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Problem set 4 34

* A set with one 10 point question
* The problem is about dynamic programming
 Dynamic programming Is covered on the midterm
e |t is due on Wednesday May 7th 11:59pm
* But, I'm posting solutions on Saturday May 3rd (12:01am) before its due

* You can look at the solution after you upload your solution to Gradescope

* Not doing so is academic dishonesty. I’m trusting each of you here
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Previously in CSE 421...



Principles of divide and conquer

» |dentity a division of the problem into a self-similar parts of size n/b

* Recursively solve each subpart of the problem

o Stitch the solutions from each subpart together

 Runtime is defined by the following recursively defined formula:

In)=a-T (%) + f(n)and T( < b) = O(1)
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Analysis divide and conquer runtimes

The master theorem

* For solving recursive equations of the form

In)=a-T (%)+0(nk) and 7( < b) = O(1)

» Different cases based on how f(n), a, and b compare:
e Ifa < bX, then T(n) = O(n*)
. If a = b*, then T(n) = O(n*log n)

e Ifa > b*, then T(n) = O(n'°%%)



Today: Matrix, integer, and
polynomial multiplication



Matrix multiplication

e Input: Two matrices A, B € R™"

e Output: The matrix AB € |
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Trivial algorithm for matrix multiplication

e Algorithm:
o |nitialize n X n array C as zeroes

 Forie[n],je(nl,keln], C;< Ci+Ay- B

 Return C.

3

 Runtime: n- multiplications + n> additions

e Can we improve this with divide and conquer?
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Matrix multiplication naturally decomposes

 Matrix multiplication of matrices p s oo ok commite
An Al?_ B \1 ’B 1Z AI\B||+ AI9rB2-| AH(BI?. + A,{Bn
Au ALZ le BLZ Al\Bll+A2?.Bz| AZ\(B\‘L"' Azszzz
| |

 Divide and conquer:

« Decompose into 8 matrix multiplications of n/2 X n/2 matrices and 4 matrix additions of

n/2 X n/2 matrices

n n : log, 8 3a.=8
, I(n) =38T Y + 4 Y —> T(n) = O(n 2)=0(n)b-—-1
= &
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Strassen’s divide and conquer (1968)

 Can we decrease the number of mini-multiplications at the cost of increasing the
number of mini-additions??

e |f we were to somehow decrease to 7 multiplications but 18 additions ...

18 18
. T(n) =17T (%) + Tnz = Tn) =—~ O(n'°827) = O(n**""%)

3

a > l:) k)u.“‘

b

e But how do we achieve this decrease?
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)
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 Find repeated terms.
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A clever decomposition

We.  lenow That




A clever decomposition




A clever decomposition
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A clever decomposition
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A clever decomposition

We con odst Hrese. dageams. &

M/ = CB Y %L?_
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A clever decomposition P

1 wmalt s+ Towdbr 4 wabbt 4 oy Lowlbe Lodbs A onln
2 adoddienr 1 addtion A odddicn 1 odhdion 1 adbibin L oddbion L cclolitims } [0 adotidion s

{ 4 L / V4 / z
M2 M3 M4 M5
’/zz/ VA i v /S S S //////
62y /S S S S S S S S ///’///// C M,/.M M+]~1
///// /S S S S S S S S S 1 ‘{ 7
52///// /S S S S LSS LSS LSS S S HZ?//////

[ 777 [T [I777 [TI77 [TI77 [T [TITT [T
177 LT [T el 777 (L7 I I LT C.=M™M,+Mc¢
[T 777 /77 [T777 [T777 [T777

Vo v av oo Al v o 7 T T T

o om [T T 77 [T 7 [T 777 [T777 [ T777
527% Vel e, ///’///// STTTT [T 777 =M, - M
/T 7T Vv A o A Y v v i v v v Y 2] 1 °

(/S LSS S S S LSS LSS LSS

[ [ /) )/ ’Zy zZH [/ /S S ) LSS LSS [ [ /) [/
c22 (/S S ) LSS L LSS /////c _MPM_,,IW,\,M
Wif{i/ /////i///////////// aayai 99 — [ 9 3 A
[ [ [ [/ [ /L) [ LS L LT [ L L [T
S — A L )
Wikipedia article for Strassen’s algorithm ~
Mr"‘(A + A )Y) g
:<A|1+ALL>CB“ &-B‘L> 1! 7] “1 ¥ addidrons

17 qu AZZ<B2_|—B|I>



Strassen’s algorithm details

» Best for matrices of size 2" X 2. Pad the matrix with zeroes until it is.
 Strassen’s has 18 mini-additions. Only beneficial if n > 32.
. For smaller matrices, use O(n>) algorithm.

