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Generalization: 
how do we know which model is better in 

predicting unseen data?
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Generalization

• we say a predictor generalizes if it performs well on unseen data

• formal mathematical definition involves probabilistic assumptions

• first, we study practical methods for assessing generalization
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In-sample and out-of-sample data
• the data used to train a predictor is training data or in-

sample data 
• we want the predictor to work on out-of-sample data 

• we say a predictor fails to generalize if it does not 

perform well on out-of-sample data
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• train a cubic predictor on 32 (in-sample) white circles: MSE 174 
• predict y for 30 (out-of-sample) blue circles: MSE 192


• conclude this predictor generalizes, as in-sample MSE  out-of-sample MSE≃



Out-of-sample Validation
• a way to mimic how the predictor performs on unseen data

• key idea: divide the data into two set for training and testing 

• training set used to construct (“train”) the predictor

• test set used to evaluate the predictor


• we assume that test set is similar to unseen data 

• test set should never be used in training
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Out-of-sample Validation
• given a single dataset 

• we split the dataset into two: training set and test set

• selection of data train/test should be done randomly  

(80/20 or 90/10 are common)

• we use training error (i.e. empirical risk on training dataset) for optimization 

(or finding the model)  

              

• we use test error (i.e. empirical risk on test dataset) for validation, 
checking if the model behaves as expected 

                                  


• we say a model or predictor is overfit if 
                                         

S = {(xi, yi)}n
i=1

minimize ℒtrain(w) =
1

|Strain | ∑
i∈Strain

ℓ( f(xi), yi)

ℒtest(w) =
1

|Stest | ∑
i∈Stest

ℓ( f(xi), yi)

ℒtrain ≪ ℒtest
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small training error              large training error

small test error

large test error

generalizes well
performs well

generalizes well
performs poorly

fails to generalize

possible, but unlikely



Choosing a predictor
• validation is useful in choosing a predictor

• typically, one trains multiple candidate predictors and 

chooses the predictor that has the smallest test error

• Example: Diabetes

• 10 explanatory variables

• from 442 patients

• we use half for train and half for validation
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xi[1]



Example: Diabetes

• test MSE is the primary criteria for model selection 
• Using only 2 features (S5 and BMI), one can get very close to 

the prediction performance of using all features

• Combining S3 and S4 does not give any performance gain
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Features Train MSE Test MSE

All 2640 3224

S5 and BMI 3004 3453

S5 3869 4227

BMI 3540 4277

S4 and S3 4251 5302

S4 4278 5409

S3 4607 5419

None 5524 6352



Overfitting

• a model that fits the training data well but performs poorly on test data suffers from 
overfitting 

• overfitting happens if we use a model with high model complexity 

• for example, for linear regression with polynomial features


• N = 60 data points, and            3, 4, 5, 20
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ŷ = f(x) = w0 + w1x+ w2x
2 + · · ·+ wpx

p
<latexit sha1_base64="I5Brfh8LsBRtm4FOShCHjLhcZ6k="></latexit>

p 2 { }
<latexit sha1_base64="laBQGezMjFmTbyzDejN9Sa/s6qw=">AAACGHicbVDLSgMxFL1TX7W+Rl26CRbBVZ2pgoKbohuXFewDOkPJpGkbmskMSUYoQz/Djb/ixoUibrvzb8y0s6itJwQO55xLck8Qc6a04/xYhbX1jc2t4nZpZ3dv/8A+PGqqKJGENkjEI9kOsKKcCdrQTHPajiXFYcBpKxjdZ37rmUrFIvGkxzH1QzwQrM8I1kbq2hexx4SXIoS829WzqKIsM+naZafizIBWiZuTMuSod+2p14tIElKhCcdKdVwn1n6KpWaE00nJSxSNMRnhAe0YKnBIlZ/OFpugM6P0UD+S5gqNZuriRIpDpcZhYJIh1kO17GXif14n0f0bP2UiTjQVZP5QP+FIRyhrCfWYpETzsSGYSGb+isgQS0y06bJkSnCXV14lzWrFvaxUH6/Ktbu8jiKcwCmcgwvXUIMHqEMDCLzAG3zAp/VqvVtf1vc8WrDymWP4A2v6C8G7m9E=</latexit>
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degree 3 degree 4

