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Data fitting
• goal: predicting “How much is my house worth?”


• data


• hope/belief: 


•   is called the input data  
  is called the outcome, response, target, label, or dependent variable 


•   is what we want to predict
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(x1, y1) = ( 2318 sq.ft. , $ 315k)

(x2, y2) = ( 1985 sq.ft. , $ 295k)

(x3, y3) = ( 2861 sq.ft. , $ 370k)

...
...

(xn, yn) = ( 2055 sq.ft. , $ 320k)
<latexit sha1_base64="SDEqSd/RiZ1Ab2+H9rJttrL1STo="></latexit>

We think y 2 R and x 2 Rd are approximately related by
<latexit sha1_base64="9L+N4zuBqv2U6fwh2Edd6MSbTcY="></latexit>

x
<latexit sha1_base64="efvLKTYhg8dMc+EVwyN5686ejd8=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstLAgsbHEKB8JELK3zMGGvb3L7p6RXPgJNhYaY+svsvPfuMAVCr5kkpf3ZjIzz48F18Z1v53c2vrG5lZ+u7Czu7d/UDw8auooUQwbLBKRavtUo+ASG4Ybge1YIQ19gS1/fDPzW4+oNI/kg5nE2AvpUPKAM2qsdF9+KveLJbfizkFWiZeREmSo94tf3UHEkhClYYJq3fHc2PRSqgxnAqeFbqIxpmxMh9ixVNIQdS+dnzolZ1YZkCBStqQhc/X3REpDrSehbztDakZ62ZuJ/3mdxARXvZTLODEo2WJRkAhiIjL7mwy4QmbExBLKFLe3EjaiijJj0ynYELzll1dJs1rxLirVu2qpdp3FkYcTOIVz8OASanALdWgAgyE8wyu8OcJ5cd6dj0VrzslmjuEPnM8fnNKNVA==</latexit>

y
<latexit sha1_base64="EjXvK6VoKT+hOI0QTfx/Fh3liVQ=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstLAgsbHEKEgCF7K37MGGvb3L7pzJhfATbCw0xtZfZOe/cYErFHzJJC/vzWRmXpBIYdB1v53C2vrG5lZxu7Szu7d/UD48aps41Yy3WCxj3Qmo4VIo3kKBkncSzWkUSP4YjG9m/uMT10bE6gGzhPsRHSoRCkbRSvfVrNovV9yaOwdZJV5OKpCj2S9/9QYxSyOukElqTNdzE/QnVKNgkk9LvdTwhLIxHfKupYpG3PiT+alTcmaVAQljbUshmau/JyY0MiaLAtsZURyZZW8m/ud1Uwyv/IlQSYpcscWiMJUEYzL7mwyE5gxlZgllWthbCRtRTRnadEo2BG/55VXSrte8i1r9rl5pXOdxFOEETuEcPLiEBtxCE1rAYAjP8ApvjnRenHfnY9FacPKZY/gD5/MHnleNVQ==</latexit>

y
<latexit sha1_base64="EjXvK6VoKT+hOI0QTfx/Fh3liVQ=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstLAgsbHEKEgCF7K37MGGvb3L7pzJhfATbCw0xtZfZOe/cYErFHzJJC/vzWRmXpBIYdB1v53C2vrG5lZxu7Szu7d/UD48aps41Yy3WCxj3Qmo4VIo3kKBkncSzWkUSP4YjG9m/uMT10bE6gGzhPsRHSoRCkbRSvfVrNovV9yaOwdZJV5OKpCj2S9/9QYxSyOukElqTNdzE/QnVKNgkk9LvdTwhLIxHfKupYpG3PiT+alTcmaVAQljbUshmau/JyY0MiaLAtsZURyZZW8m/ud1Uwyv/IlQSYpcscWiMJUEYzL7mwyE5gxlZgllWthbCRtRTRnadEo2BG/55VXSrte8i1r9rl5pXOdxFOEETuEcPLiEBtxCE1rAYAjP8ApvjnRenHfnY9FacPKZY/gD5/MHnleNVQ==</latexit>

y ⇡ f0(x)
<latexit sha1_base64="2/j+sbsE7X52Jj3JVEmXX4H1TzM=">AAACA3icbVDLSgMxFM34rPU16k43wSLUTZmpgkI3BTcuK9gHdIYhk2ba0EwyJBnpUApu/BU3LhRx60+4829M21lo64ELJ+fcS+49YcKo0o7zba2srq1vbBa2its7u3v79sFhS4lUYtLEggnZCZEijHLS1FQz0kkkQXHISDsc3kz99gORigp+r7OE+DHqcxpRjLSRAvs4g17Nq0EPJYkUo/kjCpzy6DywS07FmQEuEzcnJZCjEdhfXk/gNCZcY4aU6rpOov0xkppiRiZFL1UkQXiI+qRrKEcxUf54dsMEnhmlByMhTXENZ+rviTGKlcri0HTGSA/UojcV//O6qY6u/THlSaoJx/OPopRBLeA0ENijkmDNMkMQltTsCvEASYS1ia1oQnAXT14mrWrFvahU7y5L9XoeRwGcgFNQBi64AnVwCxqgCTB4BM/gFbxZT9aL9W59zFtXrHzmCPyB9fkD3QiVug==</latexit>

data pair or example



Features
• often, the input data needs to be pre-processed to be applied 

to a machine learning algorithm

• these predefined processed representation of the input data is 

called features 

• we use x to denote raw data input, and h:Rd Rk to denote 
corresponding feature vector 

• for example, 

• x is a document, then h(x) is word count histogram 

(k=273,000 for English or 106,230 for Chinese)

• x is an email, then h(x) is the count of trigger words

• x is a facial image, then h(x) is hair color, beard, skin tone 

→
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h(x) =

2

6664

h0(x)
h1(x)

...
hk(x)

3

7775

<latexit sha1_base64="pimzMnNxEIe8ikOcyENUbE4CCkc="></latexit>

x =

2

6664

x[1]
x[2]
...

x[d]

3

7775

<latexit sha1_base64="3tWx4LredSoFweHfRFqhTDgE1H4=">AAACJnicbVBLSwMxEM76rOur6tFLsAieym4V9FIoevFYwT6gu5RsdtqGZrNLki0tS3+NF/+KFw8VEW/+FNMHoq0DYb588w0z8wUJZ0o7zqe1tr6xubWd27F39/YPDvNHx3UVp5JCjcY8ls2AKOBMQE0zzaGZSCBRwKER9O+m9cYApGKxeNSjBPyIdAXrMEq0odr58rBsewF0mciCiGjJhmN72HJ9zzOpNE3eIIy1mv1D3/ZAhD9K3M4XnKIzC7wK3AUooEVU2/mJF8Y0jUBoyolSLddJtJ8RqRnlMLa9VEFCaJ90oWWgIBEoP5udOcbnhglxJ5bmCY1n7O+OjERKjaLAKM2CPbVcm5L/1Vqp7tz4GRNJqkHQ+aBOyrGO8dQzHDIJVPORAYRKZnbFtEckodo4axsT3OWTV0G9VHQvi6WHq0LldmFHDp2iM3SBXHSNKugeVVENUfSEXtAEvVnP1qv1bn3MpWvWoucE/Qnr6xstKaT/</latexit>



