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Single-source shortest paths (Dijkstra’s)

Given: an (un)directed graph G = (V, E) with each edge e having a
non-negative weight w(e) and a vertex s

Find: (length of) shortest paths from s to each vertex in G



Single-source shortest paths (Today)

Given: an (un)directed graph G = (V, E) with each edge e having a
non-negative weight w(e) and a vertex s

Find: (length of) shortest paths from s to each vertex in G



Dijkstra’s Algorithm

 Maintain a set § of vertices whose shortest paths are known
* initially § = {s}
* Maintaining current best lengths of paths that only go through S
to each of the vertices in G

* path-lengths to elements of S will be right, toV \ S they
might not be right
* Repeatedly add vertex v to S that has the shortest path-length of
any vertexinV \ S

* update path lengths based on new paths through v



Directed Graph with Negative Weights

Dijkstra’s algorithm would not find the
shortest path from 1to 5

Shortest path is 1,3,5 which has cost 4
The path 1,2,4,5 has cost 7

Dijkstra’s will “lock in” that path before )
processing node 3



Negative Cycles

There’s an issue when a graph has
negative cost cycles

The shortest simple path to node 11 is
1,3,5,10,6,7,11 which has cost 13

The cycle 3,5,8,10,6,7/,3 has cost -4

The (non-simple) path
1,3,5,8,10,6,7,3,5,10,6,7,11 has cost9

Taking the cycle twice gives cost 5

No shortest path exists!




Motivating Example - Currency Exchanges

1 Dollar=0.8783121137 Euro

Currency code A 'Y
UsD

EUR

GBP

INR

AUD

CAD

SGD

CHF

JPY

CNY
NZD
THB
HUF
AED
HKD
MXN
ZAR

Currency name &4 ¥
US Dollar

Euro

British Pound
Indian Rupee
Australian Dollar
Canadian Dollar
Singapore Dollar
Swiss Franc
Malaysian Ringgit

Japanese Yen

Chinese Yuan Renminbi

New Zealand Dellar
Thai Baht
Hungarian Forint
Emirati Dirham
Hong Kong Dollar
Mexican Peso

South African Rand

Units per USD
1.0000000000
0.8783121137
0.6956087704
66.1909310706
1.3050318080
1.2997506294
1.3478961522

1 Dollar = 3.87 Ringgit ; gsgp451582

38700000000

112.5375383115

6.4492400303
1.4480018872
35.1005319022

2757012427385

3.6730000000
7.7563973683
17.3168505322
14.7201431400

USD per Unit
1.0000000000
1.1385474303
1.4375896950
0.0151078098
0.7662648480
0.7693783541
0.7418969172
1.0427037678
0.2583979328
0.0088859239
0.1550570076
0.69068068347
0.0284895968
0.0036271146
0.2722570106
0.1289258341
0.0577472213
0.0679341220



Dollars to Ringgit

1 Dollar=0.8783121137 Euro

Currency code 4 W
usoD

EUR

Gap

INR

ALD

CAD

CHF
MYR
JPY
CHNY
NED
THB
HUF
AED

Currency name & ¥

US Dodlar

Eura

British Pound
Inciian Rupoea
Australian Dollar
Canadian Dollar
Singapore Dollar
Swiss Franc
Malaysian Ringgit
Japanesa Yan

Chanean Yuan Raenminkbl

Now Zaaland Dofar
Thad Baht
Hungarian Farint
Emarati Dirham

Units per EUR
113686632306
1.0000000000
0.7621136308
T5. 3658843112
1.48508561878
1470674127
1.534T639238
1.0817416715
44140052400
128.1388820247
T.3411003512
16484648003
J9.0E2TI1A102
313.004 2436792
41823100458

1 Euro=4.1823100458 Dirham

EUR per Unit
0.8Taz2ETEOT
1.0000000000
12624451227
0.01 32686030
0.67T206TIE14
0.6THE236045
0.6515660080
08158676012
0.2265516114
0.007B040325
01362103612
06066250246
00250233143
0.0031856848
0.2391023117