degree 5 degree 20 overfits

MSEtrain
<latexit sha1_base64="bLIc5rGQSmvmgq0D0AoXIysdzso=">AAAB/nicbZDLSsNAFIYn9VbrLSqu3AwWwVVJqqDLoghuhIr2Am0Ik+mkHTozCTMToYSAr+LGhSJufQ53vo3TNAtt/WHg4z/ncM78Qcyo0o7zbZWWlldW18rrlY3Nre0de3evraJEYtLCEYtkN0CKMCpIS1PNSDeWBPGAkU4wvprWO49EKhqJBz2JicfRUNCQYqSN5dsHaV9yeHt/nfk5aYmoyHy76tScXHAR3AKqoFDTt7/6gwgnnAiNGVKq5zqx9lIkNcWMZJV+okiM8BgNSc+gQJwoL83Pz+CxcQYwjKR5QsPc/T2RIq7UhAemkyM9UvO1qflfrZfo8MJLqYgTTQSeLQoTBnUEp1nAAZUEazYxgLCk5laIR0girE1iFROCO//lRWjXa+5prX53Vm1cFnGUwSE4AifABeegAW5AE7QABil4Bq/gzXqyXqx362PWWrKKmX3wR9bnDwhmlYk=</latexit>

MSEtest
<latexit sha1_base64="bnjMEZxz/IY+pt1vfqgSuMnnuks=">AAAB/XicbZDLSsNAFIYn9VbrLV52bgaL4KokVdBlUQQ3QkXbCm0Ik+mkHTq5MHMi1BB8FTcuFHHre7jzbZymWWjrDwMf/zmHc+b3YsEVWNa3UVpYXFpeKa9W1tY3NrfM7Z22ihJJWYtGIpL3HlFM8JC1gINg97FkJPAE63iji0m988Ck4lF4B+OYOQEZhNznlIC2XHMv7ckAX99eZm5OwBRkrlm1alYuPA92AVVUqOmaX71+RJOAhUAFUaprWzE4KZHAqWBZpZcoFhM6IgPW1RiSgCknza/P8KF2+tiPpH4h4Nz9PZGSQKlx4OnOgMBQzdYm5n+1bgL+mZPyME6AhXS6yE8EhghPosB9LhkFMdZAqOT6VkyHRBIKOrCKDsGe/fI8tOs1+7hWvzmpNs6LOMpoHx2gI2SjU9RAV6iJWoiiR/SMXtGb8WS8GO/Gx7S1ZBQzu+iPjM8fTTOVIQ==</latexit>

xi

yi



How does one choose which model to use?
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• first use 60 data points to train and 60 data points to test

• then choose degree 5 as per the above test error

• now re-train on all 120 data points with degree 5 polynomial model

test error

training error

Empirical risk

Model complexity



• let us first fix sample size N=30, collect one dataset of size N, randomly shuffle 
the dataset, and fix one training set  and test set  via 80/20 split


• then we run multiple validations and plot the computed MSEs for all values of 
p that we are interested in

Strain Stest
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error
<latexit sha1_base64="3srcD6Q8A6U49q6u0/IMHrACHCg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqST1oMeiF48VTFtoQ9lsJ+3SzW7Y3Qgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5UcqZNp737ZQ2Nre2d8q7lb39g8Oj6vFJW8tMUQyo5FJ1I6KRM4GBYYZjN1VIkohjJ5rczf3OEyrNpHg00xTDhIwEixklxkoBKiXVoFrz6t4C7jrxC1KDAq1B9as/lDRLUBjKidY930tNmBNlGOU4q/QzjSmhEzLCnqWCJKjDfHHszL2wytCNpbIljLtQf0/kJNF6mkS2MyFmrFe9ufif18tMfBPmTKSZQUGXi+KMu0a688/dIVNIDZ9aQqhi9laXjoki1Nh8KjYEf/XlddJu1P2reuOhUWveFnGU4QzO4RJ8uIYm3EMLAqDA4Ble4c0Rzovz7nwsW0tOMXMKf+B8/gAQxI7Y</latexit>

true model complexity
<latexit sha1_base64="+TnUAG3YGWh+ibnzyc7BBpgLiZ4=">AAAB/nicbVDLSgNBEJz1GeNrVTx5GQyCp7AbD3oMevEYwTwgCWF20kmGzOwsM71iWAL+ihcPinj1O7z5N04eB00saCiquunuihIpLAbBt7eyura+sZnbym/v7O7t+weHNatTw6HKtdSmETELUsRQRYESGokBpiIJ9Wh4M/HrD2Cs0PE9jhJoK9aPRU9whk7q+MdoUqBKd0FSrlUi4VHgqOMXgmIwBV0m4ZwUyByVjv/V6mqeKoiRS2ZtMwwSbGfMoOASxvlWaiFhfMj60HQ0ZgpsO5ueP6ZnTunSnjauYqRT9fdExpS1IxW5TsVwYBe9ifif10yxd9XORJykCDGfLeqlkqKmkyxoVxjgKEeOMG6Eu5XyATOMo0ss70IIF19eJrVSMbwolu5KhfL1PI4cOSGn5JyE5JKUyS2pkCrhJCPP5JW8eU/ei/fufcxaV7z5zBH5A+/zB484ld4=</latexit>