Predictor
• we seek a predictor or model


• for an input data   , our prediction of the label     is  


•
6

x
<latexit sha1_base64="efvLKTYhg8dMc+EVwyN5686ejd8=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstLAgsbHEKB8JELK3zMGGvb3L7p6RXPgJNhYaY+svsvPfuMAVCr5kkpf3ZjIzz48F18Z1v53c2vrG5lZ+u7Czu7d/UDw8auooUQwbLBKRavtUo+ASG4Ybge1YIQ19gS1/fDPzW4+oNI/kg5nE2AvpUPKAM2qsdF9+KveLJbfizkFWiZeREmSo94tf3UHEkhClYYJq3fHc2PRSqgxnAqeFbqIxpmxMh9ixVNIQdS+dnzolZ1YZkCBStqQhc/X3REpDrSehbztDakZ62ZuJ/3mdxARXvZTLODEo2WJRkAhiIjL7mwy4QmbExBLKFLe3EjaiijJj0ynYELzll1dJs1rxLirVu2qpdp3FkYcTOIVz8OASanALdWgAgyE8wyu8OcJ5cd6dj0VrzslmjuEPnM8fnNKNVA==</latexit>

y
<latexit sha1_base64="EjXvK6VoKT+hOI0QTfx/Fh3liVQ=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstLAgsbHEKEgCF7K37MGGvb3L7pzJhfATbCw0xtZfZOe/cYErFHzJJC/vzWRmXpBIYdB1v53C2vrG5lZxu7Szu7d/UD48aps41Yy3WCxj3Qmo4VIo3kKBkncSzWkUSP4YjG9m/uMT10bE6gGzhPsRHSoRCkbRSvfVrNovV9yaOwdZJV5OKpCj2S9/9QYxSyOukElqTNdzE/QnVKNgkk9LvdTwhLIxHfKupYpG3PiT+alTcmaVAQljbUshmau/JyY0MiaLAtsZURyZZW8m/ud1Uwyv/IlQSYpcscWiMJUEYzL7mwyE5gxlZgllWthbCRtRTRnadEo2BG/55VXSrte8i1r9rl5pXOdxFOEETuEcPLiEBtxCE1rAYAjP8ApvjnRenHfnY9FacPKZY/gD5/MHnleNVQ==</latexit>

f : Rd ! R
<latexit sha1_base64="FphPkvG6U6KzNEj7jxy9jCjAVtA=">AAACCHicbVDLSsNAFL3xWesr6tKFg0VwVZIqKK4KblxWsQ9oYplMJu3QyYOZiVBCl278FTcuFHHrJ7jzb5y0WdTWAwOHc+5l7jlewplUlvVjLC2vrK6tlzbKm1vbO7vm3n5LxqkgtEliHouOhyXlLKJNxRSnnURQHHqctr3hde63H6mQLI7u1Sihboj7EQsYwUpLPfMouMqcEKuBF6C78YOPHBWjGaVnVqyqNQFaJHZBKlCg0TO/HT8maUgjRTiWsmtbiXIzLBQjnI7LTippgskQ92lX0wiHVLrZJMgYnWjFR0Es9IsUmqizGxkOpRyFnp7ML5TzXi7+53VTFVy6GYuSVNGITD8KUo502LwV5DNBieIjTTARTN+KyAALTJTurqxLsOcjL5JWrWqfVWu355V6vaijBIdwDKdgwwXU4QYa0AQCT/ACb/BuPBuvxofxOR1dMoqdA/gD4+sX03yZNA==</latexit>

ŷ = f(x)
<latexit sha1_base64="kHSerX4WDlrzq7c/TTmEchKRmRM=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSxC3ZSkCgpFKLhxWcE+oAllMp20QycPZm7EELvwV9y4UMStv+HOv3HSdqGtB+7lcM69zJ3jxYIrsKxvY2l5ZXVtvbBR3Nza3tk19/ZbKkokZU0aiUh2PKKY4CFrAgfBOrFkJPAEa3uj69xv3zOpeBTeQRozNyCDkPucEtBSzzx0hgSydIydmlO7yhv2yw+nPbNkVawJ8CKxZ6SEZmj0zC+nH9EkYCFQQZTq2lYMbkYkcCrYuOgkisWEjsiAdTUNScCUm03uH+MTrfSxH0ldIeCJ+nsjI4FSaeDpyYDAUM17ufif103Av3QzHsYJsJBOH/ITgSHCeRi4zyWjIFJNCJVc34rpkEhCQUdW1CHY819eJK1qxT6rVG/PS/X6LI4COkLHqIxsdIHq6AY1UBNR9Iie0St6M56MF+Pd+JiOLhmznQP0B8bnD7v/lJs=</latexit>

small error on an example, f(xi) ⇡ yi,
implies that we have a good prediction on the ith pair (xi, yi)

<latexit sha1_base64="4c6u3vV+KiODYU2BimmwQxTVB9U="></latexit>

data pair or example

price $
<latexit sha1_base64="92GEqQSVj+bWf9LG0UvxiIg4ivQ=">AAAB73icbVC7TsMwFL0pr1JeBUYWi4LEVCVlgLGChbFI9CG1UeW4N61Vxwm2g1RF/QkWBhBi5XfY+BvcNgO0HMnS0TnnyveeIBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FjJZjlD0jvrlytu1Z2DrBIvJxXI0eiXv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzfedknOrDEgYK/ukIXP190RGI60nUWCTETUjvezNxP+8bmrCaz/jMkkNSrb4KEwFMTGZHU8GXCEzYmIJZYrbXQkbUUWZsRWVbAne8smrpFWrepfV2n2tUr/J6yjCCZzCBXhwBXW4gwY0gYGAZ3iFN+fReXHenY9FtODkM8fwB87nD1Ykj38=</latexit>

sq. ft.
<latexit sha1_base64="5IbhYvkSErry5olvwt92ZQvhBLI=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4Ckk96LHoxWMF+wFtKJvtpl262cTdiVBCf4QXD4p49fd489+4bXPQ1gcDj/dmmJkXplIY9LxvZ219Y3Nru7RT3t3bPzisHB23TJJpxpsskYnuhNRwKRRvokDJO6nmNA4lb4fj25nffuLaiEQ94CTlQUyHSkSCUbRS2zy6JEK3X6l6rjcHWSV+QapQoNGvfPUGCctirpBJakzX91IMcqpRMMmn5V5meErZmA5511JFY26CfH7ulJxbZUCiRNtSSObq74mcxsZM4tB2xhRHZtmbif953Qyj6yAXKs2QK7ZYFGWSYEJmv5OB0JyhnFhCmRb2VsJGVFOGNqGyDcFffnmVtGquf+nW7mvV+k0RRwlO4QwuwIcrqMMdNKAJDMbwDK/w5qTOi/PufCxa15xi5gT+wPn8AXXgjvw=</latexit>
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square feet

price

square feet

• left plot shows nearest neighbor prediction 


• right plot shows cubic polynomial fit 


• we want a good prediction on pairs we have not seen

data pair or example

a machine learning algorithm is  
a principled recipe for producing a predictor, given data

f(x) = a0 + a1x+ a2x
2 + a3x

3
<latexit sha1_base64="JYa/V7ZAYgFJTMuTT42l17t//zk=">AAACDHicbVDLSgMxFM3UV62vqks3wSJUhDIzFXQjFN24rGAf0E5LJs20oZnMkGRkytAPcOOvuHGhiFs/wJ1/YzqdhbYeSO7h3HNJ7nFDRqUyzW8jt7K6tr6R3yxsbe/s7hX3D5oyiAQmDRywQLRdJAmjnDQUVYy0Q0GQ7zLScsc3s37rgQhJA36vJiFxfDTk1KMYKS31iyWvHJ/CK4j6JjzTtxWnxY57dkqqca+qXWbFTAGXiZWREshQ7xe/uoMARz7hCjMkZccyQ+UkSCiKGZkWupEkIcJjNCQdTTnyiXSSdJkpPNHKAHqB0IcrmKq/JxLkSznxXe30kRrJxd5M/K/XiZR36SSUh5EiHM8f8iIGVQBnycABFQQrNtEEYUH1XyEeIYGw0vkVdAjW4srLpGlXrGrFvjsv1a6zOPLgCByDMrDABaiBW1AHDYDBI3gGr+DNeDJejHfjY27NGdnMIfgD4/MHLviXSQ==</latexit>

