Lecture 1: Getting Started

September 2026

Before we get into the new material for this course, it will be important that you’re familiar with some
of the basic concepts from probability theory and linear algebra that will come up over and over. Indeed, in
a very meaningful sense, a high-level goal of this course is to get you comfortable with using more advanced
concepts from these areas in your own work going forward.

1 Probability review

We review some of the definitions of the basic concepts. Since we’re not doing a graduate level measure
theory class, we're not going to worry about getting the most general formulation of these quantities. This
section is also deliberately brief because some background in this material is expected going into this class;
if the material here is very unfamiliar to you, you may want to reconsider taking this class.

For us, the basic building block will be that of real-valued random variables, which we typically denote
X. These are random events which take values over some subset 2 of Rd, where Q is usually (but not always)
finite. A very common case is Q@ = {0,1}", i.e. the set of n-length strings. As a running example, consider
the setting where X is the outcome of n independent, uniformly random coin flips, where “heads” means 1,
and tails means 0.

The behavior of X is described uniquely by its associated probability mass function (or probability density
function, if Q is infinite) p : © — R. When Q is finite, this function y must satisfy > pu(z) = 1 and
w(z) > 0 for all z € Q, and pu(x) simply denotes the probability that X = z. More generally, for any event
E CQ, u(E) is the probabability that X € E:

Pr(X € B = u(E) = 3 ula)
reE
When € is not finite, it’s slightly more complicated, but this definition based on events is taken to be the
definition of u, with sums replaced with integrals:

Pr[X € E] = u(E) :/ p(z)de \WVE C Q.
Rd
The fun begins when we realize that we can manipulate these random variables to form new, interesting
distributions. For instance, in the running example, instead of considering X, we can also consider Y =
% >i, X, the average of the coordinates of X. This is now a new random variable over {0,1/n,...,(n —
1)/n, 1}, with its own associated probability measure uy, depending on the original distribution of X.

Moments of a distribution. Recall that some of the most basic statistics of a distribution are encoded
in its moments, such as its mean and variace. Formally, if X is a random variable with associated pmf p,
its expectation is

E[X] = Za:,u(m) .
zeQ

If X is a univariate random variable, that is @ C R, then its variance, denoted Var[X], is defined as
E[(X —E[X])?], i.e. it is the expectation of the auxiliary random variable Y = (X — E[X])2. More generally,
its k-th central moment is E[(X — E[X])¥].



Concentration inequalities. With this, we can now state some fundamental concentration inequalities
(also referred to as “tail bounds”), which control the deviation of a random variable from its expectation,
based off of its properties, such as its lower order moments. We won’t prove these here, but it is a good
exercise if you’re unfamiliar with them to try to prove them yourself.

The most basic one is Markov’s inequality:

Theorem 1.1 (Markov’s inequality). Let X be a non-negative random variable. Then for all t > 0,

Pr[th]gy.

The next one we’ll use is Chebyshev’s inequality, which bounds the deviation of any random variable from
its mean, in terms of its variance, and follows in one line from Markov’s inequality:

Theorem 1.2 (Chebyshev’s inequality). Let X be a univariate random variable. Then for allt > 0:

Var[X]

Pr{lX — E[X]| > 1] <~

Finally, the most powerful, but also the one that requires the most assumptions, of the “standard” con-
centration inequalities is the Chernoff bound, which is actually a family of inequalities concerned with the
concentration of an average of a sum of many independent random variables to their expectation. One
standard form of this is the following Chernoff-Hoeffding bound:

Theorem 1.3 (Hoeffding’s inequality). Let Xi,...,X,, be n independent, identically distributed random
variables. Suppose that | X;| <1 for all i, and let p = E[X;] denote their shared mean. Then, there is some
universal constant C > 0 so that for all t > 0, we have:

1 n
Pr [ - Z X, —u
1=1
Again, there are many related forms of this inequality, but roughly speaking, what this inequality says is

that you get exponentially fast concentration of a sum of bounded random variables to their shared mean.
Stated simply, averages converge really fast for sums of random coin flips!

