CSE 421.: Algorithms
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sometimes two sub-problems aren’t enough

Winter 2014

Lecture 12: The Master theorem & multiplication
Reading: YOUR PARTY ENTERS THE TAVERN.
Sections 5.5-5.6 T GATHER EVERYONE AROUND

A TABLE. I HAVE THE ELVES
START WHITTLING DICE AND
GET OUT SQME PARCHVENT
FOR CHARACTER SHEETS.

\ HEY, NO RECURSING.

SR

master divide and conquer recurrence

* More general divide and conquer

— You’ve broken the problem into a different sub-
problems

— Each has size at most n/b

— The cost of the break-up and recombining the sub-
problem solutions is 0(nk)

* Recurrence: T(n) <a-T(n/b) + c-nk

master divide and conquer recurrence

* f T(n)<aT(n/b) + c-nk forn > b then
—if a>b* then T(n) is 0(n'°8» )
—if a<b* then T(n) is 0(nk)

—if a = bk then T(n) is ®(n* logn)

* f T(n)<aT(n/b) + cnk forn > b then
—if a>b* then T(n) is 0(n'°8» ¢)
—if a<b* then T(n) is 6(n*)
—if a = bk then T(n) is O(n* logn)

* Works even if it is [g] instead of% .



proving the master recurrence
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proving the master recurrence

Problem size T(n)=a-T(n/b)+c-nk  # probs
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geometric series

Problem size  T(n)=a-T(n/b)+c-nk  # probs
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total cost

* S =t+ tr+tr2+.+trm
erS = tr +tr2+ ...+ trrl+ g
* (r-1)S =tr"-t

so S=t(r-1)/(r-1) if r=1.

* Simple rule

—If r # 1 then S is a constant times largest term
in series

Geometric series

— ratio a/bX

—d+1=logyn +1 terms

— first term cnk, last term cad

If a/b*=1

— all terms are equal T(n) is ©(nk log n)
If a/bk<1

— first term is largest T(n) is ©(nk)

If a/bk>1

— last term is largest T(n) is

G)(ad) = @(al°gb n) - @(nlogb a)
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proving the master recurrence multiplying matrices

a;, &, &, a,| (b, b, b, b,

Problem size T(n)=a-T(n/b)+c-n* # probs
aZl a22 a23 a24 bZl b22 b23 b24

k L]
n a ..._ . 1 cn 8, 8y, 8y | |by by by by
S ".‘ " a A A, 8y 8y, [Dy b, by by
n/b C-Q '.‘. '.‘ a cn (b_k) by, +a,,b,, +a, by, +a,b, b, +a,b,, +ab,+ab, o ab,+ab,+ab,+ab,
(@) w ':" A0y +ay,0p, + Ay a0, A, +a,0), +305, +3,,0,, a0 +a,,0,, +2,30;, +,,0,,
/b2 Q ,'. . .‘,/ ,'. . .‘,/ 2 2 _ az1b11*azzbu*azabm*aubn a21b12+azzbzz*azzbzz‘LaubAz ° aubu+azzb2A+azzb34+a24b4A
n I . .. ® i .. R L a c le (_) g0y + gl Ay + 8Dy A, + A, Ay, F a0, o Byl Ay, Ay, +ay by,
© ,: : “x :. E "x bk A+ aghy +aghs +ah,  au, tag, tagh,agb, o ab,+aghy, +ady,+ab,
b . k « o e
s Y s Y a\4 Co .
1 S Sy e ad cnk (b_k) n3 multiplications, n® — n? additions
T(1)=c =ca?
multiplying matrices multiplying matrices

for i=1t0n &y | &3 b, b, |b, b,
By Ay B Ay | |0y by Dy by,

forj=1 ton 8y 83 Q33 Ay by, by, by by
C[i,j](_o L1 s Q43 8y ,b41 b, b, by

fork=1ton ab rablrab,rab, [ab,rabalrab, tab, o ab+ahtab,tab,
c . _c . +A . k B k . _ A0, + 35005t s +ayby |30, + 3, Ay, + 30, o Ayby Ay, A+ ayby,
[ 1 7-' ] - [I 7-' ] [ | 7 ] : [ ’J ] Ay + gy, + sy + Ay gy A, T A, T A, o Ayt Ay, Ay T ayby,
en dfo r LDy + 8Dy + 2y +2,0, A, + b, tags, A, o au, +ag, +auh, +ab,
endfor
endfor



multiplying matrices

a, a, [a, a,f (b, b, b; by
a21 a'22 a23 a24 l321 bZZ b23 b24
ael a32 a33 a34 b31 b32 b33 b34
aAl a42 a43 a44_ b41 b42 b43 b44

ayby, +ayy; Hauhy +auby, | A, +ayh, Hab, Fab,| o anb, +aghy, +ahy, +agb,,
— azlbll + azzbu 1 az b 1 + a24b41 az1b12 + aZZbZQ 4 azsbaz + aZAbAZ ° a21b14 + aZZbZA + a23b34 + a24b44
aalbll + a32b21 + a33b31 + a34b41 a31b12 + aSZbZZ + a33b32 + a34b42 ° aslblA + a32b24 + a33b34 + a34b44
aAlbll + aAszl + aASbal + aMbM a41b12 + aAZbZZ + a43b32 + a44b42 ° a41b14 + a42b24 + a43b34 + a44b44