Data is drawn from yi = f0(xi) + "
<latexit sha1_base64="sTYR28oNAjB1d3WpKXkOgSV7Fos=">AAACA3icbVDLSgNBEOyNrxhfUW96GQxCRAi7UdCLEPTiMYJ5QLIss5PZZMjsg5nZ4LIEvPgrXjwo4tWf8ObfOJvkoIkFDUVVN91dbsSZVKb5beSWlldW1/LrhY3Nre2d4u5eU4axILRBQh6Ktosl5SygDcUUp+1IUOy7nLbc4U3mt0ZUSBYG9yqJqO3jfsA8RrDSklM8SByGrpDnmOUHh52cdkdY0Egynpkls2JOgBaJNSMlmKHuFL+6vZDEPg0U4VjKjmVGyk6xUIxwOi50Y0kjTIa4TzuaBtin0k4nP4zRsVZ6yAuFrkChifp7IsW+lInv6k4fq4Gc9zLxP68TK+/STlkQxYoGZLrIizlSIcoCQT0mKFE80QQTwfStiAywwETp2Ao6BGv+5UXSrFass0r17rxUu57FkYdDOIIyWHABNbiFOjSAwCM8wyu8GU/Gi/FufExbc8ZsZh/+wPj8AWoAlsE=</latexit>

and the black line shows f0(x)
<latexit sha1_base64="boao6qOPbP01WMZH80GqyNYV/AM=">AAACG3icbVC7TsMwFHV4U14FRhaLFqksVVIGGCtYGEGiBamtKse5oRaOE9k30Crqf7DwKywMIMSExMDf4KYZeB3J0tE59+XjJ1IYdN1PZ2Z2bn5hcWm5tLK6tr5R3txqmzjVHFo8lrG+8pkBKRS0UKCEq0QDi3wJl/7NycS/vAVtRKwucJRAL2LXSoSCM7RSv9zoIgwxn5NpCMYZUwHFAVBfMn5DJ2OpGcR3ZkyrYd+tDfer/XLFrbs56F/iFaRCCpz1y+/dIOZpBAq5ZMZ0PDfBXsY0Ci5hXOqmBhK7jV1Dx1LFIjC9LL9pTPesEtAw1vYppLn6vSNjkTGjyLeVEcOB+e1NxP+8TorhUS8TKkkRFJ8uClNJMaaToGggNHCUI0sY18LeSvmAacbRxlmyIXi/v/yXtBt176DeOG9UmsdFHEtkh+ySGvHIIWmSU3JGWoSTe/JInsmL8+A8Oa/O27R0xil6tskPOB9fg/Kg/w==</latexit>

green line shows the prediction f(x)
<latexit sha1_base64="fL9konn0tMvKeoseiSJWAE//IIU=">AAACIHicbVA9T8MwEHX4LOWrwMhiUZBgqZIylLGChbFIFJDaqnKcS2vhOJF9gVZRfwoLf4WFAYRgg1+DUzpAy5MsPb27e3d+fiKFQdf9dObmFxaXlgsrxdW19Y3N0tb2lYlTzaHJYxnrG58ZkEJBEwVKuEk0sMiXcO3fnuX16zvQRsTqEocJdCLWUyIUnKGVuqVaG2GAY59MQzDKehpA0dyOmn58byj2gVrLQPB8YkT3w8PB0X63VHYr7hh0lngTUiYTNLqlj3YQ8zQChVwyY1qem2AnYxoFlzAqtlMDCeO3rActSxWLwHSy8WEjemCVgIaxtk8hHau/JzIWGTOMfNsZMeyb6Vou/ldrpRiedDKhkhRB8Z9FYSopxjRPiwZCA0c5tIRxLeytlPeZZhxtpkUbgjf95VlyVa14x5XqRbVcP53EUSC7ZI8cEo/USJ2ckwZpEk4eyBN5Ia/Oo/PsvDnvP61zzmRmh/yB8/UNf6SjtA==</latexit>

demo1_1nn_lin.ipynb 



Two schools of thoughts
• machine learning 


• any machine learning algorithm can be derived from
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Empirical Risk Minimization Maximum Likelihood Estimator

y = f0(x) + "
<latexit sha1_base64="g8B9xPDjDRbsqehv69NBFB3lIs4=">AAAB/3icbVDLSgNBEOyNrxhfUcGLl8EgRISwGwW9CEEvHiOYByRLmJ3MJkNmH8zMBpc1B3/FiwdFvPob3vwbZ5M9aGJBQ1HVTXeXE3ImlWl+G7ml5ZXVtfx6YWNza3unuLvXlEEkCG2QgAei7WBJOfNpQzHFaTsUFHsOpy1ndJP6rTEVkgX+vYpDant44DOXEay01CsexFduzyw/nKBT1B1jQUPJeGqUzIo5BVokVkZKkKHeK351+wGJPOorwrGUHcsMlZ1goRjhdFLoRpKGmIzwgHY09bFHpZ1M75+gY630kRsIXb5CU/X3RII9KWPP0Z0eVkM576Xif14nUu6lnTA/jBT1yWyRG3GkApSGgfpMUKJ4rAkmgulbERligYnSkRV0CNb8y4ukWa1YZ5Xq3Xmpdp3FkYdDOIIyWHABNbiFOjSAwCM8wyu8GU/Gi/FufMxac0Y2sw9/YHz+AFYRlQk=</latexit>

max
f2F

nY

i=1

P (yi = f(xi) + ")
<latexit sha1_base64="zHpPmv0m53gu05V27ZjMCs6n/U4="></latexit>

y ' f0(x)
<latexit sha1_base64="QxUaBkTEiZ8buJizAUpSvnqDvFQ=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g0Wom5JUQZdFNy4r2Ae0IUymN+3QySTOTMQY+iVuXCji1k9x5984fSy09cCFwzn3cu89QcKZ0o7zba2srq1vbBa2its7u3sle/+gpeJUUmjSmMeyExAFnAloaqY5dBIJJAo4tIPR9cRvP4BULBZ3OkvAi8hAsJBRoo3k26UM9xSL4B6HvlN5PPXtslN1psDLxJ2TMpqj4dtfvX5M0wiEppwo1XWdRHs5kZpRDuNiL1WQEDoiA+gaKkgEysunh4/xiVH6OIylKaHxVP09kZNIqSwKTGdE9FAtehPxP6+b6vDSy5lIUg2CzhaFKcc6xpMUcJ9JoJpnhhAqmbkV0yGRhGqTVdGE4C6+vExatap7Vq3dnpfrV/M4CugIHaMKctEFqqMb1EBNRFGKntErerOerBfr3fqYta5Y85lD9AfW5w9TJ5I3</latexit>

with known pdf of "
<latexit sha1_base64="2I/XCKdQ9aldvzppOmPm1QfG2Vc=">AAACCHicbVC7TgJBFJ3FF+Jr1dLCiWBiRXax0JJoY4mJPBLYkNlhFibMzkxmZiFkQ2njr9hYaIytn2Dn3zjAFgqe5CYn59ybe+8JJaPaeN63k1tb39jcym8Xdnb39g/cw6OGFonCpI4FE6oVIk0Y5aRuqGGkJRVBcchIMxzezvzmiChNBX8wE0mCGPU5jShGxkpd93RMzQAOuRhzKHsRFBEsdUZIEakpE7zUdYte2ZsDrhI/I0WQodZ1vzo9gZOYcIMZ0rrte9IEKVKGYkamhU6iiUR4iPqkbSlHMdFBOn9kCs+t0oORULa4gXP190SKYq0ncWg7Y2QGetmbif957cRE10FKuUwM4XixKEoYNALOUoE9qgg2bGIJworaWyEeIIWwsdkVbAj+8surpFEp+5flyn2lWL3J4siDE3AGLoAPrkAV3IEaqAMMHsEzeAVvzpPz4rw7H4vWnJPNHIM/cD5/AOotmUI=</latexit>

given {(x1, y1), . . . , (xn, yn)}, find a predictor f 2 F
<latexit sha1_base64="iqMMGrKNzttQR+bjs4zKgSyS3bM="></latexit>

with a given loss function L
<latexit sha1_base64="7HlSVHHkR/KFVBpNyi0ES9gDLSU=">AAACD3icbVA9TwJBEN3DL8SvU0ubjaCxIndYaEm0sbDARD4SIGRv2YMNe3uX3TkMufAPbPwrNhYaY2tr579xD65Q8CWTvLw3k5l5XiS4Bsf5tnIrq2vrG/nNwtb2zu6evX/Q0GGsKKvTUISq5RHNBJesDhwEa0WKkcATrOmNrlO/OWZK81DewyRi3YAMJPc5JWCknn36wGGICR7wMZMYi1Br7MeSpi4uJR1KBL6dlnp20Sk7M+ Bl4makiDLUevZXpx/SOGASqCBat10ngm5CFHAq2LTQiTWLCB2RAWsbKknAdDeZ/TPFJ0bpYz9UpiTgmfp7IiGB1pPAM50BgaFe9FLxP68dg3/ZTbiMYmCSzhf5scAQ4jQc3OeKURATQwhV3NyK6ZAoQsFEWDAhuIsvL5NGpeyelyt3lWL1Kosjj47QMTpDLrpAVXSDaqiOKHpEz+gVvVlP1ov1bn3MW3NWNnOI/sD6/AE4KZt+</latexit>

