpItFg5Rjp/Dsd9xnBqjjE08INczfiumIGEKdT6joQ4iWX14lzWoluqxU76vl2k0eRwGdojN0gSJ0hWroDtVRA1E0Rs/oFb0FOngJ3oOPRetakM+coD8IPn8Al2aPug==</latexit>

simple
<latexit sha1_base64="9DUKCG0x7AEPGRy/7mJf4Zqdy0U=">AAAB7XicbVA9SwNBEJ3zM8avqKXNYhCswl0stAzaWEYwH5AcYW8zSdbs7h27e0I48h9sLBSx9f/Y+W/cJFdo4oOBx3szzMyLEsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZxqhg0Wi1i3I2pQcIUNy63AdqKRykhgKxrfzvzWE2rDY/VgJwmGkg4VH3BGrZOahstEYK9U9iv+HGSVBDkpQ456r/TV7ccslagsE9SYTuAnNsyotpwJnBa7qcGEsjEdYsdRRSWaMJtfOyXnTumTQaxdKUvm6u+JjEpjJjJynZLakVn2ZuJ/Xie1g+sw4ypJLSq2WDRIBbExmb1O+lwjs2LiCGWau1sJG1FNmXUBFV0IwfLLq6RZrQSXlep9tVy7yeMowCmcwQUEcAU1uIM6NIDBIzzDK7x5sffivXsfi9Y1L585gT/wPn8AyWmPQg==</latexit>

Fitting predictors with more parameters than data points



Theoretical analysis 

- note that theoretical analysis is for the purpose of 
understanding the performance of a proposed approach (in 
this case Ridge Regression) 

- for this purpose, we assume a specific model and analyze 
the performance 

- in particular, such theoretical analysis cannot be done in 
real problems, as you do not know the underlying model 

- however, it tells you how performance depends on the 
problem parameters (like dimension, noise variance, true 
model parameters, number of samples, and regularization 
parameter)
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Exercise: simple example
• we analyze the resulting true error for a simple model,  

to illustrate how error depends on the parameters of the problem 
(training sample size , number of features , noise variance , 
ground truth model parameter ) and the choice of regularization 
parameter  


• model:  
where , 


• we further assume that  is zero mean Gaussian 
with variance 


• each feature is also independently a zero mean Gaussian with 
unit variance, i.e.  for all 


•  denotes the set of first  positive integers

•  is the ground truth model parameter, which is a fixed 

deterministic vector

n d σ2

w
λ

yi = wT xi + εi
xi ∈ ℝd yi, εi ∈ ℝ

εi ∼ N(0,σ2)
σ2

xi[ j] ∼ N(0,1) j ∈ [d]
[d] = {1,⋯, d} d
w ∈ ℝd

19



Exercise: simple example

• the linear least squares predictor is given by 
        
                  
where we used the fact that 


• again using the fact that for any  

               

which follows from strong law of large numbers, and the fact that 
 has a variance one, and for any  

               

we will substitute (for simplicity of the analysis)  
              


• the resulting predictor is  

                

                         

ŵridge = (XTX + λI)−1XTy
= (XTX + λI)−1XT(Xw + ε)

y = Xw + ε
j ∈ [d],

(XTX)jj =
n

∑
i=1

xi[ j]2 ≃
n

∑
i=1

𝔼[xi[ j]2] = n

xi[ j] ∼ N(0,1) j ≠ ℓ ∈ [d]
(XTX)jℓ =

n

∑
i=1

xi[ j]xi[ℓ] ≃
n

∑
i=1

𝔼[xi[ j]xi[ℓ]] = 0

(XTX + λI) = (n + λ)I

ŵridge =
1

n + λ
(XTXw + XTε)

=
n

n + λ
w +

1
n + λ

XTε
20



Exercise: simple example
• and the expected predictor is 

         


• we are ready to compute the (conditional) bias: 

         
 

                                                 


• the expected bias is:  

  

                                                    

 

                                                     

 

                                                     

𝔼[ fŵridge
(x) |x] = 𝔼[ŵridge]T x =

n
n + λ

wT x

(𝔼[ fŵridge
(x) |x] − f0(x))2 = ( (

n
n + λ

wT − wT)x )
2

=
λ2

(n + λ)2
(wT x)2

𝔼x∼px
[(𝔼[ fŵridge

(x) |x] − f0(x))2] =
λ2

(n + λ)2
𝔼[wT xxTw]

=
λ2

(n + λ)2
wT𝔼[xxT]w

=
λ2

(n + λ)2
wTId×dw

=
λ2∥w∥2

2

(n + λ)2

21 where  follows from the fact that 𝔼[xxT] = Id×d x ∼ N(0,Id×d)



Exercise: simple example
• in a similar way, we can compute the (conditional) variance 

    =  
 

                                                             
 

                                                             

 

                                                              

 

                                                              

                                                              

where we used the fact that ,  

and  
and  was computed 2 slides ago.


