CSE 421
Algorithms

Lecture 16
Fast Fourier Transform

Slides from 2006, A different slide deck will be used for the 2009 lecture

FFT, Convolution and Polynomial
Multiplication
* FFT: O(nlog n) algorithm

— Evaluate a polynomial of degree n at n points
in O(n log n) time

 Polynomial Multiplication: O(n log n) time

Complex Analysis

* Polar coordinates: re®
e eli=cos0O+isinod
 ais an nt root of unity ifa" = 1
 Square roots of unity: +1, -1
« Fourth roots of unity: +1, -1, i, -i
— Eighth roots of unity: +1, -1, i, -i, B +iB, B -
i, -p + 1B, -p - i where B = sqrt(2)

e2nki/n

] eZTEi - 1

o gmi = .1

nt" roots of unity: ez for k = 0 ...n-1
Notation: w, , = €2min

L]

Interesting fact:

2 3 n-1 =
l+og, + 0%, +od,+...+o" =0
fork!=0

FFT Overview

 Polynomial interpolation
— Given n+1 points (x;y,), there is a unique
polynomial P of degree at most n which
satisfies P(x;) =y,

Polynomial Multiplication

n-1 degree polynomials

A(X) = 8 + agX + ax2 + .. +a, X", C(x) = A(x)B(x)
B(X) = by + byX + %2 + ...+ by x1 C(X)=CotCyX + CpX2 + ... + Cgy oX2N2
P1: P2, - - i Pan

A(P1), A(Py), - - - A(P2n)

C(py), C(py), - - -+ CP2n)
B(P). B(Py), - . .. B(p,,) N> ?

C(p) = AP)B(P)




FFT

 Polynomial A(x) =a, +a;x +...+a,,x"!
» Compute A(w;,) forj=0,...,n-1

 For simplicity, n is a power of 2

Useful trick

A(X) =ag+ a;X + a2+ agx® +. ..+ a, X"

Aeven(x) =agta)X+ a4x2 +...+ an_zx(n-z)/2

Agga(X) = a;+ agx + agx?® + ...+ a, x("22

Show: A(X) = Aeven(XZ) + X Aodd(xz)

.2 —
Lemma: o5, = o

Squares of 2nt roots of unity are nt roots of unity

FFT Algorithm

/l Evaluate the 2n-1t" degree polynomial A at

11 @9 20y ©1 20, O22ns - -+ Dot 2n

FFT(A, 2n)
Recursively compute FFT(Agen N)
Recursively compute FFT(Ayqq: N)

forj= 0to 2n-1
A((’Jj,Zn) = Aeven(wzj,Zn) + 0*’j,Zn'A‘odd((’sz,Zn)

Polynomial Multiplication

* n-1t degree polynomials A and B
 Evaluate A and B at ®g 5, ©1 5, - - -, 20129
 Compute C(w;,,) forj=0to 2n-1

» We know the value of a 2n-2t degree
polynomial at 2n points — this determines a
unigue polynomial, we just need to
determine the coefficients

Now the magic happens . ..

C(X) = Cy+ CiX + CoX2 + ... + Cp X2
(we want to compute the ¢;'s)

Let d, = C(w;2n)

D(X) = dg + dyx + dx2+ ... + d,, ,x21

Evaluate D(x) at the 2nt roots of unity

D(w;2n) = [see text for details] = 2nc,,;




Polynomial Interpolation

« Build polynomial from the values of C at
the 2nt roots of unity

« Evaluate this polynomial at the 2nt" roots
of unity