min
f2F

nX

i=1

L(f(xi), yi)
<latexit sha1_base64="ZMutK2TvHq2y+HRQ9ku5gQhlD+4="></latexit>

Belongs to a set of of functions  
(to be defined by the statistician)
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soprano (S)  

alto (A) 

tenor (T)  

bass (B)

https://www.google.com/doodles/celebrating-johann-sebastian-bach

• Example: Google Harmonizer

• Training data

• Input data x: soprano notes 

• Output data y: alto, tenor, bass notes


• Test data

• Input data x: soprano notes

x = [ 0, 0, 1, 0, · · · , 0| {z }
pitch of the first note

, 1, 0, · · · , 0| {z }
duration

, 0, 0, 0, 0, 1, 0, · · · ] 2 {0, 1}10⇥8⇥16

<latexit sha1_base64="NEnwf5ihfKCUK1oLGklL8BICjPg="></latexit>



Linear predictors (linear regression): 
first class of predictors of interest

10

Supervised Learning

Regression

Unsupervised Learning

• Linear regression 
• Nearest neighbor 
• Decision trees 
• Bootstrap 
• Deep Neural Networks

Classification



Linear predictor
• The models we choose are guided by our belief in the real world data

• (one dimensional) linear regression model assumes each data point comes 

from a linear model with an independent additive noise  
 
                                         


• (one dimensional) linear predictor makes predictions with a linear function 
of the input  
 
                                        


• strictly speaking, this is an affine model


• Linear function has the form  


• Affine function has the form 


• in this class, we use affine functions, but call them linear, and use those 
terms interchangeably

εi

yi = w0 + w1 xi + εi

x

̂y = f(x) = ŵ0 + ŵ1 x

f(x) = w1x

f(x) = w0 + w1x

11

Independent noise  
added to each sample



Linear predictor
• in general, linear regression model can be multi-dimensional


•  


• in this multi-dimensional case, 


• a linear function has the form 



• and an affine function has the form  

f(x) = w1x[1] + w2x[2] + ⋯ + wdx[d]

f(x) = w0 + w1x[1] + w2x[2] + ⋯ + wdx[d]
12

f(x) = w0 + w1 x[1] + w2 x[2] + · · ·+ wd x[d]
<latexit sha1_base64="JP3IPwGp6LssR0EzIl8KliP8VHY=">AAACJ3icbVBdS8MwFE3n15xfVR99CQ5hooy2CgpDGfji4wT3AWsZaZpuYWlaklQ3xv6NL/4VXwQV0Uf/iVm3B50eSDjn3HtJ7vETRqWyrE8jt7C4tLySXy2srW9sbpnbOw0ZpwKTOo5ZLFo+koRRTuqKKkZaiSAo8hlp+v2rSb15R4SkMb9Vw4R4EepyGlKMlLY65mVYGhxCt3LhVuB9x4JH+rahezxo214mnEw4E+HiIFYyc4PMDbyOWbTKVgb4l9gzUgQz1DrmixvEOI0IV5ghKdu2lShvhISimJFxwU0lSRDuoy5pa8pRRKQ3yvYcwwPtBDCMhT5cwcz9OTFCkZTDyNedEVI9OV+bmP/V2qkKz70R5UmqCMfTh8KUQRXDSWgwoIJgxYaaICyo/ivEPSQQVjragg7Bnl/5L2k4Zfuk7NycFqvVWRx5sAf2QQnY4AxUwTWogTrA4AE8gVfwZjwaz8a78TFtzRmzmV3wC8bXNzztoLY=</latexit>

w0, w1, . . . , wd are the model parameters
<latexit sha1_base64="0AtZEpzgq/sBq4r4asRR5kj6C3c=">AAACJ3icbVDLSsNAFJ34tr6qLt0MVsGFlKQudCUFNy4V7APaECaTWzs4yYSZG2sJ/Rs3/oobQUV06Z84bbPwdWDgcO7j3DlhKoVB1/1wZmbn5hcWl5ZLK6tr6xvlza2mUZnm0OBKKt0OmQEpEmigQAntVAOLQwmt8OZsXG/dgjZCJVc4TMGP2XUieoIztFJQPt0bBO7hIPAOuzJSaCyN9ijTQLEPtItwhxOTXEM0ymMVgaQp0ywGtFtHQbniVt0J6F/iFaRCClwE5edupHgWQ4JcMmM6npuinzONgksYlbqZgZTxG3YNHUsTa2T8fHLCiO5bJaI9pe1LkE7U7xM5i40ZxqHtjBn2ze/aWPyv1smwd+LnIkkzhIRPjXqZpKjoODQaCQ0c5dASxrWwt1LetynwcQglG4L3+8t/SbNW9Y6qtctapV4v4lgiO2SXHBCPHJM6OScXpEE4uSeP5IW8Og/Ok/PmvE9bZ5xiZpv8gPP5BVscplU=</latexit>

= wTx
<latexit sha1_base64="c3dw3uNwunxc2nDfiRZxkNLdLBA=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQUGEoBePEfKSZA2zk9lkyMzsMjOrhiVf4cWDIl79HG/+jZPHQRMLGoqqbrq7gpgzbVz328ksLa+srmXXcxubW9s7+d29uo4SRWiNRDxSzQBrypmkNcMMp81YUSwCThvB4HrsNx6o0iySVTOMqS9wT7KQEWysdHeJ2hfo8b761MkX3KI7AVok3owUYIZKJ//V7kYkEVQawrHWLc+NjZ9iZRjhdJRrJ5rGmAxwj7YslVhQ7aeTg0foyCpdFEbKljRoov6eSLHQeigC2ymw6et5byz+57USE577KZNxYqgk00VhwpGJ0Ph71GWKEsOHlmCimL0VkT5WmBibUc6G4M2/vEjqpaJ3UizdnhbKV7M4snAAh3AMHpxBGW6gAjUgIOAZXuHNUc6L8+58TFszzmxmH/7A+fwBfKqPjQ==</latexit>

column vector w =

2

6664

w0

w1
...
wd

3

7775

<latexit sha1_base64="kwNvP61HisGiADg3Oc9Z6HVFnLY="></latexit>

row vector wT =
⇥
w0 w1 · · · wd

⇤
<latexit sha1_base64="DMwMiBidX8yuBpJc6FzQeGh4j8o="></latexit>

x =

2

6664

1
x[1]
...

x[d]

3

7775

<latexit sha1_base64="M/nXRZqCUIFmOYehmJ5MvEN1Xm4=">AAACI3icbVDLSgMxFM3UVx1fVZdugkVwVWaqoAhC0Y3LCrYWOkPJZG7b0ExmSDKlZei/uPFX3LhQihsX/ovpA9HWAyEn555L7j1BwpnSjvNp5VZW19Y38pv21vbO7l5h/6Cu4lRSqNGYx7IREAWcCahppjk0EgkkCjg8Br3bSf2xD1KxWDzoYQJ+RDqCtRkl2kitwtXg2vYC6DCRBRHRkg1Gtut59qDp+uby+mGs1fQd+rYHIvyx4Vah6JScKfAyceekiOaotgpjL4xpGoHQlBOlmq6TaD8jUjPKYWR7qYKE0B7pQNNQQSJQfjbdcYRPjBLidizNERpP1d8dGYmUGkaBcZoBu2qxNhH/qzVT3b70MyaSVIOgs4/aKcc6xpPAcMgkUM2HhhAqmZkV0y6RhGoTq21CcBdXXib1csk9K5Xvz4uVm3kceXSEjtEpctEFqqA7VEU1RNETekFv6N16tl6tsfUxs+asec8h+gPr6xupeaOw</latexit>



