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Gradient Descent

Data: function F' : RY — R, number of iterations K, step sizes (p1), ..., 7))
Result: z € R?
initialize: z(9) = 0;
for k€ {1,...,K} do
gk = VZF(z(k—l));
29 — g0=1) _ () g

end

1

return Z(K)

Algorithm 1: GRADIENTDESCENT
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Gradient Descent
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Training (one example)

/27



Training (D)

/27



Log Loss

The log loss is continuous, convex, and differentiable. It is closely related to the
perceptron loss.

Ly (w) =1log (1 +exp (—yn - (W - xn +D)))
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First Derivative of the Log Loss for One Example

8Ln = 8 O ex — (W - X
0] —8w[j]1g(1+ P (—Yn - (W X5 +0)))
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First Derivative of the Log Loss for One Example

8Ln_80 exp (—y, - (W -x
guj] ~ w28+ P (e (W Xa +)))

1

=1 +exp (—yn - (W-x, + b)) . Bl (14 exp (—yn - (W %, +b))]

9
Remember: 8%logf(gg) — 8?(93) )
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First Derivative of the Log Loss for One Example

OLn —io exp (—yp - (W-x
m = 8w[j]l g (14 exp (—yn - ( n+b)))
1

T Tt exp(—yn- (W-x, +0) Ouwlj]

1 0
T 1t exp(—yn- (Woxy ) duwlf] exp (—yn - (W-Xn +))

[1+exp (—yn - (W xn +1))]
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First Derivative of the Log Loss for One Example

8Ln = a 0} ex — (W x
Bl — w81 (—yn - (W xn +0))
1 )
= e o (womn b)) dwp] TR o (W £0))
1 )
T 1+ exp (—yn - (W-x,, + b)) ' owlj] exp (—yn - (W-x, +0))

_ep (g (Wexe b)) 9
= T oxp (g (woxn £ 0) Gupg) [ (VX0 )

Remember: 8% exp f(x) =exp f(x) - a%f(m).
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First Derivative of the Log Loss for One Example

OLn = 0 Y exp (—vyp - (W-x
Bl — Fuy] 80T (yn - (W xn +0))
1
= e (o (w0 dwp] TR o (W oxn £ 0))
1

0
=71 +exp (—yn - (W - X, + D)) . Bl exp (—yn - (W -xp, + 1))

_ exp (_yn i (W'Xn+b)) . 9
1+exp(—yn - (W-x,+0b)) Owl[j]
exp (—yn - (W - X, + b))

S Trexp (g (wox vt U

[~Yn - (W x5 + D)]
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First Derivative of the Log Loss for One Example

8Ln = a O ex — W - X
ulj] —8wmlg(1+ P (~Yn - (W-x, +b)))

1
T Lt exp(—ya- (Wox, 1) Ou[j]
1
T 1+ exp(—yn (W-xn+0)) uwlj]
__exp(=yn-(W-xu+b) 0
1+exp(—=yn-(W-x,+0b)) Owlj]
_exp (—Yn - (W-xp, + b))
1+exp(—yn- (W-x,+0))
1
T 1t oxp (e (Woxn +0

[1+exp (—yn - (WX, +))]

exp (—Yn - (W - X, + b))

[=yn - (W xn + )]

*—Yn * Xn[J]

) *—Yn * Xn[J]

eXpTr __ _eXpx  exp—T __ 1
l+expx = l4expx exp—x ~ l4+exp—z”
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Gradient of the Log Loss, All Examples
One example:

1
1+exp(yn-(W-x,+0b

) *—Yn * Xn[J]

Sum over all examples:

N 1

1+exp(Yn- (W-xX,+0b

) *—Yn  Xn]]

n=1

Gradient stacks all first derivatives into a vector:

N 1

Zl+exp(yn-(w-xn+b

) Y
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Perceptron Learning vs. Gradient Descent on Log Loss

Updating rule for the perceptron (single example n):

W<—W+[[Qn7éyn]]ynxn
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Perceptron Learning vs. Gradient Descent on Log Loss

Updating rule for the perceptron (single example n):

W%W"i_[[yn%yn]]ynxn

Gradient descent on log loss:
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An Interesting Function
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An Interesting Function

@ |

o

<,

o What we plug in to this function is
1 Yn - (W-xp, + D).

<

o T T T T T
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An Interesting Function

What we plug in to this function is

Yn - (WX, + D).

] If example n is getting classified correctly,
2 0(yn - (W -xp, + b)) goes to zero.
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An Interesting Function

What we plug in to this function is

< Yn - (W-xp, + D).

o If example n is getting classified correctly,
0(Yn - (W - xp, + b)) goes to zero.

If example n is getting classified incorrectly,
-0 5 0 S 10 o(yn - (W-x, + b)) goes to one.
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An Interesting Function

2 What we plug in to this function is
i yn'(w'xn+b)'
If example n is getting classified correctly,

<,
° o(yn - (W-x, + b)) goes to zero.

1 If example n is getting classified incorrectly,
=g ‘ : : : o(yn - (W -xp, + b)) goes to one.

-10 -5 0 5 10 Not “is it wrong?" but instead “how wrong

is it?”
1
o(x) =
l+expz
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Perceptron Learning vs. Gradient Descent on Log Loss

Updating rule for the perceptron (single example n):
W W+ [Gn 7 Ynl - Yn - Xn

Gradient descent on log loss:

N
1
<_ — . .« —_ .
W wen Zl+exp(yn-(w-xn+b)) Yn * Xn

N
1

N
n
=W + “Un - X
;1+exp(yn-(W-xn+b)) g

“soft” error test
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Logistic Regression

Classifier:
f(x) =sign(w-x+0b)
(Identical to the neuron-inspired classifier we trained using the perceptron!)
To learn, solve:
N

1
min ; log (1 + exp (=yn - (W - %, + b)) +R(w, b)

log loss
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Linear Regression

For continuous output y.

Predictor:

J) =w-x+b

To learn, solve:

n'g

N
1
in Z (WX, +1))° +R(w,b)

squared loss
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Coming Soon

v

Gradient descent is usually too slow; we can do better.

v

Is there a deeper connection between perceptron learning and gradient descent?

More loss functions!

v

More activation functions!

v

v

More regularization functions!

v

A probabilistic interpretation of logistic regression and linear regression.
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