« Still a base case for the recursive definition. Only adjust O( - ) constants.

* |s there an even cleverer decomposition into fewer mini-multiplications?
* Not for dividing into n/2 X n/2 mini-matrices
» QOther divisions plus clever tricks have gotten algorithms down to O(n2'371339) [May 2024]

. Major open question: O(n**¢) time algorithm possible for all € > 0.
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e Input: Two n-bit binary numbers x,y € {0,...,2" — 1}

Integer multiplication

e Output: A 2n-bit binary number

. Com\)‘ev'\¥7’

_ \V\S\’E&&Q \m_,( nwamlsen o1

. Gradeschool multiplication algorithm takes O(n?) time

\

|

\o.\f\ W\7 0‘300\‘\"’\ M4 ""’*“r-l_“’"‘
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The Karatsuba method

[ x 1 =« A2
_ (7:7&%' N %3 (2“‘/1 ¥, 4 70)

= 2 %y Zﬂ"@‘yo + 'xoyﬁ t Koo
- R"‘(&jv[y, \)*i‘/l(Tx'lx[Vo "I%A]XD_T)" T‘xo]
i \C’F-\— sl/dp\—s j
- Nno im]o(oveva/d’s.

T(n) =4T (ﬁ) + 0(n) = Tn) = O(n'°8%) = O(nZ)L

XFyo“[.
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The Karatsuba method

[ x [ « A2
(2\, %,+%>(2 Yo+ 7’)

"o

= 2 ny r 2R+ N ) XY
= 2 7(,7“ + l ((‘7(‘4.')(0)(7/, "“/o) = 7‘\\/: '_‘Ya\/o> + 9(0’}/0.

T(n) = 3T (g) + 0(n) = T(n) = 0(n'°e°) = O(n'>?%)



Improving integer multiplication

* Fast integer multiplication is used in high-precision arithmetic

 Storing a number to n-bits of precision is equal to 27" precision

o Karatsuba’s algorithm is not the fastest

» Fastest is O(nlogn) based on the fast Fourier transform (next!)

 These are galactic algorithms (not useful in practice)
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Polynomial multiplication

» Input: polynomials p, g € C|x] of deg < n expressed by their coefficients

p(x) =a_x"'+a _x"*+ ... +ax+a,

.e.
Q(X) — b _1xn_1 + b _2xn_2 + ... + blx + b()

n

» Output: The poly. pg € Clx] of deg < 2n — 1 expressed in coefficients.

J
_ 2n—1 2n—2 _
pqgx) = ¢y, (X + ¢y, X + ...+ x4+ ¢y where ¢; = Z ab;_i
k=0
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Why is polynomial multiplication useful?

* This algorithm is used as a subroutine In
e signal processing, image processing, audio compression
 Many public-key cryptosystems rely on polynomial arithmetic
 Computing Reed-Solomon (5G) error-correcting codes
 Polynomial-based error-detection codes

* The major subroutine is equivalent to convolution, a fundamental
mathematical computation
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Polynomial multiplication

» Output: The poly. pg € Clx] of deg < 2n — 1 expressed in coefficients.

J
— 2n—1 2n—2 —
pqgx) = ¢y, (X + ¢y, _HX + ...+ cx + ¢y where ¢; = Z ayb;_i
k=0

.« Canbesolvedusingl +2+ ... +n+ ... + 2+ 1 = O(n?) multiplications

 Can we be any faster? Perhaps using divide and conquer?
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When is polynomial multiplication fast?

 Fundamental theorem of algebra: A degree < n polynomial p is uniquely
specified by any n distinct evaluation points.

e Leté, &, ...,¢, € C bedistinct. Then {(&;, p(&;)) } uniquely define p.