13

• once you fit a model to the data, e.g.  
- a seller with a house                           can predict the price   
- a buyer with money                    can predict the size


• interpretation of the parameters

•       is the shift: price of land with no house 

•       is the slope: how much price goes up per sq.ft.

x = 2511 sq.ft.
<latexit sha1_base64="bBf7MzgnEdhJGekRNdrz/jvgIak=">AAAB+HicbVBNS8NAEN34WetHox69LLaCp5BURC9CwYvHCvYD2lA22027dLOJuxOxhv4SLx4U8epP8ea/cdvmoK0PBh7vzTAzL0gE1+C639bK6tr6xmZhq7i9s7tXsvcPmjpOFWUNGotYtQOimeCSNYCDYO1EMRIFgrWC0fXUbz0wpXks72CcMD8iA8lDTgkYqWeXKo9X1XPPq2B974Tg9Oyy67gz4GXi5aSMctR79le3H9M0YhKoIFp3PDcBPyMKOBVsUuymmiWEjsiAdQyVJGLaz2aHT/CJUfo4jJUpCXim/p7ISKT1OApMZ0RgqBe9qfif10khvPQzLpMUmKTzRWEqMMR4mgLuc8UoiLEhhCpubsV0SBShYLIqmhC8xZeXSbPqeGdO9bZartXyOAroCB2jU+ShC1RDN6iOGoiiFD2jV/RmPVkv1rv1MW9dsfKZQ/QH1ucP17aRQQ==</latexit>

f(x) = 10, 000 + 141x
<latexit sha1_base64="TD3sdGLxDGXqnmsvIWt7mdCYWQY=">AAACAXicbVDLSgMxFM3UV62vUTeCm2ArVCwlUwXdCAU3LivYB7RDyaSZNjSTGZKMtAx146+4caGIW//CnX9j2s5CqwcuHM65l3vv8SLOlEboy8osLa+srmXXcxubW9s79u5eQ4WxJLROQh7KlocV5UzQumaa01YkKQ48Tpve8HrqN++pVCwUd3ocUTfAfcF8RrA2Utc+KPjF0Qm8gg4qIYTgKXTOnU5pVOjaeVRGM8C/xElJHqSode3PTi8kcUCFJhwr1XZQpN0ES80Ip5NcJ1Y0wmSI+7RtqMABVW4y+2ACj43Sg34oTQkNZ+rPiQQHSo0Dz3QGWA/UojcV//PasfYv3YSJKNZUkPkiP+ZQh3AaB+wxSYnmY0MwkczcCskAS0y0CS1nQnAWX/5LGpWyc1au3Fby1WoaRxYcgiNQBA64AFVwA2qgDgh4AE/gBbxaj9az9Wa9z1szVjqzD37B+vgG5bGSrQ==</latexit>

y = $364k
<latexit sha1_base64="brvoA1RFYQ4VrQ/v9nSBekSZUtQ=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LLaCp5K0Rb0IBS8eK9gPaELZbDft0s0m7G6EEPo3vHhQxKt/xpv/xm2bg7Y+GHi8N8PMPD/mTGnb/rYKG5tb2zvF3dLe/sHhUfn4pKuiRBLaIRGPZN/HinImaEczzWk/lhSHPqc9f3o393tPVCoWiUedxtQL8ViwgBGsjeRWU3SL3GrjqjmtDssVu2YvgNaJk5MK5GgPy1/uKCJJSIUmHCs1cOxYexmWmhFOZyU3UTTGZIrHdGCowCFVXra4eYYujDJCQSRNCY0W6u+JDIdKpaFvOkOsJ2rVm4v/eYNEBzdexkScaCrIclGQcKQjNA8AjZikRPPUEEwkM7ciMsESE21iKpkQnNWX10m3XnMatfpDvdJq5XEU4QzO4RIcuIYW3EMbOkAghmd4hTcrsV6sd+tj2Vqw8plT+APr8wcKZI+4</latexit>

ŷ = f(x) = w0 + w1 x
<latexit sha1_base64="TrMYKxPEjYMruoEh0gMiMMI4cEs=">AAACG3icbVDLSgMxFM3UV62vUZdugkWoKGWmCgqlUHDjsoJ9QGcYMmmmDc08SDLaYeh/uPFX3LhQxJXgwr8xnc5CqweSnJxzL8k9bsSokIbxpRWWlldW14rrpY3Nre0dfXevI8KYY9LGIQt5z0WCMBqQtqSSkV7ECfJdRrru+Grmd+8IFzQMbmUSEdtHw4B6FCOpJEevWSMk02QKrbpVh4354VUmxxlrZNd7x4AnajehdQon0NHLRtXIAP8SMydlkKPl6B/WIMSxTwKJGRKibxqRtFPEJcWMTEtWLEiE8BgNSV/RAPlE2Gk22xQeKWUAvZCrFUiYqT87UuQLkfiuqvSRHIlFbyb+5/Vj6V3aKQ2iWJIAzx/yYgZlCGdBwQHlBEuWKIIwp+qvEI8QR1iqOEsqBHNx5L+kU6uaZ9XazXm52czjKIIDcAgqwAQXoAmuQQu0AQYP4Am8gFftUXvW3rT3eWlBy3v2wS9on991kJyk</latexit>

w0
<latexit sha1_base64="XEjhaazMB5rKa52fRebnM/0JdIw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120y7dbMLuRCmhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qnn9kplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs1qxTuvVO8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AEJ9I2i</latexit>

w1
<latexit sha1_base64="BGIvv1Que1aISVw+1pGEuT4uC1M=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120y7dbMLuRCmhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qnn9Uplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs1qxTuvVO8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AELeI2j</latexit>

price $
<latexit sha1_base64="92GEqQSVj+bWf9LG0UvxiIg4ivQ=">AAAB73icbVC7TsMwFL0pr1JeBUYWi4LEVCVlgLGChbFI9CG1UeW4N61Vxwm2g1RF/QkWBhBi5XfY+BvcNgO0HMnS0TnnyveeIBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FjJZjlD0jvrlytu1Z2DrBIvJxXI0eiXv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzfedknOrDEgYK/ukIXP190RGI60nUWCTETUjvezNxP+8bmrCaz/jMkkNSrb4KEwFMTGZHU8GXCEzYmIJZYrbXQkbUUWZsRWVbAne8smrpFWrepfV2n2tUr/J6yjCCZzCBXhwBXW4gwY0gYGAZ3iFN+fReXHenY9FtODkM8fwB87nD1Ykj38=</latexit>

sq. ft.
<latexit sha1_base64="5IbhYvkSErry5olvwt92ZQvhBLI=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4Ckk96LHoxWMF+wFtKJvtpl262cTdiVBCf4QXD4p49fd489+4bXPQ1gcDj/dmmJkXplIY9LxvZ219Y3Nru7RT3t3bPzisHB23TJJpxpsskYnuhNRwKRRvokDJO6nmNA4lb4fj25nffuLaiEQ94CTlQUyHSkSCUbRS2zy6JEK3X6l6rjcHWSV+QapQoNGvfPUGCctirpBJakzX91IMcqpRMMmn5V5meErZmA5511JFY26CfH7ulJxbZUCiRNtSSObq74mcxsZM4tB2xhRHZtmbif953Qyj6yAXKs2QK7ZYFGWSYEJmv5OB0JyhnFhCmRb2VsJGVFOGNqGyDcFffnmVtGquf+nW7mvV+k0RRwlO4QwuwIcrqMMdNKAJDMbwDK/w5qTOi/PufCxa15xi5gT+wPn8AXXgjvw=</latexit>



