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Lets take a(nother) probabilistic
approach!!!

* Previously: directly
estimate the data

diStribUtion P(X Y) ' mpg cylinders displacemen horsepower weight acceleration modelyear maker
. ) . good 4 97 75 2265 18.2 77|asia
— challenging due to size of ba 6 199 90 2648 15 70 america
J J J bad 4 121 110 2600 12.8 77|europe
d]Str] bUtlon ! bad 8 350 175 4100 13 73 amefica
o bad 6 198 9 3102 16. 4|ameri
— make Naive Bayes = e ol sl esl  vilse
1 . bad 4 113 95 2228 14 71 asi
gs)s(un;p'tlon' Only need b:d 8 302 139 3570 12.8 78 anaerica
* But Wait, we ClaSSify ;;ood : a Fl RS Tl Tl america
7 . bad 8 455 225 4425 10 70 america
accord] ng to ° good 4 107 86 2464 15.5 76 europe
5 131 103/ 2830 15.9 78 europe

— max, P(Y|X)

* Why not learn P(Y|X)
directly?



What does that mean tho?
* P(Y|X): P(mpg=good | cylinders=6, maker=europe, ...)

— If I randomly pick a European car with 6 cylinders, what’s the
probability that it has a good mpg?
* Possible answer: 70%
* And, of course, P(mpg=bad | cylinders=6, maker=europe, ...) = 30%

* P(X,Y): P(mpg=good, cylinders=6, maker=europe, ...)
— If | pick a car randomly, what’s the probability it’s European, has 6
cylinders and a good mpg?
» Possible answer: 3.4%
» Let’s say P(mpg=good, cylnd=6, mkr=eu, ...) = 1.8%

* Now we know P(cylnd=6, mkr=eu, ...) = 3.4 + 1.8 = 5.2% X
This h inf ion! i
— 1S NaS way more 1n ormation! Y ¢ \
. . mpg cylinders displacement horsepower weight acceleration modelyear maker
* And is harder to train.
good 4 97 75 2265 18.2 77 asia
bad 6 199 90 2648 15 70 america
bad 4 121 110 2600 12.8 77 europe
bad 8 350 175 4100 13 73 america
bad 6 198 95 3102 16.5 74 america
bad 4 108 94 2379 16.5 73 asia
bad 4 113 95 2228 14 71 asia
bad 8 302 139 3570 12.& 78 america
good 4 120 79 2625 18.€ 82 america
bad 8 455 225 4425 10 70 america
good 4 107 86 2464 15.5 76 europe
bad 5 131 103 2830 15.€ 78 europe



Discriminative vs. generative

. Generative model p(Data. No Zebra)
_ p(Data, Zebra) |
(The artist)
* Discriminative model p(Zebra|Data)
1
(The lousy p(No Zebra|Data)
painter) 0.5
| % 10 20 30 % 50 50 70
X = data
. : I'm pote Tebra
» Classification function label = Fyoprq(Data)
T
-1 J
6 1‘0 2‘0 (3:O 4‘0 56 éO 76 éO

X = data



Logistic Regression

L earn P(YlX) d|rect|y| Exponentjal:

Reuse ideas from regression, but let ; /
y-intercept define the probability ' /

P(Y =1|X,w) «x exp(wg + sz’Xi) | (0‘9,,/

-  With normalization constants:

1
P(Y =0|X —
( X, w) 1+ exp(wo + Y, wiX;)
wW; X
P(Y = 1|X, w) = 2P0 ¥ 2 wiXy)

1+ exp(wo + >, w; X;)



B exp(wo + >, w; X;)
1+ exp(wo + ), w; X;)

PY =1/X,w)

Logistic function

1- e —

-
e

) = PO
T T T exp(x)

P(Y =1|X,w) = a(w, +z w; X;)
[



Logistic Regression: decision boundary

1 Wi X,
P(Y =0[X,w) = POY = 1|X, w) = 2P0+ 2 wiXi)

1+ exp(wo + >, wiX;) 1+ exp(wo + Y, w; X;)

* Prediction: Output the Y with

highest P(Y|X)
— Output Y=1 if o
ek I
1 < P(Y =1]X) % +g°
P(Y =0]X) PR 7 B
T &k =
| < exp(wp ZuX) -
.y - =
oo+
0<wy+ Z w;X; i _ =

A Linear Classifier!



1

Visualizing 1D inputs P =oxX.w) = o

W1=1 y W0='1

wy=1, we=0 w,=1, wy=1

L
-l
f

Notes:
Defines a probability distribution over Y in {0,1} for every possible input X

Decision boundary: P(Y=0|X,w)=0.5 when at the y=0 point on the line
Slope of line defines how quickly probabilities go to 0 or 1 around decision

boundary



1

VisualiZing ZD inPUtS PR = 01X, w) = 1 + exp(wo + wixy + wexy)

]

What about higher dimensions?
« Difficult to visualize!