» Let p be the poly defined by {(&;, v, }.
Let g be the poly defined by {(¢;,z))}.

For every x, (pgq)(x) = p(x) - g(x). So, (pq)(S;) = Y; - ;-

» Then pq is a poly defined by {(&,y; - z)}.
1. 1 Onlyy VU IK ol padty
a'%ru, < dwn ]><ﬂ7 26_“5 *ﬂ.\) ki



When is polynomial multiplication fast?

* Fundamental theorem of algebra: A degree < n polynomial p is uniquely
specified by any n distinct evaluation points.

. Let Gy, 6y, ...,6,, € Cbedistinct. Then {(S;, p(&))) } <2, Uniquely define p.

» Let p be the poly defined by {(&;, ¥) }ici0
Let g be the poly defined by {(&;, 2) } 10,

» Then pq is the unique poly defined by {(&;, y; * 2)}icion
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Polynomial multiplication algorithm

— C.OM?\:\—E.. §;,§j, E: . g:L M Hme O( vf)
« New algorithm: Comput P(&F%ZO a3t in e O(n).

total Hme O(V\’z)\

« Pick evaluation points 51, cens 52

» Evaluate p and g to compute y; < p(&), z; < q(&,) fori € [2n].
e Calculatew; < y. - z..

» Compute the coefficients of polynomial uniquely defined by{(¢;, W;) }ici2n1-

J
t ‘Yve $'\"\“ \/\a;uav\‘l— D((scu,ss—c.& \"UN Yo do 4"’\‘.S- -H'\is 1S ‘?@L\}b’,h\m. \/\/C sz,&, J'D Ao J’lm's

{’\M’bn, 4'01M\>M e awe a\<r],
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Polynomial multiplication algorithm

- New idea: Pick interpolation points {¢;} intelligently.

. If done correctly, we can speed up computing p(fj), q(fj).

* Also will give us a way of un-doing interpolation after multiplication.

 Choose related points to parallelize the computation

* Writing down all the partial computations will take too long
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Change of basis

2n
Let’s observe that p(&) = 2 ajfj is the inner product between two vectors.
J=0
a 96"' QV\H = . = A = 0
0 / PR
Cll This ov\\7 o(L?eAAA on the ’.Fo\\lvwwftd
_ 2 2
pO=|1 ¢ & .. & |@ corlbicds o b 1§
o C - _ .
047 d.u\x««ob m 5 ok vt a2n
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Change of basis

\
~ —= ™~
o I I ¥ I I
P B 0
pew| |1 oe 2 | |a

z SYCQ{c\.l ”7re_ O‘E maJrr\x calle d

a VN\JL(M onde walnx
OV - Z&(D iﬂ: i(. ore distinct.

=

det V = ‘ \- (gi'§3> <
i#j i('\ it YV ois Wiov - Ze(0 \ s i/\\/er'l‘l'l)lc‘
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Polynomial multiplication algorithm

* New new algorithm:

Pick interpolation points {¢;}ici,-

Compute Vandermonde matrix V and it’s inverse V-1

Compute ¥ « Vad,Z « Vb.

Compute W < a © b, point-wise multiplication.

Return V-1,

32
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Choice of interpolation points

* [o speed up the algorithm, we are
going to pick {g;} creatively.

| | | |
2 m—1
» Let m be the smallest power of 2 I o @ @
that is > 2n. v |1 o o ="
| 1 603 0)6 a)3(m—1)
. Choose @ := ™™ a primitive m : : : :
-th root of unity. 1 m=1 20m=1) p(M—1)?
: — . j—1 L )
» Define¢;, = o'~ ——
I(_V\ow\n Ovy _'Eq (LO) , ‘H'\L, q:l);\ﬂ'c,( ‘|Tams'%(w\ ovev Z/W\
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Complex number review

» A complex number can be expressed as a + bi
with a, b € [

o Alternatively, it can be expressed as re'? with
re Rz 0 e [0,27)

* Multiplying complex nhumbers is easy

s

((rl-e ié’l)(rzeiﬁz) — (},.1 rz)ei(6’1+6’z))
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Complex number review

» A complex number can be expressed as a + bi ’
with a, b € |

o Alternatively, it can be expressed as re'? with
re Rz, 0 e [0,27)

* Multiplying complex numbers is easy

((rl-e ié’l)(rzeiﬁz) — (’”1 rz)ei(6’1+62))

e m, the m-th root of unity can be expressed as
r=1,0=2n/m
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Polynomial multiplication algorithm

e New new new algorithm:
. Let m be the smallest power of 2 that is > 2n. @ = ¢*™/™
» Pad vectors a and b with zeroes till length m.