Interpreting a linear model 
• In general,


•  


•  


•  


•  


•   
 
| f(x) − f(x̃) | = |wT x − wT x̃ | = |wT(x − x̃) | ≤ ∥w∥2∥x − x̃∥2
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ŷ = f(x) = w0 + w1 x[1] + w2 x[2] + · · ·+ wd x[d]
<latexit sha1_base64="1wOOaZB1lzzGl1lbNwncdmZ5YQQ="></latexit>

w7 = 0 means the price does not depend on x[7]
<latexit sha1_base64="jptHoNFuVTDDwKc86zP2x2DX8SA="></latexit>

w3 is how much the (predicted) price increase when x[3] increases by 1
<latexit sha1_base64="cjYRrDrqtPf8laa6Is4Z+8x1Iys="></latexit>

the constant term w0 predicts when all features are zero
<latexit sha1_base64="XRkP1emTwmWsnoJQFH2FoQMBC7U="></latexit>

for notational consistency, sometimes we say x[0] = 1 is a constant feature
<latexit sha1_base64="oTnDRsgCUg0mzwBj236e3Qdekh8="></latexit>

in general, w small implies the predictor is insensitive to changes in x
<latexit sha1_base64="8QK6ugsCGWe5j9L9iKevQ4B7Qso="></latexit>

This follows from Cauchy-Schwarz



Cauchy-Schwarz inequality
• for any two vectors , the following inequality holds 

                     

where  is called the Euclidean norm,      
2-norm, or L2-norm, and measures the Euclidean distance from the origin to 
the point 


• hence, , implies that if the learned model 
parameter  has a small norm , then the prediction  does not change 
too much as we change from a data point  to another data point 

x, y ∈ ℝd

d

∑
i=1

xiyi

xTy

≤
d

∑
i=1

x2
i

d

∑
j=1

y2
j

∥x∥2∥y∥2

∥x∥2 = (x1)2 + (x2)2 + ⋯ + (xd)2

x

| f(x) − f(x̃) | ≤ ∥w∥2∥x − x̃∥2
w ∥w∥2 f(x)

x x̃
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Empirical risk minimization:  
the process of finding a good linear predictor

16

f(x) = 100,000 + 500 x

f(x) = 150,000 + 400 x



Quality metric
• a risk  or loss function             

determines which model is a better fit

•  

•  


• Typical choices

• quadratic loss: 

• absolute loss: 

17

` : R⇥ R ! R
<latexit sha1_base64="LE09iXzaMJsOLnBPlEUgeijOWBA=">AAACHHicbVDLSsNAFL3xWesr6tLNYBFclaQVFFdFNy6r2Ac0oUymk3boZBJmJkIJ/RA3/oobF4q4cSH4N07aLmrrgYEz597LvecECWdKO86PtbK6tr6xWdgqbu/s7u3bB4dNFaeS0AaJeSzbAVaUM0EbmmlO24mkOAo4bQXDm7zeeqRSsVg86FFC/Qj3BQsZwdpIXbvqUc7RVeZFWA+CAN2PPc0iqtCcgjwdz/+7dskpOxOgZeLOSAlmqHftL68XkzSiQhOOleq4TqL9DEvNCKfjopcqmmAyxH3aMVRgc4CfTcyN0alReiiMpXlCo4k6P5HhSKlRFJjO/EK1WMvF/2qdVIeXfsZEkmoqyHRRmHJkzOZJoR6TlGg+MgQTycytiAywxESbPIsmBHfR8jJpVsputVy5Oy/VrmdxFOAYTuAMXLiAGtxCHRpA4Ale4A3erWfr1fqwPqetK9Zs5gj+wPr+BQ8goVk=</latexit>

smaller `(ŷ, y) indicates that ŷ is a good approximation of y
<latexit sha1_base64="2A5CwdV9AhpbTANsi0i+YcG7kIM="></latexit>

typically (but not always) `(y, y) = 0 and `(ŷ, y) � 0 for all ŷ, y
<latexit sha1_base64="fh92/bvZpA787CrvEgYWKEGDVDE="></latexit>

`(ŷ, y) = (ŷ � y)2
<latexit sha1_base64="Ul0i6F0sG5JRMO/aRVUtmgbVsNE=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhahBS1JFXQjFN24rGAf0MQymU7aoZNJmJkIIXTpxl9x40IRt36CO//GaRtBWw9cOHPOvcy9x4sYlcqyvozcwuLS8kp+tbC2vrG5ZW7vNGUYC0waOGShaHtIEkY5aSiqGGlHgqDAY6TlDa/GfuueCElDfquSiLgB6nPqU4yUlrrmvkMYKzkDpNJkdJSU4QX8eR0n5btq1yxaFWsCOE/sjBRBhnrX/HR6IY4DwhVmSMqObUXKTZFQFDMyKjixJBHCQ9QnHU05Coh008khI3iolR70Q6GLKzhRf0+kKJAyCTzdGSA1kLPeWPzP68TKP3dTyqNYEY6nH/kxgyqE41RgjwqCFUs0QVhQvSvEAyQQVjq7gg7Bnj15njSrFfukUr05LdYuszjyYA8cgBKwwRmogWtQBw2AwQN4Ai/g1Xg0no03433amjOymV3wB8bHN8ximIw=</latexit>

`(ŷ, y) = |ŷ � y|
<latexit sha1_base64="3skMVleIrTgPCvCy0C3htdEeWEM=">AAACBnicbVDLSgMxFM34rPU16lKEYBEqaJmpgm6EohuXFewDOkPJpGkbmnmQ3BGGaVdu/BU3LhRx6ze4829M21lo64ELJ+fcS+49XiS4Asv6NhYWl5ZXVnNr+fWNza1tc2e3rsJYUlajoQhl0yOKCR6wGnAQrBlJRnxPsIY3uBn7jQcmFQ+De0gi5vqkF/AupwS01DYPHCZE0ekTSJPRSXKMr/Awe50mw7ZZsErWBHie2BkpoAzVtvnldEIa+ywAKohSLduKwE2JBE4FG+WdWLGI0AHpsZamAfGZctPJGSN8pJUO7oZSVwB4ov6eSImvVOJ7utMn0Fez3lj8z2vF0L10Ux5EMbCATj/qxgJDiMeZ4A6XjIJINCFUcr0rpn0iCQWdXF6HYM+ePE/q5ZJ9VirfnRcq11kcObSPDlER2egCVdAtqqIaougRPaNX9GY8GS/Gu/ExbV0wspk99AfG5w+TgpiP</latexit>



Empirical risk
• How does the predictor  fit a my data set  with 

loss  ?

• empirical risk is the average loss over the data points 

             


• if  is small, the predictor predicts the given data well


• When the predictor is parametrized by , we write  

                    

 
to make the dependence on  explicit

f( ⋅ ) {(xi, yi)}n
i=1

ℓ

ℒ =
1
n

n

∑
i=1

ℓ( ̂yi, yi) =
1
n

n

∑
i=1

ℓ( f(xi), yi)

ℒ
w

ℒ(w) =
1
n

n

∑
i=1

ℓ( fw(xi), yi)

w
18



Mean squared error
• with the most popular choice of squared loss , 

empirical risk is mean-squared error (MSE) 
 

                     

• often we use root-mean-squared error, , which has the 
same unit/scale as the outcomes 's

ℓ( ̂y, y) = ( ̂y − y)2

ℒ(w) = MSE =
1
n

n

∑
i=1

( fw(xi) − yi)2

RMSE = MSE
yi

19

f1(x) = 100,000 + 500 x

f2(x) = 150,000 + 400 x

ℓ( f2(xi), xi) = ( f2(xi) − yi)2 →

ℓ( f1(xi), xi) = ( f1(xi) − yi)2 →



Empirical risk minimization
• Training: 


• choosing the parameter  in a parametrized predictor  is called fitting 
the predictor to data or training the model


• empirical risk minimization (ERM) is a general method for fitting 
parametrized predictors


• ERM: choose  that minimizes empirical risk  
 
                              


• algorithm: often there is no analytical solution to this minimization problem, so 
we use numerical optimization 

• for the squared loss example, this is  
 

                              


• if loss is squared loss and  is a linear model, then it is special in the sense 
that it has a closed form (or analytical) solution


• This closed form solution is what we study in the rest of this chapter (the set of 
slides under the title regression)

w fw(x)

w ℒ(w)

minimizew ℒ(w)

minimizew
1
n

n

∑
i=1

( fw(xi) − yi)2

fw(x)

20



Least squares linear regression 
with a choice of squared loss

21

Supervised Learning

Regression

Unsupervised Learning

• Linear regression 
• Nearest neighbor 
• Decision trees 
• Bootstrap 
• Deep Neural Networks