• Given sample size N there is a threshold where training error is zero

• Training error is always monotonically non-increasing

• Test error has a trend of going down and then up, but fluctuates

Test error ℒtest

Training error ℒtrain

Model complexity  
( = degree of the polynomial)p*N=24 ≃ 24 − 1



• let us now repeat the process changing the sample size 
to N=40 , and see how the curves change

error
<latexit sha1_base64="3srcD6Q8A6U49q6u0/IMHrACHCg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqST1oMeiF48VTFtoQ9lsJ+3SzW7Y3Qgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5UcqZNp737ZQ2Nre2d8q7lb39g8Oj6vFJW8tMUQyo5FJ1I6KRM4GBYYZjN1VIkohjJ5rczf3OEyrNpHg00xTDhIwEixklxkoBKiXVoFrz6t4C7jrxC1KDAq1B9as/lDRLUBjKidY930tNmBNlGO U4q/QzjSmhEzLCnqWCJKjDfHHszL2wytCNpbIljLtQf0/kJNF6mkS2MyFmrFe9ufif18tMfBPmTKSZQUGXi+KMu0a688/dIVNIDZ9aQqhi9laXjoki1Nh8KjYEf/XlddJu1P2reuOhUWveFnGU4QzO4RJ8uIYm3EMLAqDA4Ble4c0Rzovz7nwsW0tOMXMKf+B8/gAQxI7Y</latexit>

true model complexity
<latexit sha1_base64="+TnUAG3YGWh+ibnzyc7BBpgLiZ4=">AAAB/nicbVDLSgNBEJz1GeNrVTx5GQyCp7AbD3oMevEYwTwgCWF20kmGzOwsM71iWAL+ihcPinj1O7z5N04eB00saCiquunuihIpLAbBt7eyura+sZnbym/v7O7t+weHNatTw6HKtdSmETELUsRQRYESGokBpiIJ9Wh4M/HrD2Cs0PE9jhJoK9aPRU9whk7q+MdoUqBKd0FSrlUi4VHgqOMXgmIwBV0m4ZwUyByVjv/V6mqeKoiRS2ZtMwwSbGfMoOASxvlWaiFhfMj60HQ0ZgpsO5ueP6ZnTunSnjauYqRT9fdExpS1IxW5TsVwYBe9ifif10yxd9XORJykCDGfLeqlkqKmkyxoVxjgKEeOMG6Eu5XyATOMo0ss70IIF19eJrVSMbwolu5KhfL1PI4cOSGn5JyE5JKUyS2pkCrhJCPP5JW8eU/ei/fufcxaV7z5zBH5A+/zB484ld4=</latexit>

p⇤24
<latexit sha1_base64="p7Coty7qlwiFjV+FYNx+txI/4zw=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBDEQ9iNAT0GvXiMYB6QxDA76U2GzM6uM7NCWPITXjwo4tXf8ebfOEn2oIkFDUVVN91dfiy4Nq777aysrq1vbOa28ts7u3v7hYPDho4SxbDOIhGplk81Ci6xbrgR2IoV0tAX2PRHN1O/+YRK80jem3GM3ZAOJA84o8ZKrfjhvJeWK5NeoeiW3BnIMvEyUoQMtV7hq9OPWBKiNExQrdueG5tuSpXhTOAk30k0xpSN6ADblkoaou6ms3sn5NQqfRJEypY0ZKb+nkhpqPU49G1nSM1QL3pT8T+vnZjgqptyGScGJZsvChJBTESmz5M+V8iMGFtCmeL2VsKGVFFmbER5G4K3+PIyaZRL3kWpfFcpVq+zOHJwDCdwBh5cQhVuoQZ1YCDgGV7hzXl0Xpx352PeuuJkM0fwB87nD1hHj4M=</latexit>