- P(Y=0|X,w) decreases as w,+Z,wX; increases

« Decision boundary is defined by w,+2.w.x; =0 hyperplane



Loss functions / Learning Objectives:
Likelihood v. Conditional Likelihood

« Generative (Naive Bayes) Loss function:
Data likelihood

InP(D|w) = ZIn P(x/,y’|w)
J
= Z InP(x/|y/,w) + Z InP(y’/|w)

« But, discriminative (logistic regression) loss function:
Conditional Data Likelihood

— Doesn’t waste effort learning P(X]Y)
— Discriminative models cannot compute P(X7]YJ)!



Conditional Log Likelihood

(the binary case only)

_ 1
P(Y =0|X,w) = —
14 exp(wo + 3 w;i X;)
_ <] plwg + 35 wiX;
l(w) = 31 P(/]sd, w) POY = 11X, w) — — S0+ 2 wiXy)

] 1 + exp(wg + > ; w; X;)

@equal because yiis in {0,1}

[(w) = Zyi InP(Y = 1|X/,w) + (1 —y/)InP(Y = 0]|X/,w)
J
@ remaining steps: substitute definitions, expand logs, and simplify

eWo T2, wi X , 1
w; X; + (1 o y]) In

| 4 oty wik,

n ) m .
= Y v/ (wo + Y wi]) —In(1+ exp(wo + 3 wir))
J z ‘



Logistic Regression Parameter Estimation:
Maximize Conditional Log Likelihood

I(w) = In H Py |x7, w)
J

T . ') .
Z y! (wp + Z 'rz..v.i:z:{ ) — In(1 4 exzp(wg + Z ".31,-'21:r:{ )
J 2 2

Good news: /(w) is a concave function of w
— no locally optimal solutions!
Bad news: no closed-form solution to maximize /(w)

Good news: concave functions “easy” to optimize



Optimizing convex function -
Gradient ascent

« Conditional likelihood for Logistic Regression is convex!

ient: ol(w) Ol
Gradient: Vol(w) = [ (W) L (W)]/
(9’01)() a’wn
Learning rate, n>0
Update rule:

Aw = nVwl(w)

« Gradient ascent is simplest of optimization approaches
— Yet works in most cases



Maximize Conditional Log Likelihood: Gradient ascent

explwo + X ; w;X;)
1+ exp(wg + X; w; X;)

PlY =1|X,W) =

J

al(u}) , () . ; B, -

J

_ n , n P
l(w) = Z v’ (wo + Z u,'i:[,'fi)) — In(1 4+ exp(wg + Z wz.r{ )
7 12

\d , e}
_'EE: o o x; exp(uwg — 3 wiy)
o (wp + 3wz )
J 1 +explwy + ), wx;)

e oiyoopd
_ Z J/J u.’. B explwe + E Wy ) |
i | 1+ exp(un + Y, wir!)

ol (w)
8 w

~ Y PO -

qJ

v w))




Ow,

’ll}§t+1) ( ) e S
ol(w) i
au;i Z' v (~J (
. exp(wg 4+ Y

PY = 1|X, W) =

Al(w)

2 w)) P(

‘.(' Wiy \’?)
1+ exp(wg + X; wy X5)

3 1

-2 2 0

t=0:

W= [W07W1’W2] = [0 0 O]

P(Y%=1|x%w) a exp(0+0*3+0*-3) = 0.5
P(Y'=1|x",w) a exp(0+0*-2+0*2) = 0.5

i=0, j=0: x,2(y%-P(Y=1|x%w)) = 1(1-0.5) = 0.5

i=0, j=1: x,"(y'-P(Y=1|x',w)) = 1(0-0.5) = -0.5

i=1, j=0: x O(y0 P(Y=1|x%w)) = 3(1-0.5) = 1.5

i=1, j=1: x,"(y'-P(Y=1|x',w)) = -2(0-0.5) = 1.0

i=2, j=0: x, (y0 P(Y=1|x%w)) = -3(1-0.5) = -1.5

i=2, j=1: x,"(y'-P(Y=1|x',w)) = 2(0-0.5) = -1.0

grad = [ 0.5-0.5, 1.5+1.0, -1.5-1] = [0,2.5,-2.5

t=1:

n=0.1 => w =[0,0,0] + 0.1 * [0,2.5,-2.5] =

[0,0.25,-0.25]