Classification



Training a model is finding the best parameters

22

• Least squares linear regression


• predictor: linear with parameter  
            


• loss: squared loss 
           


• empirical risk is MSE


                      

• ERM: choose model parameter  to minimize MSE

• called linear least squares fitting or linear regression

• linear regression is particularly sensitive to outliers

w ∈ ℝd

̂y = fw(x) = wT x

ℓ( ̂y, y) = ( ̂y − y)2

ℒ(w) =
1
n

n

∑
i=1

(wT xi − yi)2

w



Least squares formulation
• express MSE in matrix notation as 

 

                     

where data matrix  and outcome vector  are 

                   ,     , and      

and  is a 2-norm, L2-norm or Euclidean norm of a vector 
such that  

                 and    

1
n

n

∑
i=1

( (xi)Tw

=wT xi

− yi )2 =
1
n

∥Xw − y∥2
2

X ∈ ℝn×d y ∈ ℝn

X =
(x1)T

⋮
(xn)T

X w =
(x1)Tw

⋮
(xn)Tw

y =
y1
⋮
yn

∥y∥2

∥y∥2 =
n

∑
i=1

(yi)2 ∥y∥2
2 =

n

∑
i=1

(yi)2

23



Least-squares solution
• The best parameter  is the solution to


• When  has linearly independent columns (which implies 
that  is a tall matrix and  ), there is a unique 
optimal solution 
 
                       


• optimal prediction is  
                       

w

X
X n ≥ d

ŵLS = (XTX)−1XTy

fŵLS
(x) = ŵT

LS x = yTX(XTX)−T x

24

minmizew ∥Xw − y∥2
2

demo2_lin.ipynb
demo3_diabetes.ipynb



Linear models with higher order features 
with human-engineered features

25



Linear regression with polynomial features
• polynomial feature vector  

for example with d=1, each feature is a monomial of the form 

                                     


• and the predictor is a linear function fo the polynomial features  
                          


• MSE with k-dimensional  is  

            


• in the 1-dimensional example, it is 

           

h : ℝd → ℝk

h(x) =

1
x
x2

⋮
xk−1

̂y = wT h(x) = w0 + w1x + w2x2 + ⋯ + wk−1xk−1

w

ℒ(w) =
1
n

n

∑
i=1

(wTh(x) − y)2

ℒ(w) =
1
n

n

∑
i=1

(w0 + w1x + ⋯wk−1xk−1 − y)2

26 demo2_lin.ipynb

• but, low degree polynomials might not capture the true relations

• domain knowledge help



Seasonal features

27
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Seasonal features
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(xi, yi) = (month-year, average house price)

(Jan 2001, $255k)

(Feb 2001, $268k)

...
<latexit sha1_base64="NnzPusGvRovz+eIqVVrpBsxwSvY="></latexit>

• more buyers in summer drive price higher

• but, best (low-degree) polynomial fit misses the seasonality



Seasonal features
• known relations like seasonality can be manually added 

as new features

29

magnitude phase

f(x) = w0 + w1x+ w2x
2 + w3x

3 + w4 sin
⇣2⇡x

12
+ w5

⌘

<latexit sha1_base64="p4C81JtTW+kXjIU59I/BWPXjdJ4="></latexit>
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best polynomial + sinusoidal fit

but, it is non-linear



Seasonal features
• reparametrization from a sinusoidal model to linear model


• why use sinusoidal features?
30

phase

f(x) = w0 + w1x+ w2x
2 + w3x

3 + w4 sin
⇣2⇡x

12
+ w5

⌘

<latexit sha1_base64="p4C81JtTW+kXjIU59I/BWPXjdJ4="></latexit>

trigonometric identity : sin(a� b) = sin(a) cos(b)� cos(a) sin(b)

w4 sin
⇣2⇡x

12
� w5

⌘
= w4 cos(w5)| {z }

w̃4

sin
⇣2⇡x

12

⌘
� w4 sin(w5)| {z }

w̃5

cos
⇣2⇡x

12

⌘

<latexit sha1_base64="b5bUfjCewoR2l8Q+0R2XOo4tv9U="></latexit>

magnitude

f(x) = w0 + w1x+ w2x
2 + w3x

3 + w̃4 sin
⇣2⇡x

12

⌘
+ w̃5 cos

⇣2⇡x
12

⌘

<latexit sha1_base64="WqRNDuYhDNV9cK+2SUZE3uQIeVE="></latexit>

feature 5 feature 6

+
<latexit sha1_base64="HFb7vPGXWshKfdtTiumEDK16me0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGE3CnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0qyUvctypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3LTjLM=</latexit>

+
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+
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Linear models with higher order features

31

• compact notation of the model

• vector notation of the model parameters w and features h(x)

h(x) =

2

6666664

1
x
x2

x3

sin(2⇡x/12)
cos(2⇡x/12)

3

7777775

<latexit sha1_base64="OQeD9+x7lTFw2O0Tnza1yB8OwGc="></latexit>

w =

2

6664

w0

w1
...

wD

3

7775

<latexit sha1_base64="1ASC1Pim1b923kpH0kKFhoPqWVc=">AAACH3icbVBNSwMxEM36bf2qevQSLIKnsquiXoSiHjwqWBWaZclmp20wm12SbGtZ+k+8+Fe8eFBEvPXfmLaLaPVB4OW9GWbmhang2rjuwJmanpmdm19YLC0tr6yuldc3bnSSKQZ1lohE3YVUg+AS6oYbAXepAhqHAm7D+7Ohf9sBpXkir00vBT+mLcmbnFFjpaB82MUnmITQ4jIPY2oUf+jjbuAS0g08QkgnSowefs4JyOi7JChX3Ko7Av5LvIJUUIHLoPxJooRlMUjDBNW64bmp8XOqDGcC+iWSaUgpu6ctaFgqaQzaz0f39fGOVSLcTJR90uCR+rMjp7HWvTi0lXa/tp70huJ/XiMzzWM/5zLNDEg2HtTMBDYJHoaFI66AGdGzhDLF7a6YtamizNhISzYEb/Lkv+Rmr+rtV/euDiq10yKOBbSFttEu8tARqqELdInqiKFH9Ixe0Zvz5Lw4787HuHTKKXo20S84gy/jbaOM</latexit>

f(x) = w0h0(x) + w1h1(x) + · · ·+ wDhD(x)

= wT h(x)
<latexit sha1_base64="5kccBeC4G0x/4CiFgM2TAboRM5Q="></latexit>

• as the features are hard coded, human ingenuity/insight 
needed in feature engineering with domain knowledge




Modern machine learning tasks are complex

• predict “How old is this person?”


• how do we know which feature to use?


• study automated feature extraction using deep neural networks 
32
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Theoretical analysis



Least squares solution
• why is the solution of  

         

equal to  
        


• note that  is a strongly-convex function 
when  has linearly independent columns 

• minimizer of a strongly-convex function is unique, and 
can be found by taking the gradient  and finding 

 such that the gradient is zero

ŵLS = arg min
w

∥Xw − y∥2
2

ŵLS = (XTX)−1XTy

∥Xw − y∥2
2

X

∇ℒ(w)
w

34

∇ℒ(w1)

ℒ(w)

w1

ŵLS∇ℒ(ŵLS)



Simple example
• for 1-dimensional , consider an example  

 
 

 

 

 
setting derivative to zero, we get 

w

ℒ(w) = (2w − 4)2

∇ℒ(w) =
∂ℒ
∂w

= 4(2w − 4)

w* = 2

35

∇ℒ(w) =

∂ℒ(w)
∂w1

⋮
∂ℒ(w)

∂wd

• in general dimensions, let   be a multivariate function such 
that 


• its gradient is defined as a vector-valued function   such 
that 
 
               

ℒ : ℝd → ℝ
w ↦ ℒ(w)

∇ℒ : ℝd → ℝd

∇ℒ(w1)

ℒ(w)

w1

w*
∇ℒ(w*)



• 


•



• setting the gradient to zero gives  
(-9/4,-1)