Currency code &4 ¥
uso
EUR
Gep
INR
AUD
CAD
8GD
CHF
MYR
JPY
CNY
MZD
THE
HUF
AED

1 Dirham= 1.0548325619 Ringgit

Currency name & ¥
US Dallar

Eura

British Pound
Incian Rugsn
Austrafinn Dollar
Canadian Dollar
Singapore Dollar
Swiss Franc
Malaysian Ringgi
Japanase Yan

Chinesa Yuan Renminkd

MNew Zealand Dollar
Thal Baht
Hungarian Forint
Emirati Dirham

Units per AED
0.2722570108
0,2381280074
0. 1863097880
18,0207422300
0,3552098418
0.3538334124
0. J660652245
0.2610886103
1.0548325618

306300242607

1.7555154332
0.3841837208
9, 5553780460

T5.0GITIIEE10

1.0000000000

1 Dollar= 0.8783121137 * 4.1823100458 * 1.0548325619 Ringgit
= 3.87479406049 Ringgit

Directly: 1 Dollar = 3.87 Ringgit

AED per Unit
3.8730000000
418184377
5.2THEIG066
0.0654018100
28145257760
28261887234
2. 7250538550
3.8304105746
0.94801 77576
0.033ET 1564
05606332719
2.5368237088
0. 1046530670
0.0133220019
1.0000000000



How to get free money!

1 Dollar = 3.87479406049 Ringgit

Currency code A Y Currency name &4 ¥ Units per USD
UsD US Dollar 1.0000000000
EUR Euro 0.8783121137
GBP British Pound 0.6956087704
IMR Indian Rupee 66, 1909310706
AUD Australian Dollar 1.3050318080
CAD Canadian Dollar 1.2997506294
SGD Singapore Nallar 1 247891522
CHE swiss Frs | RINEEIt=0.2583979328 Dollar,gsg,
MYR Malaysian Ringgit 3.8700000000
JPY Japanese Yen 112.5375383115
CNY Chinesa Yuan Renminhi & 4492409303
NZD 1 Dollar=3.87479406049 * 0.2583979328 Dollar
THE =1.00123877526 Dollar

HUF Hungarian ki Free M on ey' 2757012427385
AED Emirati Dirha ’ 3.6730000000
HKD Hong Kong Dollar 7.7563973683
MXN Mexican Peso 17.3168505322

ZAR

South African Rand 14. 7201431400

USD per Unit
1.0000000000
1.1385474303
1.4375896950
0.0151078098
0.7662648480
0.7693783541
0.7418969172
1.0427037678
0.2583979328
0.0088859239
0.1550570076
0.69068068347
0.0284895968
0.0036271146
0.2722570106
0.1289258341
0.0577472213
0.0679341220



Currency Exchange as a Graph
3.8700000000 O
MYR
0.2583979328
0 878® 1.0548325619
' EURO @
4.1823100458

To convert 1 USD to MYR gives 1 - 3.87 = 3.87

To convert 1 USD to EURO to AED to MYR gives 1 -0.878 ... 4.182 ... 1.054 ... = 3.874 ...

This is just finding the maximum path by product of edge weights!



Converting to Shortest Path - max to min
1/3.8700000000

MYR
1/0.2583979328
1/0.878312113 1/1.0548325619
EURO
/4.1823100458

If we take the reciprocal of each weight then we turn it into a minimization problem!

o o o o 1
To maximize a - b - ¢ we can minimize Cbe



Converting to Shortest Path - product to sum

log(1/3.8700000000)

log(1/0.2583979328)
log(1/0.8783121137) G »‘Kg(l/l 0548325619)
EUROI

23100453,

To convert the product into sums we can take the log of each weight!

To minimize a - b - ¢ we can minimize log(a - b - ¢) =loga + loghb + logc



Best Exchange = Shortest path

-0.585

MYR
0.57

.02
EURO
Q -0.63 @

To find the best way to convert USD to MYR, find the shortest path from USD to MYR!




Free Money = Negative Cycles!

-0.585

O 06
EURO
-0.63

To get free money we need a cycle such the product of the weights is greater than 1.