P(Y0=1 |x0 w) a exp(0+0.25*3-0.25*-3) = 0.82

P(Y'=1|x',w) a exp(0+0.25*-2-0.25*2) = 0.27

i=0, j=0: x (y0 P(Y%=1|x%w)) = 1(1-0.82) = 0.1

i=0, j=1: x,"(y'-P(Y'=1|x",w)) = 1(0-0.27) =

-0.27

i=1, j=0: x,9(y°-P(Y%=1|x%w)) = 3(1-0.82) = 0.5

i=1, j=1: x,"(y"-P(Y'=1|x',w)) = -2(0- 0 27) =

0.5

i=2, j=0: x,2(y%-P(Y%=1|x%w)) = -3(1-0.82) =



Gradient Ascent for LR

Gradient ascent algorithm: (learning rate n > 0)
do:
w(()H_l) — w( ) + I]Z[L/ —P(Y?=1]| x7 , w)]

For i=1l..n: (1terate over welights)

’u,rti(l""l) — 'LL?,ZQ) + ,,,Z J,{ [yj — f)(y’j = 1 | Xj,w)]

Loop over training examples!



Large parameters... | =

1.0
0.8 (
0.6

04

)
-1 -2 2 A -4 -2 2 4 -4 -2 2 -

a=1 H=5 a=10

« Maximum likelihood solution: prefers higher weights

— higher likelihood of (properly classified) examples close
to decision boundary

— larger influence of corresponding features on decision
— can cause overfitting!!!
« Regularization: penalize high weights

— again, more on this later in the quarter




That’s all M(C)LE. How about MAP?

p(w|Y,.X) ox P(Y|X,w)p(w)

* One common approach is to define priors
on w

— Normal distribution, zero mean, identity
covariance 1

— “Pushes” parameters towards zero p(W) = || —= e2®

) ) S RV2T
« Often called Regularization

— Helps avoid very large weights and
overfitting

2

* MAP estimate: N -
w* = argmax/n |p(w) [ PG | %7, w)
i=1



M(C)AP as Regularization

2
N _ ' 1 Wy
w* = argmaxin [p(w) [[ PG |x7.w p(w) = | | e 2K2

« Add log p(w) to objective:

A 5 O Inp(w
Inp(w) ~5 Zwl p(w) = —Aw;

dw 2

— Quadratic penalty: drives weights towards zero
— Adds a negative linear term to the gradients

Penalizes high weights, also applicable in linear regression



MLE vs. MAP

« Maximum conditional likelihood estimate

N
- T | T
w* = argmax In Ll:[ll (v | x ,w)]

* Maximum conditional a posteriori estimate

J'\l . .
w* = arg max|n {p(w) .Hl Py | xJ,w)]
J:

wi™D w4 {—/\'wgt) +Y @l - P(YI =1 XjM')]}

J




t+1 t
wp T w4
1
ol(w) o 4
Ow; N er ly! P = 1|-’L‘“,w))_)\wz‘
' i

PeY = 11X, w) =  ““Plwo 2 wiXs)

1+ exp(uwg + 3>; wiX;)

3 1

-2 2 O +

t=0:

W= [WO)W1)W2] = [0)0;0]

... see earlier slide, same computations as
without regularization...

grad = [ 0.5-0.5, 1.5+1.0, -1.5-1] =
[0,2.5,-2.5]

A=0.1 - grad -= 0.1 * [0,0,0]

t=1:

n=0.1 > w =[0,0,0] + 0.1 * [0,2.5,-2.5] =
[0,0.25,-0.25]

... see earlier slide, same computations as
without regularization...

grad = [0.13-0.27, 0.36+0.54, -0.36-0.54]
=[-0.14,1,-1]

A=0.1 - grad -= 0.1 * [0,0.25,-0.25]

t=2:



Logistic regression for discrete

classification
Logistic regression in more general case, where

set of possible Yis {y.,...,¥r}

Define a weight vector w; for each y, i=1,...,R-1

P(Y = 1|X) x exp(wig + Zwlz’X@')

P(Y =2|X) o exp(wao + ¥ w2 X;)

r—1

P(Y =r[X)=1-) P(Y =j|X)
j=1

P(Y=y,|X)
biggest
\
P(Y=y,|X
P(Y=y3IX) 2
biggest '9ges




Logistic regression: discrete Y

 Logistic regression in more general case, where
Y is in the set {y,,...,Yg}

for k<R

) ; exp(u k0 + i Wi X i)
P(Y = y,|X) = =1 =

1+\«F exp(quO—Q—Q, 1 J-,X')

for k=R (normalization, so no weights for this class)

1
l+Z exp(w + 3 wiX;)

P(Y =yg|X) =

Features can be discrete or continuous!