ℒ(w) = 2w2
1 − 4w1w2 + 3w2

2 + 5w1 − 3w2 + 9

∇ℒ(w) =

∂ℒ(w)
∂w1

∂ℒ(w)
∂w2

= [ 4w1 − 4w2 + 5
−4w1 + 6w2 − 3]

w* = (w*1 , w*2 ) =

36



Simple rules
• there is a set of simple rules that help compute the gradient of functions 

represented by matrix vector multiplications


• Rule 1: 


• Rule 2: 


• Rule 3:  

• for , we claimed that  


• using above rules, 


• 


• this gives  
                                     

∇(∥w∥2
2) = 2w

∇(bTw) = b

∇ℒw(Aw − b) = AT ∇xℒ(x) |x=Aw−b

ℒ(w) = ∥Xw − y∥2
2 ∇ℒ(w) = 2XT(Xw − y)

∇∥Xw − y∥2
2 =

rule 3
XT ∇z(∥z∥2

2) |z=Xw−y =
rule 1

XT2(Xw − y)

∇ℒ(w) = 2XT(Xw − y)

37



Alternative derivation via summation notation

• let  be a multivariate function 


• Its gradient is defined as a vector-valued function  such that 
 

               


• for , we have  

which follows from 


•  

            

ℒ : ℝd → ℝ w ↦ ℒ(w)
∇ℒ : ℝd → ℝd

∇ℒ(w) =

∂ℒ(w)
∂w1

⋮
∂ℒ(w)

∂wd

ℒ(w) = ∥Xw − y∥2
2 ∇ℒ(w) = 2XT(Xw − y)

∥Xw − y∥2
2 =

n

∑
i=1

(xT
i w − yi)2 =

n

∑
i=1

({
d

∑
j=1

xi[ j]wj} − yi)
2

ℒ(w)
∂wk

=
n

∑
i=1

∂(∑d
j=1 xi[ j]wj − yi)

2

∂wk
=

n

∑
i=1

2xi[k](
d

∑
j=1

xi[ j]wj − yi)

= 2
n

∑
i=1

xi[k](xT
i w − yi) = 2 X[k, :]

k-th row

(Xw − y)

38



• for , we have 
               


• hence, setting the gradient to zero, , we get  
                         


• when  has a full row rank (i.e. when the columns of  are linearly 
independent,  is invertible


• this gives  
             


• this is the optimal solution  we have been using

ℒ(w) = ∥Xw − y∥2
2

∇ℒ(w) = 2XT(Xw − y)

2XT(Xw − y) = 0
XTXw = XTy

X X
XTX

w = (XTX)−1XTY

ŵLS

39

Once we have the gradient,



Two schools of thoughts
• machine learning 


•  

• any machine learning algorithm can be derived from

40

Empirical Risk Minimization Maximum Likelihood Estimator

y = f0(x) + "
<latexit sha1_base64="g8B9xPDjDRbsqehv69NBFB3lIs4=">AAAB/3icbVDLSgNBEOyNrxhfUcGLl8EgRISwGwW9CEEvHiOYByRLmJ3MJkNmH8zMBpc1B3/FiwdFvPob3vwbZ5M9aGJBQ1HVTXeXE3ImlWl+G7ml5ZXVtfx6YWNza3unuLvXlEEkCG2QgAei7WBJOfNpQzHFaTsUFHsOpy1ndJP6rTEVkgX+vYpDant44DOXEay01CsexFduzyw/nKBT1B1jQUPJeGqUzIo5BVokVkZKkKHeK351+wGJPOorwrGUHcsMlZ1goRjhdFLoRpKGmIzwgHY09bFHpZ1M75+gY630kRsIXb5CU/X3RII9KWPP0Z0eVkM576Xif14nUu6lnTA/jBT1yWyRG3GkApSGgfpMUKJ4rAkmgulbERligYnSkRV0CNb8y4ukWa1YZ5Xq3Xmpdp3FkYdDOIIyWHABNbiFOjSAwCM8wyu8GU/Gi/FufMxac0Y2sw9/YHz+AFYRlQk=</latexit>

max
f2F

nY

i=1

P (yi = f(xi) + ")
<latexit sha1_base64="zHpPmv0m53gu05V27ZjMCs6n/U4="></latexit>

y ' f0(x)
<latexit sha1_base64="QxUaBkTEiZ8buJizAUpSvnqDvFQ=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g0Wom5JUQZdFNy4r2Ae0IUymN+3QySTOTMQY+iVuXCji1k9x5984fSy09cCFwzn3cu89QcKZ0o7zba2srq1vbBa2its7u3sle/+gpeJUUmjSmMeyExAFnAloaqY5dBIJJAo4tIPR9cRvP4BULBZ3OkvAi8hAsJBRoo3k26UM9xSL4B6HvlN5PPXtslN1psDLxJ2TMpqj4dtfvX5M0wiEppwo1XWdRHs5kZpRDuNiL1WQEDoiA+gaKkgEysunh4/xiVH6OIylKaHxVP09kZNIqSwKTGdE9FAtehPxP6+b6vDSy5lIUg2CzhaFKcc6xpMUcJ9JoJpnhhAqmbkV0yGRhGqTVdGE4C6+vExatap7Vq3dnpfrV/M4CugIHaMKctEFqqMb1EBNRFGKntErerOerBfr3fqYta5Y85lD9AfW5w9TJ5I3</latexit>

with known pdf of "
<latexit sha1_base64="2I/XCKdQ9aldvzppOmPm1QfG2Vc=">AAACCHicbVC7TgJBFJ3FF+Jr1dLCiWBiRXax0JJoY4mJPBLYkNlhFibMzkxmZiFkQ2njr9hYaIytn2Dn3zjAFgqe5CYn59ybe+8JJaPaeN63k1tb39jcym8Xdnb39g/cw6OGFonCpI4FE6oVIk0Y5aRuqGGkJRVBcchIMxzezvzmiChNBX8wE0mCGPU5jShGxkpd93RMzQAOuRhzKHsRFBEsdUZIEakpE7zUdYte2ZsDrhI/I0WQodZ1vzo9gZOYcIMZ0rrte9IEKVKGYkamhU6iiUR4iPqkbSlHMdFBOn9kCs+t0oORULa4gXP190SKYq0ncWg7Y2QGetmbif957cRE10FKuUwM4XixKEoYNALOUoE9qgg2bGIJworaWyEeIIWwsdkVbAj+8surpFEp+5flyn2lWL3J4siDE3AGLoAPrkAV3IEaqAMMHsEzeAVvzpPz4rw7H4vWnJPNHIM/cD5/AOotmUI=</latexit>

given {(x1, y1), . . . , (xn, yn)}, find a predictor f 2 F
<latexit sha1_base64="iqMMGrKNzttQR+bjs4zKgSyS3bM="></latexit>

Belongs to a set of of functions  
(to be defined by the statistician)

This could be the set of all degree-3 polynomial functions,  
if we use degee-3 polynomial features and linear regression

with a given loss function 
ℓ

min
f∈ℱ

n

∑
i=1

ℓ( f(xi), yi)



Probabilistic interpretation of least squares

• given data  and a probabilistic model with 
parameters  and ,  
            
with  distributed as i.i.d. Gaussian with zero mean 
and variance 


• recall pdf of Gaussian distribution is  

          


• the log-likelihood of a data point  is defined as 

{(xi, yi)}n
i=1

w σ2

yi = wT xi + εi ,
εi ∼ 𝒩(0,σ2)

σ2

P(z) =
1

(2πσ2)1/2
e− 1

σ2 x2

(xi, yi)

log(P(yi − wT xi)) = −
1
σ2

(wT xi − yi)2 −
1
2

log(2πσ2)

41



• the log-likelihood of the dataset is 




• maximum likelihood estimation (MLE) is an algorithm that 
outputs a model parameter  such that it maximizes 
the log-likelihood:  

 

 

n

∑
i=1

log(P(yi − wT xi)) =
n

∑
i=1

{−
1
σ2

∥wT xi − yi∥2
2 −

d
2

log(2πσ2)}

w ∈ ℝd

ŵMLE = arg max
w

n

∑
i=1

{−
1
σ2

(wT xi − yi)2 −
1
2

log(2πσ2)}
= arg min

w

n

∑
i=1

{(wT xi − yi)2}
= arg min

w
∥Xw − y∥2

2
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