« Computey « F _(w)d,7 « Fm(a))l_;.

« Compute W < a ® b, point-wise multiplication.

+ Return F, (0)”'W.

u — Theorem : E’«(w)-i i Tulm_ Fa (™),
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Polynomial multiplication algorithm

* New new new algorithm:

» Let m be the smallest power of 2 that is > 2n. w = g2mim,

. Pad vectors @ and b with zeroes till length 1.
« Computey « F (w)ad,7 < Fm(a))l_;.

« Compute W < a ® b, point-wise multiplication.

1 _
. Return —Fm(a)_l) w.
m
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Computing F_(w)a efficiently

e (Goal is to use divide and

|
conquer to do this p(h 1
computation efficiently p(@) 1
| p(a)z) 1

e To do so, we need to find ;
similar components to plo)) |1
break the problem into p(w®) 1
smaller parts (@) 1
» Let’s analyze this for m = 8 p(@°) !
and then generalize. 1

p(w’)
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Computing F_(w)a efficiently

 Nothing says we have to
calculate the evaluations In
this order!

* |s there a better order In
which a pattern emerges?

p(l)
p(w)
p(@?)
p(@>)
p(@*)
p(@>)
p(@°)
p(o’)
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Computing F_(w)a efficiently

 Nothing says we have to
calculate the evaluations In
this order!

* |s there a better order In
which a pattern emerges?

e Even rows then odd rows

p(l)
p(@?)
p(@*)
p(@°)
p(w)
p(w>)
p(@>)
p(o’)
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Computing F (w)a efficiently

 Nothing says we have to
calculate the evaluations In
this order!

* |s there a better order In
which a pattern emerges?

e Even rows then odd rows

p(1)

p(@*)

p(@*)

p@)| _

p(a)) w4 0)5 a)6 0)7

p(@?) D W)

p(a)s) ot o Wb
0)4 603 602 601

p(w’)
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Computing F_(w)a efficiently

© <+ A
— 3 3 3
<t <t
— 3 T 3
N < O
— 3 3 3

—{ v e v

O O Osw
OOsz

S 3 O O

— O O O

cn = >~ W

S 3 I I

N O A O

S 3 I I

cn Y >

S 3 3 3

p— p— p— p—
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Computing F (w)a efficiently




1 1
D )
) 3

Computing F (w)a efficiently
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Computing F (w)a efficiently

* Divide and conquer algorithm:

-

Split a into a

cvei

and d_ 4, coordinates.

- 2 -
Compute V. en ;— F, »(w”)a,,., and
Yodd < Fup(@?)agqq-

Compute Dy, .. and D'y_,,-

Compute

Rearrange coordinates to original format.

Yeven T Yodd

Dyeven + D/yOdd

45
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Computing F (w)a efficiently

Todul Hme: T(w) = 27—(*’:") + O(w)

* Divide and conquer algorithm: TC‘“) = O(”‘“ "’g W\).

-

» Splita into a,,,, and d 4 coordinates. <— & (m) e,

- 2 -
o gOmpUte erGIl ;__)Fm/z(a) )Cleven and Z— ?QLV\G;M '. 2_ T(—ﬂz/l- > ’,'WV\L .
Yodd < Fup(@)ayqq.

« Compute Dy, .. and D'y_,4. £ DD Aioqomal 5o O@) Hme.
- + -
~ Compute [ feven z(:dd ] &~ O(wm) Hee,
Dyeven + D Yodd

» Rearrange coordinates to original format. <— O(w) 4.,
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Returning to the full algorithm

e New new new algorithm:
. Let m be the smallest power of 2 that is > 2n. @ = ¢*™/™
» Pad vectors a and b with zeroes till length m.