Logistic regression v. Naive Bayes

» Consider learning f: X = Y, where
— Xis a vector of real-valued features, < X, ... X_ >

n

— Y is boolean

* Could use a Gaussian Naive Bayes classifier
— assume all X; are conditionally independent given Y

— model P(X; | Y =y,) as Gaussian N(w,0;)
— model P(Y) as Bernoulli(0,1-0)

* What does that imply about the form of P(Y|X)?

1

P(}" p— 1|,X — le X >) — ;
" 1 + eil:p('wo + LZ LL‘,X,)

Cool!lll




Derive form for P(Y|X) for continuous X.

P(Y =1DP(X|Y =1)
P(Y =1)P(X|Y = 1)+ P(Y =0)P(X|Y = 0)

P(Y =1|X) =

1
= P(Y=0)P(X|Y=0)
L+ siv=0pixv=1)
1

— . P(Y=0)P(X|Y=0)
1+ exp(ln .D(Y:])P(..-\'IY=1))

@ up to now, all arithmetic

@ only for Naive Bayes models

1
o —0+ ~ 1 P(X;|Y=0)
14 exp( (In %) +3;1In PEX.'IY—I))

o N\

Can we solve for w, ?
* Yes, but only in Gaussian case

Looks like a setting for w,?



Ratio of class-conditional probabilities

P(‘\'l )v' f— O) —(-"‘_/fik:'Q
" P(X;Y = 1) 1“(‘\ =2lY = 'Uk) — 1 : 20
o l " oV 2w
i I
1 e 20%
_ |n Uz‘\/ﬂ
B (@ p41)?
1 e 2012
- iV 2m - Linear function!
Coefficients
(i — p1i0)*  (mi — pin)? .
= > T 5 expressed with
20'7; 20@- .. _
original Gaussian
/ parameters!
M40 T ,lmm n U%o -+ ufl
N 0'-2 ’ 20'.2
? 7



Derive form for P(Y|X) for continuous X.

P(Y = DP(X|]Y =1)
P(Y =1)P(X|Y = 1)+ P(Y =0)P(X|Y = 0)

1
14 exp( (In158) 45;in 2 ,_.,(\ |§ :‘1)‘)

P(Y = 1|X) =

Z HiQ /‘11)( +/‘1_'1 /'l'z2C
‘71. o2




Gaussian Naive Bayes vs. Logistic Regression

Set of Gaussian o
Naive Bayes parameters <:> Set of Logistic
(feature variance Regression parameters

independent of class label) Wag:"“?e°o';‘i;hdid

one way

Representation equivalence
— But only in a special case!!! (GNB with class-independent variances)

But what’s the difference???
LR makes no assumptions about P(X|Y) in learning!!!

Loss function!!!
— Optimize different functions ! Obtain different solutions



Naive Bayes vs. Logistic Regression

Consider Y boolean, X, continuous, X=<X, ... X >

Number of parameters:
* Naive Bayes: 4n +1
* Logistic Regression: n+1

Estimation method:

* Naive Bayes parameter estimates are uncoupled

* Logistic Regression parameter estimates are
coupled



Naive Bayes vs. Logistic Regression

[Ng & Jordan, 2002]

 Generative vs. Discriminative classifiers

* Asymptotic comparison
(# training examples = infinity)

— when model correct

« GNB (with class independent variances) and
LR produce identical classifiers

— when model incorrect

LR is less biased - does not assume conditional
independence
— therefore LR expected to outperform GNB



Naive Bayes vs. Logistic Regression

[Ng & Jordan, 2002]

* Generative vs. Discriminative classifiers
* Non-asymptotic analysis
— convergence rate of parameter estimates,

(n = # of attributes in X)

* Size of training data to get close to infinite data
solution

» Naive Bayes needs O(log n) samples
 Logistic Regression needs O(n) samples

— GNB converges more quickly to its (perhaps less
helpful) asymptotic estimates
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What you should know about
Logistic Regression (LR)

Gaussian Naive Bayes with class-independent variances
representationally equivalent to LR
— Solution differs because of objective (loss) function

In general, NB and LR make different assumptions
— NB: Features independent given class ! assumption on P(X|Y)
— LR: Functional form of P(Y|X), no assumption on P(X|Y)

LR is a linear classifier
— decision rule is a hyperplane

LR optimized by conditional likelihood

— no closed-form solution

— concave ! global optimum with gradient ascent

— Maximum conditional a posteriori corresponds to regularization

Convergence rates
— GNB (usually) needs less data
— LR (usually) gets to better solutions in the limit



