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Master Theorem

Suppose 𝑇 𝑛 = 𝑎 𝑇
𝑛

𝑏
+ 𝑐𝑛𝑘 for all 𝑛 > 𝑏. Then,

• If 𝑎 < 𝑏𝑘 then 𝑇 𝑛 = Θ 𝑛𝑘

• If 𝑎 = 𝑏𝑘 then 𝑇 𝑛 = Θ 𝑛𝑘log 𝑛

• If 𝑎 > 𝑏𝑘 then 𝑇 𝑛 = Θ 𝑛log𝑏𝑎

Works even if it is 
𝑛

𝑏
instead of 

𝑛

𝑏
.

We also need 𝑎 ≥ 1, 𝑏 > 1 , 𝑘 ≥ 0 and 𝑇 𝑛 = 𝑂(1) for 𝑛 ≤ 𝑏.



Master Theorem

Suppose 𝑇 𝑛 = 𝑎 𝑇
𝑛

𝑏
+ 𝑐𝑛𝑘 for all 𝑛 > 𝑏. Then,

• If 𝑎 < 𝑏𝑘 then 𝑇 𝑛 = Θ 𝑛𝑘

• If 𝑎 = 𝑏𝑘 then 𝑇 𝑛 = Θ 𝑛𝑘log 𝑛

• If 𝑎 > 𝑏𝑘 then 𝑇 𝑛 = Θ 𝑛log𝑏𝑎

Example: For mergesort algorithm we have

𝑇 𝑛 = 2𝑇
𝑛

2
+ 𝑂 𝑛 .

So, 𝑘 = 1, 𝑎 = 𝑏𝑘 and 𝑇 𝑛 = Θ(𝑛 log 𝑛)



Proving Master Theorem

𝑇 𝑛 = 𝑎𝑇(𝑛/𝑏) + 𝑐𝑛𝑑

𝑎
𝑛

Problem size

𝑛/𝑏

𝑛/𝑏2

1

# probs

𝑎2

𝑎

1

𝑎𝑑

cost

𝑐𝑛𝑘

𝑎 ⋅ 𝑐 𝑛/𝑏 𝑘

𝑎2 ⋅ 𝑐 𝑛/𝑏2 𝑘

𝑎𝑑 ⋅ 𝑐 𝑛/𝑏𝑑
𝑘

𝑇 𝑛 =
𝑖=0

𝑑=log𝑏 𝑛

𝑎𝑖𝑐
𝑛

𝑏𝑖

𝑘



Master Theorem

Suppose 𝑇 𝑛 = 𝑎 𝑇
𝑛

𝑏
+ 𝑐𝑛𝑘 for all 𝑛 > 𝑏. Then,

• If 𝑎 < 𝑏𝑘 then 𝑇 𝑛 = Θ 𝑛𝑘

• If 𝑎 = 𝑏𝑘 then 𝑇 𝑛 = Θ 𝑛𝑘log 𝑛

• If 𝑎 > 𝑏𝑘 then 𝑇 𝑛 = Θ 𝑛log𝑏𝑎

# of problems increases slower

than the decreases of cost.

First term dominates.

# of problems increases faster

than the decreases of cost

Last term dominates.



A Useful Identity

Theorem: 1 + 𝑥 + 𝑥2 +⋯+ 𝑥𝑑 =
𝑥𝑑+1−1

𝑥−1

Proof: Let 𝑆 = 1 + 𝑥 + 𝑥2 +⋯+ 𝑥𝑑

Then, 𝑥𝑆 = 𝑥 + 𝑥2 +⋯+ 𝑥𝑑+1

So,  𝑥𝑆 − 𝑆 = 𝑥𝑑+1 − 1

i.e., 𝑆 𝑥 − 1 = 𝑥𝑑+1 − 1

Therefore, 𝑆 =
𝑥𝑑+1−1

𝑥−1

Corollary:

1 + 𝑥 + 𝑥2 +⋯+ 𝑥𝑑 = ൞

𝑂𝑥 1 if 𝑥 < 1
𝑑 + 1 if 𝑥 = 1
𝑂𝑥 𝑥𝑑+1 if 𝑥 > 1

𝑂𝑥 means the hidden 

constant depends on 𝑥



Solve: 𝑇 𝑛 = 𝑎𝑇
𝑛

𝑏
+ 𝑐𝑛𝑘

Corollary:

1 + 𝑥 + 𝑥2 +⋯+ 𝑥𝑑 = ൞

Θ𝑥 1 if 𝑥 < 1

Θ 𝑑 if 𝑥 = 1

Θ𝑥 𝑥𝑑+1 if 𝑥 > 1

Going back, we have

𝑇 𝑛 =
𝑖=0

𝑑=log𝑏 𝑛

𝑎𝑖𝑐
𝑛

𝑏𝑖

𝑘

= 𝑐𝑛𝑘
𝑖=0

𝑑=log𝑏 𝑛 𝑎

𝑏𝑘

𝑖

Hence, we have

𝑇 𝑛 = Θ 𝑛𝑘

1 if 𝑎 < 𝑏𝑘

log𝑏 𝑛 if 𝑎 = 𝑏𝑘

𝑎

𝑏𝑘

log𝑏 𝑛

if 𝑎 > 𝑏𝑘

constant depends on 𝑎, 𝑏, 𝑐



Solve: 𝑇 𝑛 = 𝑎𝑇
𝑛

𝑏
+ 𝑐𝑛𝑘

𝑇 𝑛 = Θ 𝑛𝑘

1 if 𝑎 < 𝑏𝑘

log𝑏 𝑛 if 𝑎 = 𝑏𝑘

𝑎

𝑏𝑘

log𝑏 𝑛

if 𝑎 > 𝑏𝑘

For 𝑎 < 𝑏𝑘, we simply have 𝑇 𝑛 = Θ 𝑛𝑘 .

For 𝑎 = 𝑏𝑘, we have 𝑇 𝑛 = Θ 𝑛𝑘 log𝑏 𝑛 = Θ(𝑛𝑘 log 𝑛).

For 𝑎 > 𝑏𝑘, we have 𝑇 𝑛 = Θ 𝑛𝑘
𝑎

𝑏𝑘

log𝑏 𝑛
= Θ(𝑛log𝑏 𝑎).

𝑎log𝑏 𝑛

= (𝑏log𝑏 𝑎)log𝑏 𝑛

= (𝑏log𝑏 𝑛)log𝑏 𝑎

= 𝑛log𝑏 𝑎

𝑏𝑘 log𝑏 𝑛

= 𝑏log𝑏 𝑛
𝑘

= 𝑛𝑘



Median



Selecting k-th smallest

Problem: Given numbers 𝑥1, … , 𝑥𝑛 and an integer 1 ≤ 𝑘 ≤ 𝑛
output the 𝑘-th smallest number

Sel( 𝑥1, … , 𝑥𝑛 , 𝑘)

A simple algorithm: Sort the numbers in time 𝑂(𝑛 log 𝑛) then 
return the 𝑘-th smallest in the array.

Can we do better?

Yes, in time 𝑂(𝑛) if 𝑘 = 1 or 𝑘 = 2.

Can we do 𝑂 𝑛 for all possible values of k?



An Idea

Choose a number 𝑤 from 𝑥1, … , 𝑥𝑛

Define

• 𝑆< 𝑤 = 𝑥𝑖: 𝑥𝑖 < 𝑤

• 𝑆= 𝑤 = 𝑥𝑖: 𝑥𝑖 = 𝑤

• 𝑆> 𝑤 = 𝑥𝑖: 𝑥𝑖 > 𝑤

Solve the problem recursively as follows:

• If 𝑘 ≤ |𝑆<(𝑤)|, output 𝑆𝑒𝑙(𝑆< 𝑤 , 𝑘)

• Else if 𝑘 ≤ 𝑆< 𝑤 + 𝑆= 𝑤 , output w

• Else output 𝑆𝑒𝑙(𝑆> 𝑤 , 𝑘 − |𝑆< 𝑤 | − |𝑆= 𝑤 |)

Ideally want 𝑆< 𝑤 , |𝑆>(𝑤)| ≤ 𝑛/2. In this case ALG runs in 

𝑂 𝑛 + 𝑂
𝑛

2
+ 𝑂

𝑛

4
+⋯+ 𝑂 1 = 𝑂 𝑛 .

Can be computed in 

linear time



How to choose w?

Suppose we choose w uniformly at random 

similar to the pivot in quicksort.

Then, 𝔼 𝑆< 𝑤 = 𝔼 𝑆> 𝑤 = 𝑛/2. Algorithm runs in 𝑂(𝑛) in expectation.

Can we get 𝑂(𝑛) running time deterministically?

• Partition numbers into sets of size 3.

• Sort each set (takes O(n))

• 𝑤 = 𝑆𝑒𝑙(𝑚𝑖𝑑𝑝𝑜𝑖𝑛𝑡𝑠, 𝑛/6)
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• 𝑆< 𝑤 ≥ 2
𝑛

6
=

𝑛

3

• 𝑆> 𝑤 ≥ 2
𝑛

6
=

𝑛

3
.

So, what is the running time?

How to lower bound 𝑆< 𝑤 , |𝑆> 𝑤 |?

<
<

<
<

<
<

<
<

<
<

<
<

<
<

<
<

<
<

<
<

<
<

w
< <<<< < < < < <

< 𝒘

> 𝒘

𝑛

3
≤ |𝑆< 𝑤 |, 𝑆> 𝑤 ≤

2𝑛

3

Assume all numbers are distinct for simplicity.