« Computey « F _(w)d,7 « Fm(a))l_;.

« Compute W < a ® b, point-wise multiplication.

+ Return F, (0)”'W.

u — Theorem : E’«(w)-i i Tulm_ Fa (™),
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Returning to the full algorithm

* New new new algorithm:

» Let m be the smallest power of 2 that is > 2n. w = g2mim,

. Pad vectors @ and b with zeroes till length 1.
« Computey « F (w)ad,7 < Fm(a))l_a). & Runtive O(n “j ")

« Compute W «— a ® I; point-wise multiplication. & Kuukine O(w)

|
R t _F -1 _). , \AV\‘H O A \o T4
. Return " (@07 )W. e Tunbine ( 5 >
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Fast Fourier Transform

e The algorithm for computing Fm(a))c_i IS kKnown as the Fast Fourier
Transform (FFT)

* |t serves as a major component in many algorithms particularly dealing with
polynomial computations

 Quantum computers are capable of “implementing” the FFT on matrices Iin
time O(polylog m). This is the major step in the quantum factoring algorithm
and the hype behind quantum computers.
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Final remaining theorem

. Theorem: Fm(w)_1 = —Fm(a)_l).

 Prooft:

(

m

Swj\rf’\c—cs o dhowo (‘—L\C\:\— “:M',\(w) ?:M:\(w") = M__I_,
() T (w )) - Z (F,;(w)) (Fo(w '))k
Y o 1 :
Z e (w">k3



General algorithm: Convolution

o Input: Two vectors f = (fy, ---».f,,_1)- & = (&p> ---» &,_1) € C"

« Output: The convolution vector f « g is defined by

N + Proof:
(f « @)y := Z]; Y roo
=0

* Let p, g be the poly. with coeffs. given by f, g

* Algorithm: Exact same alg. as that of poly. mult.: » Then f « g are the coeffs. of the poly.
r =pqg (mod x")

1 :
_ —1 _ 2nilm . . .
frg=—F @ )(F@fOF@g)forw=e" " 10 ()= p@)g@)forj=0ton—1

* S0, prev algorithm will find the coefficients

* Runtime: O(nlogn) of the unique polynomial
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Overtime (stay If interested)



Convolution i e i

* An algorithm for combining two signals to form
a third signal

 Shows up most commonly now in convolution
neural networks

(f + 8 = Zﬁ " 8n—j VS
j=0

. (= gx) = J f)glx — 7)dr

* This is the area under the curve f with
weights defined by ¢

— —4 —2 0 2 4

» Let’s you smooth out the curve f by picking g

Source: Medium post by TDS archive.
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Convolution g a7 g

* An algorithm for combining two signals to form
a third signal

 Shows up most commonly now in convolution
neural networks

(f + 8 = Zﬁ " 8n—j VS
j=0

. (= gx) = J f)glx — 7)dr

* This is the area under the curve f with
weights defined by ¢

—0 —4 =2 0 2 4

» Let’s you smooth out the curve f by picking g

Source: Medium post by TDS archive.
54



Convolution 3 e

* An algorithm for combining two signals to form
a third signal

 Shows up most commonly now in convolution
neural networks

(f + 8 = Zﬁ " 8n—j VS
j=0

. (= gx) = J f)glx — 7)dr

* This is the area under the curve f with
weights defined by ¢

. —4 —~2 0 2 4

» Let’s you smooth out the curve f by picking g

Source: Medium post by TDS archive.
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Convolution

Gaussian blurring and edge detection

 EX. We can also apply a 2D version of convolution for image processing

.“t
- L

~
P — - .\ n.
B0 gy

] - == qarnnm .
o o

—

-
v 'rf"’ e
e [; v i
'y Ll . -
> AR 4 ’f“ '
[y 1= Z ¥y
- TS o~ -! —

Source: Stanford 315b lectures
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Convolution

* Filtering signals (low-pass, high-pass)

 Convolve with a signal to filter out certain frequencies
* Audio effects (reverb, echo, suppression)
* |mage processing

e And more!
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