> t] < 2exp(—Cnt?) .

The union bound. Finally, another very useful (but also basic) inequality is the union bound, which
states that the probability of a union of events is bounded by the sum of their probabilities:

Theorem 1.4 (The union bound.). Let Ey,...,Ex C Q be any set of events. Then

k
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1.1 Application: The shape of high-dimensional data

A recurring theme throughout this class is that probabilistic reasoning will be useful in many settings,
algorithmic or otherwise, when a priori no randomness is present in the problem. For instance, consider the
following basic question:

What is the largest set of n-length {0,1} strings x1,...,x, I can take, so that for all i # j, we have that x;
and x; differ in at least n/4 coordinates?

Among other things, this is a basic question in coding theory: if we think of the z; as codewords, then
this set of codewords has the property that unless you corrupt a constant fraction of the coordinates, you
can still recover the original codeword. Perhaps surprisingly, it turns out that you can take this set to be
exponentially large, and a simple proof is to actually just take a random set of strings:



Theorem 1.5. There exists a set of strings x1, ..., %, € {0,1}" with this property of size m = exp(Q2(n)).

Proof. As mentioned above, we will do this by demonstrating that random set of strings will satisfy this
property with high probability, and so clearly such a set of strings exists. So, let X1, ..., X, be independent,
uniformly random strings.

We first bound the probability that for any ¢ # 7, it holds that their Hamming distance is less than n/4.
In this case, we say that X; and X; are a bad pair of strings. To do so, we can define auxiliary random
variables Z,, for £ = 1,...,n, where Z, = 1 if the {-th coordinates of X; and X; match, and 0 otherwise.
Since X; and X are independent and uniformly random, Z, is also uniformly random, so its expectation is
1/2. Clearly, the bad event is if Y, ; Z; > 3n/4, as this means they disagree in less than n/3 coordinates.
But for fixed 4, j, the Z; are independent bounded random variables, and so by Hoeffding’s inequality, slightly
re-written:

n

> Zi—n/2

(=1

Pr

> tn‘| < 2exp (—C’ntQ) .

Notice that the event that Y., ; Z, > 3n/4 implies that |>",_, Zy — n/2| > n/4, so in particular, by the
above, by setting ¢t = 1/4, we get that

Pr[(4,j) is bad] = Pr
=1

ZZg > 3n/4} < 2exp(—C'n) ,
where C’ = (/16 is some constant. By a union bound over all (7;’) pairs (i, 7), we conclude:
Pr [there exists a bad pair (7,75)] < (2) exp (—C'n) < 2m2exp (—C'n) .

Thus, as long as m < exp(C'n/2)/v/2, the probability that there exists a bad pair is less than 1. But the
event complement of this event is the event is exactly the event that all the strings differ in at least n/4
coordinates, so we know that there must be some set of strings of size m = exp(C'n/2)/v/2—1 which satisfies
the desired property, and so we are done. O]

As a side note, this sort of proof is known as the probabilistic method, and is often a super powerful way
to prove existence of objects that might be otherwise hard to construct.

2 Linear Algebra Review

Another key concept that will come up repeatedly and in a very central fashion throughout this course is
linear algebra. We review some of the basics here. Recall a vector v € RY is just a d-tuple of numbers, and
denotes a point in d-dimensional space. As is conventional, we will typically write v as a column vector.

We also define the (squared) ¢ norm of a vector v to be ||fu||§ = Z?Zl v?, and the inner product to be

d
(uisuj) = Y5 uiu;.