• If 𝑘 ≤ |𝑆<(𝑤)|, output 𝑆𝑒𝑙(𝑆< 𝑤 , 𝑘)

• Else if 𝑘 ≤ 𝑆< 𝑤 + 𝑆= 𝑤 , output w

• Else output 𝑆𝑒𝑙(𝑆> 𝑤 , 𝑘 − |𝑆< 𝑤 | − |𝑆= 𝑤 |)

Where
𝑛

3
≤ 𝑆< 𝑤 , 𝑆> 𝑤 ≤

2𝑛

3

𝑇 𝑛 = 𝑇
𝑛

3
+ 𝑇

2𝑛

3
+ 𝑂 𝑛 ⇒ 𝑇 𝑛 = 𝑂(𝑛 log 𝑛)

Asymptotic Running Time?

<
<
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<
<

<
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<
<

<
<

<
<

<
<

<
<

𝑤
< <<<< < < < < <

𝑂(𝑛 log 𝑛) again? 

So, what is the point?

Assume all numbers are distinct for simplicity.



Partition into n/5 sets. Sort each set and set 𝑤 = 𝑆𝑒𝑙(𝑚𝑖𝑑𝑝𝑜𝑖𝑛𝑡𝑠, 𝑛/10)

• 𝑆< 𝑤 ≥ 3
𝑛

10
=

3𝑛

10

• 𝑆> 𝑤 ≥ 3
𝑛

10
=

3𝑛

10

𝑇 𝑛 = 𝑇
𝑛

5
+ 𝑇

7𝑛

10
+ 𝑂 𝑛 ⇒ 𝑇 𝑛 = 𝑂(𝑛)

An Improved Idea
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<
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An Improved Idea

Sel(S, k) {

𝒏 ← 𝑺

If (n < ??) return ??

Partition S into n/5 sets of size 5

Sort each set of size 5 and let M be the set of medians, so |M|=n/5

Let w=Sel(M,n/10)

For i=1 to n{

If 𝒙𝒊 < 𝒘 add x to 𝑺< 𝒘

If 𝒙𝒊 > 𝒘 add x to 𝑺> 𝒘

If 𝒙𝒊 = 𝒘 add x to 𝑺=(𝒘)

}

If (𝒌 ≤ |𝑺< 𝒘 |)

return Sel(𝑺< 𝒘 ,𝒌)

else if (𝒌 ≤ 𝑺< 𝒘 + |𝑺= 𝒘 |)

return w;

else

return Sel(𝑺> 𝒘 ,𝒌 − 𝑺< 𝒘 − |𝑺=(𝒘)|)

}

We can maintain each

set in an array 



Integer Multiplication



Integer Arithmetic

Add: Given two 𝑛-bit integers 

𝑎 and 𝑏, compute 𝑎 + 𝑏.

Multiply: Given two 𝑛-bit 

integers 𝑎 and 𝑏, compute 𝑎 × 𝑏.

The “grade school” method:  

18

1

011 1

110 1+

010 1

111

010 1

011 1

100 0

10111

Add

1

1

0

0

1

1

1

0

0

1

1

1

1

0

0

1

1

1

1

0

1

0

1

0000000

1010101

1010101

1010101

1010101

1010101

100000000001011

1

0

1

1

1

1

1

0

*

Multiply

00000000

𝑂(𝑛) bit operations.

𝑂(𝑛2) bit operations.



Divide and Conquer

Let 𝑥, 𝑦 be two 𝑛-bit integers

Write 𝑥 = 2𝑛/2𝑥1 + 𝑥0 and 𝑦 = 2𝑛/2𝑦1 + 𝑦0
where 𝑥0, 𝑥1, 𝑦0, 𝑦1 are all 𝑛/2-bit integers.

Therefore, 

𝑇 𝑛 = 4𝑇
𝑛

2
+ Θ(𝑛)

So, 

𝑇 𝑛 = Θ 𝑛2 .

𝑥 = 2𝑛/2 ⋅ 𝑥1 + 𝑥0
𝑦 = 2𝑛/2 ⋅ 𝑦1 + 𝑦0
𝑥𝑦 = 2𝑛/2 ⋅ 𝑥1 +𝑥0 2𝑛/2 ⋅ 𝑦1 + 𝑦0

= 2𝑛 ⋅ 𝑥1𝑦1 + 2 Τ𝑛 2 ⋅ 𝑥1𝑦0 + 𝑥0𝑦1 + 𝑥0𝑦0

We only need 3 values

𝑥1𝑦1, 𝑥0𝑦0, 𝑥1𝑦0 + 𝑥0𝑦1
Can we find all 3 by only

3 multiplication?