simple divide and conquer

All | A12 Bll | BlZ

Ao | A, B2y | B,

AllBll+A12821| A;1B1otA,By,

A21811+A22821| A,1B,+A,B,,

T(n) = 8T(n/2) + 4(n/2)?
=8T(n/2) + n?
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multiplying matrices

a8, &, ay b, b,

’VaZIA]'é22| a23A1324 . 21 1b22 | 23 1624
a33 a34

\‘an 2442' a43 284, ?2542 SB2844

a'llb11+a'12b21+a'13€ + b22+a'13b32+a'14 42 & + b24+aﬁt334+ 4b44
Y0t o

a21bll t a22b21 u a23 317 M2441 a21b12 +2a22k?22 t a23b32 u a24 42 21b14 1J:a22|}24 t a23b12+ aZ&)i

a31b11 + a’a‘Zb21 + a’iS% aﬁg a@ﬂ + a33b32 + 834 42 | : Zﬁ b24 + % + 4b44

11
41b11 t a42b21 u a43b31 +2a1214b41 41b12 2%42 ZZ 1 a43b32 u a44b42 21 42ﬂ242+ 43 344 4%

Strassen’s divide and conquer algorithm

Strassen’s algorithm

— Multiply 2x2 matrices using 7 instead of 8
multiplications (and lots more than 4 additions)

- T(m) =7T(n/2) + cn?
7>22 so T(n) is ©(n!°827) which is @(n?%1).

— Fastest algorithms theoretically use 0(n?373) time
not practical but Strassen’s is practical provided
calculations are exact and we stop recursion when matrix
has size somewhere between 10 and 100



the algorithm (yuck)

P1<A45(B11+Bo); P2¢Az1(B15+By,)
P3<(A11-A12)Byy; Py<(Az2- Azq)Bo,
P5<—(Azz- A15)(Bay - Byy)
Pe<—(A11-Asq)(Bys-Byq)

P7¢ (A21- A15)(B141B5))

Cy1<P4+P5; C o< Py+P;+P4- P,

nhotes on polynomials
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multiplying faster

These are just formal sequences of coefficients

— when we show something multiplied by xk it just means
shifted k places to the left - basically no work

Usual polynomial multiplication

4AX2 +2X + 2
x2- 3x+1
AX2 + 2X + 2
-12x3 - 6X2 - 6x
Ax4 + 2x3 +2x2
4x4 -10x3 +0x2 - 4x + 2

* If you analyze our usual grade school algorithm for
multiplying numbers
— ®(n?) time
— On real machines each “digit” is, e.g., 32 bits long but
still get ®(n2) running time with this algorithm when run
on n-bit multiplication
* We can do better!

— We'll describe the basic ideas by multiplying
polynomials rather than integers

— Advantage is we don’t get confused by worrying about
carries at first

polynomial multiplication

* Given:
— Degree n-1 polynomials P and Q
P=a,+a, x+a,xX%+...+a,,Xx"2+a ,x"!
Q=by+b;x+b, x>+ ...+b ,x"2+b_ x"!
* Compute:
— Degree 2n-2 Polynomial P - Q
— P-Q=ayb, + (agh,+ash,) x + (@gh,+asb, +asb,) x2
+et (an-zbn-1+an-1bn-2) x2n3 + an-1bn-1X2n-2

* Obvious Algorithm:

— Compute all a;b; and collect terms
— 0(n?) time
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haive divide and conquer Karatsuba’s algorithm
« Assume n=2k A better way to compute the terms
—P=(ap+a, x+a,x®+...+a,x2+a xk)+ PQ = (Po+Px*)(Qy+Q x¥)
@+ @y X + ¥ 8 XK2 4 3 Xk xK = PQ, + (P4Qo+PyQ X" + P, Q,x2
=P, + Py x* where P, and P, are degree k-1
polynomials — Compute
— Similarly Q = Q, + Q, xk A« PyQ,
© PQ =(Py*+Pyxk)(Qp+Qxk) B Py
= PoQ, + (P1Qo+PyQ, )Xk + P,Q,x2k C < (Pg+P)(Qu+Q;) = PoQy+P, Qy+PyQ,+P,Q,
— Then

P,Q,+P,Q, = C-A-B
So PQ=A+(C-A-B)x*+BxZ

Karatsuba: details W—IE multiplication
B ]
R | + Polynomials
PolyMul(P, Q): 2n-1 n n/2 0 — Naive: ©(n?)
// P,Qare length n =2k vectors, with P[i], Q[i] being B 50...
// the coefficient of xiin polynomials P, Q respectively. — Karatsuba: ®(n1 9 )

// Let Pzerobe elements 0..k-1 of P; Pone be elements k..n-1
// Qzero, Qone : similar
If n=1 then Return(P[0]*Q[O0]) else

A < PolyMul(Pzero, Qzero); // result is a (2k-1)-vector

B < PolyMul(Pone, Qone); // ditto

— Best known: O(n log n)
"Fast Fourier Transform*“
FFT widely used for signal processing
* Integers

. ; — Similar, but some ugly details re: carries, etc. due to Schonhage-
+ |

:Z:m i Zzzee:z + 2‘::1:- Z jictitdocorlrespondIng clements Strassen in 1971 gives @(n log n loglog n)

C < polyMul(Psum Qs;.lm)' // another (2k-1)-vector — Improvement in 2007 due to Furer gives ©(n log n 21°¢"")

Mid«< C-A-B; // subtract correspond elements — Used in practice in symbolic manipulation systems like Maple

R < A + Shift(Mid, n/2) +Shift(B,n) // a (2n-1)-vector
Return( R);



