CScai 421
Introduction to Algorithms

Homework Assignment 6
Due: Friday, 2 Mar 2001

1. (a) Draw theresidua graph corresponding to theflow in figure 7.41, pg241. |s thisflow maximum? Why or
why not? If maximum, what is the corresponding min cut?

(b) Repeat part (a) assuming ¢(v, u) = 6 (instead of 4, as shown in thefigure).

2. Let G = (V, F) be adirected graph with edge capacities givenby ¢ : £ — Rt (the non-negativereals), f :
V x V — R beaflow on & (asdefined in lecture; | think you'll find it ssimpler to work with than the definition
on page 238). Let Gy betheresidua graph induced by f. Finally let g : V' x V' — % beaflow functionon G
(not G), and defineh : V x V — Rtobe f + g,i.e fordlu,v € V, h(u,v) = f(u,v) + g(u,v).

Prove or disprove: i isaflow on G.

Note: | showed in lecture that thisresult istrue in the special case where ¢ sends a non-zero flow only along a
single s— path, so the question hereis whether that generalizes to an arbitrary augmenting flow.

3. Note: Inthisprob. and thenext, asinlecture, | usetheterms alternatingand augmenting path dlightly differently
from the book. A path is alternating with respect to a given matching M if its edges alternate between A and
E— M. Anaugmenting path isan aternating path whose end pointsare both unmatched. Compareto thebook’s
definition on page 236.

Let G bethebipartitegraph showninfigure7.37, page236. Let M bethe(non-maximum) matching { {3, A}, {4, E'}, {6, F'}}.

(8) Ligt 3 aternating paths that are not augmenting paths.

(b) Listall augmenting pathsin &G (with respect to M).

(c) What isthe smallest set of pairwise vertex-digoint augmenting paths? What isthe largest?

(d) Let P be the augmenting path of length 3 containing {4, £'}. Considering M and P to be sets of edges,
M & P istheir set theoretic symmetric difference: (M UP)— (M N P). What set of edgesis M’ = M & P?
Isit amatching?

4. Let G beany bipartitegraph, A/ any matching in G, and P any augmenting path (with respect to M/).

(& Provethat M’ = M & P isamatching.

(b) Show |M’| = |M| + 1. How isthe set of matched verticesin A’ related to the set of matched verticesin
M and the set of vertices (incident to edges) in P?

(c) Giveacounterexampleto4aif P isanarbitrary path, i.e. show that thereisagraph ¢, matching A/ and path
P suchthat M & P isnot amatching. Isittrueor falseif P isan alternating path that is not an augmenting
path? Prove or give a counterexample.

(d) Now supposethat there aretwo augmenting paths P and P’ withrespect to M, andthat P and P’ arevertex-
digjoint. Show that P’ also isan augmenting path with respect to the augmented matching (M & P), and
similarly that P isaugmenting with respect to (M @& P’). What could you say about a case where there
were, say, 17 pairwisedigoint paths Py, . . ., Pi7, al augmenting paths with respect to A/ ? What, and how
big,isM & P1 & -+ & Pi7?

5. The Hopcroft-Karp bipartite matching algorithm sketched in class and the book needs a subroutinefor the fol-
lowing problem: Given a directed acyclic graph G with a designated set [/ of vertices having indegree O (the
source vertices) and adesignated set V' of vertices having outdegree O (thesinks), find amaximal set of pairwise
vertex digoint paths that go from some source to some sink. Give alinear time algorithm for this problem.

[Notethat in the matching example the graph G has the additional property that, sinceit is produced by breadth-
first search, it is nicely layered — each vertex has been assigned alayer number with all sources on layer O, al
sinkson layer k for some fixed &, and all edges going from alayer i to the next layer i + 1. Although| confess
| haven't given it much thought, | don’t think this extrainformation is either necessary or particularly useful in
solving the problem, BUT you may assume it if you find it helpful ]