Key Trick: 4 multiplies at the price of 3

𝑥 = 2𝑛/2 ⋅ 𝑥1 + 𝑥0
𝑦 = 2𝑛/2 ⋅ 𝑦1 + 𝑦0
𝑥𝑦 = 2𝑛/2 ⋅ 𝑥1 +𝑥0 2𝑛/2 ⋅ 𝑦1 + 𝑦0

= 2𝑛 ⋅ 𝑥1𝑦1 + 2 Τ𝑛 2 ⋅ 𝑥1𝑦0 + 𝑥0𝑦1 + 𝑥0𝑦0

𝛼 = 𝑥1 + 𝑥0
𝛽 = 𝑦1 + 𝑦0
𝛼𝛽 = 𝑥1 + 𝑥0 𝑦1 + 𝑦0

= 𝑥1𝑦1 + 𝑥1𝑦0 + 𝑥0𝑦1 + 𝑥0𝑦0
𝑥1𝑦0 + 𝑥0𝑦1 = 𝛼𝛽 − 𝑥1𝑦1 − 𝑥0𝑦0



Key Trick: 4 multiplies at the price of 3

Theorem [Karatsuba-Ofman, 1962] Can multiply two n-digit 

integers in O(n1.585…) bit operations.

To multiply two n-bit integers:

Add two 𝑛/2 bit integers.

Multiply three 𝑛/2-bit integers.

Add, subtract, and shift 𝑛/2-bit integers to obtain result.

𝑇 𝑛 = 3𝑇
𝑛

2
+ 𝑂 𝑛 ⇒ 𝑇 𝑛 = 𝑂 𝑛log2 3 = 𝑂(𝑛1.585…)

𝑥 = 2𝑛/2 ⋅ 𝑥1 + 𝑥0 ⇒ 𝛼 = 𝑥1 + 𝑥0
𝑦 = 2𝑛/2 ⋅ 𝑦1 + 𝑦0 ⇒ 𝛽 = 𝑦1 + 𝑦0
𝑥𝑦 = 2𝑛/2 ⋅ 𝑥1 +𝑥0 2𝑛/2 ⋅ 𝑦1 + 𝑦0

= 2𝑛 ⋅ 𝑥1𝑦1 + 2 Τ𝑛 2 ⋅ 𝑥1𝑦0 + 𝑥0𝑦1 + 𝑥0𝑦0
A B𝛼𝛽 − 𝐴 − 𝐵



Integer Multiplication (Summary)

• Amusing exercise: generalize Karatsuba to do 5 size 
𝑛/3 subproblems 

This gives Θ 𝑛1.46… time algorithm

Still open problem.
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Integer Multiplication (Summary)



Matrix Multiplication
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Multiplying Matrices

Let 𝐴 be an 𝑛 ×𝑚 matrix, 𝐵 be an 𝑚 × 𝑝 matrix.

Then, 𝐶 = 𝐴𝐵 is an 𝑛 × 𝑝 matrix

such that

Question: Why matrix multiplication is defined in such way?
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bbbb

bbbb

aaaa

aaaa

aaaa

aaaa





























444434432442144142443243224212414144314321421141

443434332432143142343233223212314134313321321131

442434232422142142243223222212214124312321221121

441434132412141142143213221212114114311321121111

babababababababababababa

babababababababababababa

babababababababababababa

babababababababababababa









Multiplying Matrices
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Multiplying Matrices
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A11 A12

A21

A11B12+A12B22

A22

A11B11+A12B21

B11 B12

B21 B22

A21B12+A22B22
A21B11+A22B21

Multiplying Matrices
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• 𝑇(𝑛) = 8𝑇(𝑛/2) + 4
𝑛

2

2
= 8𝑇(𝑛/2) + 𝑛2

So, 𝑇 𝑛 = Θ 𝑛log28 = Θ(𝑛3)

A11 A12

A21

A11B12+A12B22

A22

A11B11+A12B21

B11 B12

B21 B22

A21B12+A22B22
A21B11+A22B21

=

Simple Divide and Conquer
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• Strassen’s algorithm
Multiply 𝟐 × 𝟐 matrices using 𝟕 instead of 𝟖

multiplications (and 18 additions)

𝑇 𝑛 = 7𝑇
𝑛

2
+ 18𝑛

Hence, we have 𝑇 𝑛 = 𝑂 𝑛log2 7 .

Strassen’s Divide and Conquer Algorithm

Useful when 𝑛~500.

I am curious how large 𝑛 need?

One of the most important open problem:

Solve matrix multiplication in O(𝑛2log𝑂 1 𝑛) time



Naive Strassen

31

Strassen’s Divide and Conquer Algorithm

How did Strassen come up with his matrix multiplication method?

Stackexchange: I've been told no-one really knows, anything would be mainly speculation.