• taking expectation w.r.t. (with respect to) , we get  

 

𝔼[ ( fŵridge
(x) − 𝔼[ fŵridge

(x) |x])2 |x] 𝔼[((ŵT
ridge −

n
n + λ

wT)x)
2
|x]

= 𝔼[(
1

n + λ
εTXx)2 |x]

=
1

(n + λ)2
xT𝔼[XTεεTX |x]x

=
σ2

(n + λ)2
xT(nI)x

=
σ2 n

(n + λ)2
∥x∥2

2

ŵridge =
n

n + λ
w +

1
n + λ

XTε
𝔼X,ε[XTεεTX] = 𝔼X[XT𝔼ε[εεT]X] = σ2𝔼X[XTIX] = σ2𝔼X[XTX] = σ2nI
𝔼[XTX] = nI

x ∼ N(0,Id×d)

𝔼[ ( fŵridge
(x) − 𝔼[ fŵridge

(x) |x])2] =
σ2 n d

(n + λ)2
22



Bias-variance tradeoff w.r.t λ

•  


•  

bias2 =
λ2∥w∥2

2

(n + λ)2

variance =
σ2 n d

(n + λ)2
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d=10 
n=20 

 σ2 = 3.0
∥w∥2

2 = 10
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Cross-validation:  
how to choose regularization parameter ,  
or the degree of polynomial features to use

λ

24



Rule #1: Never use test set in training!
• but, does choosing  based on test error count as using test data in training?

• first wrong approach:


• train 10 predictors with 10 values of , each using all train data 


• compute test error on test data  for all 10 models


• pick  that reported the smallest test error


• deploy predictor 


• why is it wrong?


• because we used  in picking , we chose a model that works well on 


• precisely,  

we sometimes use  interchangeably with  (e.g. in Assignment 1)


• this commonly happens in machine learning competitions, and the competition 
organizers enforce several rules to prevent it 

• for example, each team can evaluate their test data performance only once 

per week

λ

λ Strain

Stest

λ*
fλ*

Stest λ Stest

𝔼new data (x,y)[( fλ*(x) − y)2] ≠ 𝔼Stest[ 1
|Stest | ∑

i∈Stest

{( fλ*(xi) − yi)2}]
𝔼Stest

[ ⋅ ] 𝔼test[ ⋅ ]
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-fold cross validationk
• input


•  and 


• procedure

1. randomly divide the  into  equal sized partitions:  

                  

2. define 

                    
this operation  is called “set minus”, as it is taking a 
set away from another set


3. train  predictors, such that the first predictor is trained 
on  and validated on 


•
 minimizes 


• we keep track of error on the validation set:  

           

• repeat for each partition 

Strain Stest

Strain k
{S1, …, Sk}

Strain∖Sj ≜ {i : i ∈ Strain and i ∉ Sj}
∖

k
Strain∖S1 S1

fStrain∖S1
(x) ∑

i∈Strain∖S1

( fStrain∖S1
(xi) − yi)2

error1 =
1

|S1 | ∑
i∈S1

( fStrain∖S1
(xi) − yi)2

Sj, j ∈ {1,…, k}
26
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-fold cross validationk
• First predictor  is trained on  

and  is evaluated on 


• -th predictor  is trained on  
and  is evaluated on  for all 


• finally, k-fold cross validation error is computed 
 

                

fStrain∖S1
( ⋅ ) Strain∖S1

error1 S1

j fStrain∖Sj
( ⋅ ) Strain∖Sj

errorj Sj j ∈ {1,…, k}

errork−fold =
1
k

k

∑
j=1

errorj
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StestS1 Strain∖S1

Train testvalidation

StestS2

StestSkStrain∖Sk

⋮

• k = 5 to 10 seems to work well in practice

• small k like two leads to overestimating the true error

• because we are training on much smaller data size


• large k leads to many computations

• if k=N it is called Leave-one-out (LOO) cross validation



(LOO) leave-one-out cross validation
• slower but more accurate estimation of the error

• LOO cross validation is an extreme case of k-fold cross 

validation with k=n the total number of training samples 
 

        


• we leave one data out and train a model, hence the name 
leave-one-out


• as each model is using  training samples, this LOO 
validation error provides a close approximation of the true 
error of a model trained on all  training samples


• however, if n=100,000 (which is common size of modern 
dataset), it takes 100,000 times longer run-time to finish 
LOO cross-validation

errorLOO =
1
n

n

∑
i=1

( fStrain∖{i}(xi) − yi)2

n − 1

n
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example: 
• Given 10,000-dimensional training data with n samples, 

• First, we pick 50 features that have highest correlation 

with the ’s such that have largest  
                  

         pick 50 j’s that have largest 


• We then use k-fold cross validation to train a ridge 
regressor on those 50 features, and choose  using the 
cross validation error


• What is wrong with this?  
For example, did we use any of the validation data  in 
training, for example, a model  ?

yi

∑n
i=1 xi[ j]yi

∑n
i=1 xi[ j]2

λ

S1
fStrain∖S1

(x)
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