p⇤32
<latexit sha1_base64="imkQXCtlBfHMS2YknuSm9SVzV2U=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBDEQ9hNBD0GvXiMYB6QxDA76U2GzM6uM7NCWPITXjwo4tXf8ebfOEn2oIkFDUVVN91dfiy4Nq777aysrq1vbOa28ts7u3v7hYPDho4SxbDOIhGplk81Ci6xbrgR2IoV0tAX2PRHN1O/+YRK80jem3GM3ZAOJA84o8ZKrfjhvJdWypNeoeiW3BnIMvEyUoQMtV7hq9OPWBKiNExQrdueG5tuSpXhTOAk30k0xpSN6ADblkoaou6ms3sn5NQqfRJEypY0ZKb+nkhpqPU49G1nSM1QL3pT8T+vnZjgqptyGScGJZsvChJBTESmz5M+V8iMGFtCmeL2VsKGVFFmbER5G4K3+PIyaZRLXqVUvrsoVq+zOHJwDCdwBh5cQhVuoQZ1YCDgGV7hzXl0Xpx352PeuuJkM0fwB87nD1bDj4I=</latexit>

• The threshold moves right

• Training error tends to increase: more points need to fit

• Test error tends to decrease: overfitting happens later

Test error ℒtest

Training error ℒtrain

Model complexity  
( = degree of the polynomial)



• let us now fix predictor model complexity p=30, collect multiple 
datasets by starting with 3 samples and adding one sample at a time 
to the training set, but keeping a large enough test set fixed


• then we run multiple validations and plot the computed MSEs for all 
values of train sample size Ntrain that we are interested in
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• There is a threshold below which training error is zero (extreme overfit)

• Below this threshold, test error is meaningless, as there are multiple predictors with 

zero training error

• Test error tends to decrease

• Training error tends to increase why do they meet?

<latexit sha1_base64="fSOfOf+ZJCrLNVoRm886bdwWqCo=">AAAB+nicbVC7SgNBFJ31GeNro6XNYBCswm4stDNoYxnBPCAJYXZyNztkZneZuWsIMZ9iY6GIrV9i5984eRSaeGDgcM69zD0nSKUw6Hnfztr6xubWdm4nv7u3f3DoFo7qJsk0hxpPZKKbATMgRQw1FCihmWpgKpDQCAa3U7/xCNqIJH7AUQodxfqxCAVnaKWuWxhGI9pLKEYwogoAr7tu0St5M9BV4i9IkSxQ7bpf7V7CMwUxcsmMafleip0x0yi4hEm+nRlIGR+wPrQsjZkC0xnPTp/QM6v0aJho+2KkM/X3xpgpY0YqsJOKYWSWvan4n9fKMLzqjEWcZggxn38UZpKizWp7oD2hgaO04QXjWthbKY+YZhxtW3lbgr8ceZXUyyX/olS+LxcrN4s6cuSEnJJz4pNLUiF3pEpqhJMheSav5M15cl6cd+djPrrmLHaOyR84nz+KQ5OG</latexit>

error
<latexit sha1_base64="3srcD6Q8A6U49q6u0/IMHrACHCg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqST1oMeiF48VTFtoQ9lsJ+3SzW7Y3Qgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5UcqZNp737ZQ2Nre2d8q7lb39g8Oj6vFJW8tMUQyo5FJ1I6KRM4GBYYZjN1VIkohjJ5rczf3OEyrNpHg00xTDhIwEixklxkoBKiXVoFrz6t4C7jrxC1KDAq1B9as/lDRLUBjKidY930tNmBNlGOU4q/QzjSmhEzLCnqWCJKjDfHHszL2wytCNpbIljLtQf0/kJNF6mkS2MyFmrFe9ufif18tMfBPmTKSZQUGXi+KMu0a688/dIVNIDZ9aQqhi9laXjoki1Nh8KjYEf/XlddJu1P2reuOhUWveFnGU4QzO4RJ8uIYm3EMLAqDA4Ble4c0Rzovz7nwsW0tOMXMKf+B8/gAQxI7Y</latexit>

N⇤
p

<latexit sha1_base64="bnnHUm0Yepf/lGIgSTchrw1JMj4=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFhNBLMJdLLQM2lhJBPMhyRn2NnvJkt29Y3dPCEd+hY2FIrb+HDv/jZvkCk18MPB4b4aZeUHMmTau++3kVlbX1jfym4Wt7Z3dveL+QVNHiSK0QSIeqXaANeVM0oZhhtN2rCgWAaetYHQ99VtPVGkWyXszjqkv8ECykBFsrPRQvn0866XxpNwrltyKOwNaJl5GSpCh3it+dfsRSQSVhnCsdcdzY+OnWBlGOJ0UuommMSYjPKAdSyUWVPvp7OAJOrFKH4WRsiUNmqm/J1IstB6LwHYKbIZ60ZuK/3mdxISXfspknBgqyXxRmHBkIjT9HvWZosTwsSWYKGZvRWSIFSbGZlSwIXiLLy+TZrXinVeqd9VS7SqLIw9HcAyn4MEF1OAG6tAAAgKe4RXeHOW8OO/Ox7w152Qzh/AHzucPxlCPuw==</latexit>