Bases. When we write a vector v as above, the i-th coordinate really means how far v is in the i-th standard
basis direction. At the risk of belaboring the point, more explicitly, we can write the standard basis vectors



€1,...,€e4, given by

1 0 0

0 1 0
€1 = |. €2 = |. €dad=1|.]| »

0 0 1

so that v = Z?:l v;€;.
From this point of view there is nothing truly special about the standard basis vectors: one can do
this with any orthonormal basis uq,...,uq: recall this just means that ||ul||§ =1foralli=1,...,d and

(ui,uj) = 0 for all ¢ # j. Then, we can always write any vector v as v = Zle c;u; for some unique
coefficients ¢;. Crucially, one can verify that ||v||§ = Z?:l 2, that is, the 5 norm of v is still the sum of
the squares of the coefficients in any basis. For this reason, the £ norm of a vector is a basis independent

property—this notion of basis independence will be very important throughout this class.

Matrices. The next key concept is that of a matrix. In a basic sense, a d x k matrix is just a collection
of dk numbers, organized into a rectangle.

My My -+ My,

Moy May -+ Moy,
M= . . :

Mg Mgz -+ Mg

However, as a warning, this is often the wrong way of thinking about matrices! We will see why throughout
this class.

You should be familiar with basic concepts such as matrix-vector product, and matrix-matrix product.
Just to recap, if M € R>* and v € R*, then Mv € R?, and its i-th coordinate is the inner product of
the i-th row of M with v. If A € R™* and B € R**™, then AB € RY*™ where the (i,7)-th position
of AB is given by the inner product of the i-th row of A with the j-th column of B. While these are all
operationally correct definitions, again they are often not the cleanest way to think about what’s happening.
For instance, another way to think about the matrix product is as a sum of outer products (as you’ll see on
your homework). Concretely, if this means that if we write

- T

| | by

A= |ag - ail, B = ;
| | — b —

then we can write

k
AB =Y aib/
i=1
so that AB can be written as a sum of k rank-1 matrices.

2.1 Application: Freivalds’ algorithm for Matrix Product Verification

Here’s another cool application of randomness, this time with matrices. We consider (a special case of) the
matriz product verification problem: given two matrices A, B € R™*"™, our goal is to test if AB = 0 or not.
Clearly, one way to do this is to just compute AB, but this is kind of slow: the best algorithm for matrix
multiplication runs in time n“, where w < 2.371177 is the matrix multiplication constant. In particular, to
date, we can’t do it in time which is linear in the size of the problem, which is n2.

However, if we allow randomness, we can do this in linear time (if we allow some error)! The key fact is

the following;:



Theorem 2.1. Let v € R" be a nonzero vector, and let z be uniformly random from {—1,1}". Then

Pr[(v, X) =0] <

DN =

Proof. Consider any z € {—1,1}" so that (v,z) = 0; I claim I can associate a unique z’ € {—1,1}" so that
(v,2'y # 0. That way, at most half of the z’s in the hypercube can have zero inner product with v, which
yields the claim. The idea is simple: let i be the first coordinate of v which is nonzero, and let x; = x; for
all j # 4, and z} = —x;. This way, (v,2') = (v, z) — 2x,¢; # 0. O

As an immediate corollary, we have:

—.

Fact 2.2. Let C be a nonzero matriz. Then Pr[Cz = 0] < 1/2, where 0 is the all-zeros vector.

We can how state our matrix product verification algorithm: simply sample z ~ {—1,1}", and check if
ABz = 0. Notice that this can be checked in time O(n?) by first computing v = Bz, then computing Av,
both of which can be done in time O(n?). If it is not zero, we can safely say that AB # 0. But by the above
corollary, we know that the probability that ABz = 0 when AB # 0 is at most 1/2. So, if we repeat this
test k times, by independence, the probability we get ABz = 0 every time is at most 1/2*. Thus, we obtain
the following result:

Theorem 2.3. Let § > 0. There is a test which runs in time O(n?log1/d) so that if AB = 0, the test
always passes, but if AB # 0, the test passes with probability at most 0.

In other words, if we're okay with a test that passes 99.9999% of the time, we can do this task in nearly-linear
time! This is a variant of a method called Freivalds’ algorithm [1]. It is actually an open question if it is
possible to do this with a deterministic algorithm.
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