train sample size Ntrain
<latexit sha1_base64="fIJ2//F1hnbZnFY00Jg2CEjXpt8=">AAACCnicbVA9SwNBEN3zM8avqKXNaiJYhbtYaBm0sZII5gOS49jbTJIlu3vH7p4Qj9Q2/hUbC0Vs/QV2/hs3lxSa+GDg8d4MM/PCmDNtXPfbWVpeWV1bz23kN7e2d3YLe/sNHSWKQp1GPFKtkGjgTELdMMOhFSsgIuTQDIdXE795D0qzSN6ZUQy+IH3JeowSY6WgcGQUYRJrImIOWLMHwKWbIO0ogTNnXAoKRbfsZsCLxJuRIpqhFhS+Ot2IJgKkoZxo3fbc2PgpUYZRDuN8J9EQEzokfWhbKokA7afZK2N8YpUu7kXKljQ4U39PpERoPRKh7RTEDPS8NxH/89qJ6V34KZNxYkDS6aJewrGJ8CQX3GUKqOEjSwhVzN6K6YAoQo1NL29D8OZfXiSNStk7K1duK8Xq5SyOHDpEx+gUeegcVdE1qqE6ougRPaNX9OY8OS/Ou/MxbV1yZjMH6A+czx9z+5oY</latexit>

Test error ℒtest

Training error ℒtrain
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From practice to theory



Notations
• the model is specified by the distribution of data  for the paired examples 


• we denote our predictor by  to emphasize that our predictor depends on the 
training data  of size  , each coming i.i.d. from distribution 


• we denote the test data by  of size , also i.i.d. from 


• when we take expectation of a function of random variables, we use the following 
notation to indicate what we are taking expectation of: 
                   
indicating that the pair  is drawn from 


• we will simplify the subscript, whenever it is clear from the context, for example we 
might write  
                   
or even  
                   

px,y (xi, yi)
fStrain

(x)
Strain = {(xi, yi)}n

i=1 n px,y

Stest = {(xi, yi)}n+m
i=n+1 m px,y

𝔼(x,y)∼px,y
[F(x, y)]

(x, y) px,y

𝔼px,y
[F(x, y)]

𝔼[F(x, y)]

17



Expected test error
• goal of training a predictor is to get test error small, defined as the empirical risk on 

the test set 

                             

because this is a surrogate of the expected error on (randomly chosen) unseen data


• the expected mean squared error (true error) on a new data  is defined as 
     

               

 
               
 
where the last line follows from the i.i.d. assumption, and this true error is what we 
really care about, and hope to minimize


• for simplicity, we will write  
               


• we will decompose this expected test error, to identify three sources of error

ℒtest =
1

|Stest | ∑
i∈Stest

( fStrain
(xi) − yi)2

(x, y)
ℒtrue = 𝔼Stest∼pm

x,y,Strain∼pn
x,y

[ℒtest]

= 𝔼Stest∼pm
x,y,Strain∼pn

x,y[ 1
m

n+m

∑
i=n+1

( fStrain
(xi) − yi)2 ]

= 𝔼(x,y)∼px,y,Strain∼pn
x,y

[( fStrain
(x) − y)2]

ℒtrue = 𝔼px,y,Strain
[( fStrain

(x) − y)2]

18 demo4_tradeoff



Canonical model
• recall the law of total expectation (or tower rule):  

           ,  
for any function  and any joint distribution 


• we focus on analyzing the conditional expectation 
      
as by the law of total expectation (or tower rule), we have  
      

• the bias-variance tradeoff we show for the conditional expectation, will imply a 
similar result on the joint expectation  by simply taking the expectation with 
respect to  to the resulting formula (we do this in equation (1) on slide 21)


• this implies that we only need to specify the conditional distribution  to proceed 
with the analysis, and we will focus on the canonical model where  
                       
where  is drawn from , zero mean Gaussian with variance 


• note that this use of canonical model is without loss of generality, as it the same 
analysis can be used to capture bias-variance tradeoff for any  but with heavier 
notations

𝔼px,y
[F(x, y)] = 𝔼px[𝔼py|x

[F(x, y) |x]]
F(x, y) px,y

𝔼py|x,Strain
[( fStrain

(x) − y)2 | x]

𝔼px,y,Strain
[( fStrain

(x) − y)2] = 𝔼px[𝔼py|x,Strain
[( fStrain

(x) − y)2 |x] ]

px,y
px

py|x

y = f0(x) + ε ,
ε N(0,σ2) σ2

px,y
19



• model:  for both training and test samples


• we will analyze the conditional expectation of the true error 

yi = f0(xi) + εi

𝔼py|x,Strain
[( fStrain

(x) − y)2 | x]
20

x

y

f0(x)

f0(x)

py|xA random predictor  fStrain
(x)

fStrain
(x)

: error due to  
randomness in the  
sampling process

( f0(x) − y)

y

: error due to  
model mismatch

( fStrain
− f0(x))



Bias-variance tradeoff
• the conditional true error can be written as  

   

   
                    

 
this follows from the fact that  and 
the noise is zero mean, i.e. 
    

• irreducible error 

• is due to the inherent noise in the samples, and is impossible to get rid of


• does not depend on our predictor 

• Is a lower bound on achievable expected test error


• learning error 

• is due to the randomness (and limited sample size) in the training data 

• Further decomposed into bias and variance

𝔼py|x,Strain
[( fStrain

(x) − y)2 | x] = 𝔼[( ( fStrain
(x) − f0(x))

A

− (y − f0(x)

B

) )2 |x]

= 𝔼Strain
[( fStrain

(x) − f0(x))2 |x]

learning error≥0

+ 𝔼py|x
[( f0(x) − y)2 |x]

irreducible error=σ2

𝔼[(A − B)2] = 𝔼[A2] − 2𝔼[AB] + 𝔼[B2]

𝔼[AB] = 𝔼[( fStrain
(x) − f0(x))(y − f0(x)) |x] = 𝔼[ fStrain

(x) − f0(x) |x]𝔼[ε |x]

=0

= 0

f(x)

21



• the learning error can be further decomposed (with a similar trick) as  
  

 
         

 
this follows from 


• this theoretical analysis explains the behavior of true error  
 

                  (1)


• Whether we condition on  or not when referring to variance and bias should be clear 
from the context 

• bias  
• measures how the  

predictor is mismatched with 
the true model in expectation


• variance 
• measures how the predictor  

varies each time with a new  
training datasets

𝔼Strain
[( fStrain

(x) − f0(x))2 |x] = 𝔼[(( fStrain
(x) − 𝔼[ fStrain

(x) |x]) − ( f0(x) − 𝔼[ fStrain
(x) |x]))2 |x]

= 𝔼[( fStrain
(x) − 𝔼[ fStrain

(x) |x])2 |x]
Variance

+ (f0(x) − 𝔼[ fStrain
(x) |x])2

Bias2

𝔼[( fStrain
(x) − 𝔼[ fStrain

(x) |x]) |x] = 0
ℒtrue

ℒtrue = σ2
⏟

irreducible error

+ 𝔼[( fStrain
(x) − 𝔼[ fStrain

(x) |x])2]
(expected) Variance

+ 𝔼px[(f0(x) − 𝔼[ fStrain
(x) |x])2

(expected) Bias2

]

x

22
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• recall the test error is an unbiased estimator of the true 
error, i.e. 


• and theory explains true error, and hence expected 
behavior of the (random) test error

ℒtrue = 𝔼[ℒtest]

23

True error ℒtrue = 𝔼[ℒtest(Strain, Stest)]

Train error ℒtrain(Strain)

Test error ℒtest(Strain, Stest)

𝔼[ℒtrain(Strain)]

model complexity

error



Simple Gaussian example
• model: 


• 


• training data 


• let data matrix be 


•  denotes the first column of 

yi = w1xi[1] + w2xi[2] + 0 ⋅ xi[3] + εi
xi[1], xi[2], xi[3], εi ∼ i.i.d. Gaussian N(0,σ2)

{(xi, yi)}n
i=1

X =
x1[1] x1[2] x1[3]

⋮ ⋮ ⋮
xn[1] xn[2] xn[3]

∈ ℝn×3

X[: , 1] X

24



Simple Gaussian example
• model: 


• Example 1 (simple predictor):  
• consider a simple model of fitting only the first feature 

                

• linear least squares gives 

                 
 

with , and  

• plugging in  in the equation, we get 
                  
                       

yi = w1xi[1] + w2xi[2] + 0 ⋅ xi[3] + εi

̂y = ŵ1x[1]

ŵ1 = (X[: , 1]TX[: , 1])−1X[: , 1]Ty

X[: , 1] =
x1[1]

⋮
xn[1]

y =
y1
⋮
yn

= w1X[: , 1] + w2X[: , 2] +
ε1
⋮
εn

≜ ε

y
ŵ1 = (X[: , 1]TX[: , 1])−1 X[: , 1]T(X[: , 1] w1 + X[: , 2]w2 + ε)

= w1 + (X[: , 1]TX[: , 1])−1X[: , 1]T(w2X[: , 2] + ε)

25

cancels each other for the first term



• for large enough ,  

          ,  

 
by law of large numbers, and we will use this approximation to simplify the formula: 

              and 
           
          
 
where we used the fact that  are independent zero-mean vectors


• we are ready to compute the bias and variance


• first, conditioned on     
            ,     
and taking expectation over  
 
                                          


• note that 


• this does not decrease with (training) sample size 


• this is due to not including  in our prediction, in other words, using a too simple 
predictor

n
X[: , 1]TX[: , 1] =

n

∑
i=1

xi[1]2 ≃ nσ2

ŵ1 = w1 +
1

nσ2
X[: , 1]T(w2X[: , 2] + ε)

𝔼[ŵ1] = w1

X[: , 1], X[: , 2], ε ∈ ℝn

x = (x[1], x[2], x[3])
bias2 = (𝔼[ f(x)] − f0(x))2 = ( w1x[1] − (w1x[1] + w2x[2]) )2 = (w2)2x[2]2

px

𝔼px
[bias2] = (w2)2σ2

n
x[2]
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• Now for the variance, conditioned on , 

since we have  

and                  


•  

                  
 

                   

                  
  

 

                   


• and 


• this decrease with (training) sample size 

x = (x[1], x[2], x[3])
ŵ1 = w1 +

1
nσ2

X[: , 1]T(w2X[: , 2] + ε)
𝔼[ŵ1] = w1

variance = 𝔼[( f(x) − 𝔼[ f(x)])2 |x]
= 𝔼[( 1

nσ2
X[: , 1]T(w2X[: , 2] + ε)x[1])

2
|x]

=
x[1]2

n2σ4 (𝔼[(
n

∑
i=1

w2xi[1]xi[2] + xi[1]εi)2])
=

x[1]2

n2σ4 (𝔼[(
n

∑
i=1

(w2xi[1]xi[2])2 +
n

∑
i=1

(xi[1]εi)2 + 2
n

∑
i=1

(w2xi[1]2xi[2])

zero mean

+
n

∑
i≠j=1

(w2xi[1]xi[2] + xi[1]εi)(w2xj[1]xj[2] + xj[1]εj)

zero mean

)])

=
x[1]2

n2σ4
n((w2)2σ4 + σ4) =

((w2)2 + 1)x[1]2

n

𝔼[variance] =
((w2)2 + 1)σ2

n
n
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28
sample size

true error ℒtrue

28

train error ℒtrain σ2

(w2)2σ2

irreducible error

bias2

error
<latexit sha1_base64="3srcD6Q8A6U49q6u0/IMHrACHCg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqST1oMeiF48VTFtoQ9lsJ+3SzW7Y3Qgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5UcqZNp737ZQ2Nre2d8q7lb39g8Oj6vFJW8tMUQyo5FJ1I6KRM4GBYYZjN1VIkohjJ5rczf3OEyrNpHg00xTDhIwEixklxkoBKiXVoFrz6t4C7jrxC1KDAq1B9as/lDRLUBjKidY930tNmBNlGOU4q/QzjSmhEzLCnqWCJKjDfHHszL2wytCNpbIljLtQf0/kJNF6mkS2MyFmrFe9ufif18tMfBPmTKSZQUGXi+KMu0a688/dIVNIDZ9aQqhi9laXjoki1Nh8KjYEf/XlddJu1P2reuOhUWveFnGU4QzO4RJ8uIYm3EMLAqDA4Ble4c0Rzovz7nwsW0tOMXMKf+B8/gAQxI7Y</latexit>

train sample size Ntrain
<latexit sha1_base64="fIJ2//F1hnbZnFY00Jg2CEjXpt8=">AAACCnicbVA9SwNBEN3zM8avqKXNaiJYhbtYaBm0sZII5gOS49jbTJIlu3vH7p4Qj9Q2/hUbC0Vs/QV2/hs3lxSa+GDg8d4MM/PCmDNtXPfbWVpeWV1bz23kN7e2d3YLe/sNHSWKQp1GPFKtkGjgTELdMMOhFSsgIuTQDIdXE795D0qzSN6ZUQy+IH3JeowSY6WgcGQUYRJrImIOWLMHwKWbIO0ogTNnXAoKRbfsZsCLxJuRIpqhFhS+Ot2IJgKkoZxo3fbc2PgpUYZRDuN8J9EQEzokfWhbKokA7afZK2N8YpUu7kXKljQ4U39PpERoPRKh7RTEDPS8NxH/89qJ6V34KZNxYkDS6aJewrGJ8CQX3GUKqOEjSwhVzN6K6YAoQo1NL29D8OZfXiSNStk7K1duK8Xq5SyOHDpEx+gUeegcVdE1qqE6ougRPaNX9OY8OS/Ou/MxbV1yZjMH6A+czx9z+5oY</latexit>

• Analysis explains the 
empirical observation on 
the right, on error vs. 
sample size

𝔼[variance] =
((w2)2 + 1)σ2

n



Simple Gaussian example
• Example 2 (moderate predictor):  
• consider a moderate model of fitting the first two features 

                

• then, we will show that bias is smaller (in fact zero) and variance is larger, i.e.


• 


• 


• linear least squares gives 

                 

 

with , and  

• plugging in  in the equation, we get 

                  

                           

̂y = ŵ1x[1] + ŵ2x[2]

𝔼px
[bias2] = 0

𝔼[variance] =
2σ2

n

[ŵ1

ŵ2] = (X[: , 1 : 2]TX[: , 1 : 2])−1X[: , 1 : 2]Ty

X[: , 1 : 2] =
x1[1] x1[2]

⋮ ⋮
xn[1] xn[2]

y =
y1
⋮
yn

= w1X[: , 1] + w2X[: , 2] +
ε1
⋮
εn

≜ ε

y

[ŵ1

ŵ2] = (X[: , 1 : 2]TX[: , 1 : 2])−1X[: , 1 : 2]T(X[: , 1 : 2][w1
w2] + ε)

= [w1
w2] + (X[: , 1 : 2]TX[: , 1 : 2])−1X[: , 1 : 2]T ε
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• for large enough ,  

          ,  

 
by law of large numbers, and we will use this approximation to simplify the formula: 

              and 

           

          

 
where we used the fact that  are independent zero-mean 
vectors


• we are ready to compute the bias and variance


• first, conditioned on     
           

 ,     

• note that 

• this is an unbiased predictor

n

X[: , 1]TX[: , 1] = [
∑n

i=1 xi[1]2 ∑n
i=1 xi[1]xi[2]

∑n
i=1 xi[1]xi[2] ∑n

i=1 xi[2]2 ] ≃ nσ2 [1 0
0 1]

[ŵ1

ŵ2] = [w1
w2] +

1
nσ2

X[: , 1 : 2]Tε

𝔼 [[ŵ1

ŵ2]] = [w1
w2]

X[: , 1], X[: , 2], ε ∈ ℝn

x = (x[1], x[2], x[3])

bias2 = (𝔼[ f(x)] − f0(x))2 = ( w1x[1] + w2x[2] − (w1x[1] + w2x[2]) )2 = 0
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• Now for the variance, conditioned on , 

since we have  

 

and                  


•  

                  

 

                   

              

                   


• and 


• this decrease with (training) sample size 

x = (x[1], x[2], x[3])

[ŵ1

ŵ2] = [w1
w2] +

1
nσ2

X[: , 1 : 2]Tε

𝔼 [[ŵ1

ŵ2]] = [w1
w2]

variance = 𝔼[( f(x) − 𝔼[ f(x)])2 |x]
= 𝔼[( 1

nσ2
εT X[: , 1 : 2] [x[1]

x[2]])
2
|x]

=
1

n2σ4 (𝔼[(
n

∑
i=1

(xi[2]x[2] + xi[1]x[1])εi)2])

=
(x[1]2 + x[2]2)nσ4

n2σ4
=

x[1]2 + x[2]2

n

𝔼[variance] =
2σ2

n
n
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• Example 3 (complex predictor): 
• consider a complex model of fitting 

                


• 


• 


• we skip the detailed proof here, as it is almost identical to the previous 
one

̂y = ŵ1x[1] + ŵ2x[2] + ŵ2x[3]

𝔼px
[bias2] = 0

𝔼[variance] =
3σ2

n
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• this explains the observation on the bias-variance tradeoff

33

Model complexity

Error

33
Model complexity

Error
3σ2

n
2σ2

n
𝔼[variance] =

((w2)2 + 1)σ2

n

𝔼px
[bias2] = (w2)2σ2 0 0

bias2
variance
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