Repeating our transformation: we need < 1, so we need log

product product

So a negative cycle is an opportunity to make free money!  0.06-0.63-0.02+0.57=-0.02



Observations

Claim: A simple path has at most |V| — 1 edges

Justication: Pigeon-hole principle. If we have > |V| edges then we have used at least one node at
least twice

Claim: If a graph has no negative weight cycles then any shortest path must be simple

Justication: If some shortest path was not simple then there is a repeated node. The cycle
involving that repeated node must have weight > 0. Removing that cycle from the path can'’t
make it worse

O 0

Costmustbe > 0




Single-source shortest paths, with negative edge
weights

Given: an (un)directed graph G = (V, E) with each edge e having a
weight w(e) and a vertex s

Find: (length of) shortest paths from s to each vertex in G, or else
indicate that there is a negative-cost cycle

Called the Bellman-Ford algorithm
(The original DP algorithm!)

(Also, the original shortest path algorithm!)



Bellman Ford - Step 1

1. Formulate the answer with a recursive structure
What are the options for the last choice?

For each such option, what does the subproblem look like? How do we use it?

2. Choose a memory structure.
Figure out the possible values of all parameters in the recursive calls.
How many subproblems (options for last choice) are there?
What are the parameters needed to identify each?

How many different values could there be per parameter?

3. Specify an order of evaluation.
Want to guarantee that the necessary subproblem solutions are in memory when you need them.
With this step: a “Bottom-up” (iterative) algorithm
Without this step: a “Top-down” (recursive) algorithm

4. See if there’s a way to save space

Is it possible to reuse some memory locations?



Identifying Recursive Structure - False Start

Consider the shortest path fromstot

OPT(t) = The cost of the shortest path from sto t
m@ ) .

OPT(t) = mei‘rfl{OPT(u) + w(u, t)} o.w.
u
This shortest path is composed of:

* The shortest path from s to the

Where w(u, t) is the weight of the edge fromu to ¢t
second-to-last node (call it u)

if it exists and oo if not.

 Theedge (u,t)

O Vo0

18



So...What's wrong with this?

OPT(t) = The cost of the shortest path fromstot

0 ifs=t
OPT(t) = mei‘rfl{OPT(u) + w(u, t)} o.w.
u

Where w(u, t) is the weight of the edge fromu tot
if it exists and oo if not.

O©—+——

OPT(x)+1

OPT(t) = min{OPT(s) D

OPT(t) + 1

OPT(x) = min {OPT(S) g

OPT(s) =0

We never reach a base case!

19



Identifying Recursive Structure - Correctly!

Suppose the shortest path from s to t has i or fewer edges

OPT(i,t) = the weight of the shortest
@ path from s to t with at most { edges
< [ edges

This shortest path will be one of these:
Option 1: the shortest path from s to some u with i — 1 or fewer edges, plus the edge (u, t)

% min{OPT (i — 1,u) + w(w )}

[ — 1 edges
Option 2: the same as shortest path from s to t with i — 1 or fewer edges

OPT(i — 1,t)
0,

20
<i—1edges



Final Recursive Structure

OPT (i, t) = the weight of the shortest path from s to t with at most i edges
( Oifi=0ands =t

coifi=0ands #t

OPT(i,t) =« mi]rfl{OPT(i —1,u) + w(u, t)}

min { U€
OPT(i —1,t)

\

Where w(u, t) is the weight of the edge from u to t if it exists and oo if not.

u—

[ — 1 edges

@ = min —

< i edges

<i—1edges

21



min=-

~ Bellman Ford - Step 2

Y s 1. Formulate the answer with a recursive structure

What are the options for the last choice?
~ % For each such option, what does the subproblem look like? How do we use it?
2. Choose a memory structure.
Figure out the possible values of all parameters in the recursive calls.
How many subproblems (options for last choice) are there?

What are the parameters needed to identify each?

How many different values could there be per parameter?
3. Specify an order of evaluation.
Want to guarantee that the necessary subproblem solutions are in memory

when you need them.
With this step: a “Bottom-up” (iterative) algorithm
Without this step: a “Top-down” (recursive) algorithm

4. See if there’s a way to save space

Is it possible to reuse some memory locations?



|ldentifying the Memory Structure

( Qifi=0ands =t
| woifi=0ands #t
OPT(i,t) = 1 min{OPT(i — 1,u) + w(u, t)}

min uev
OPT(i — 1,t)

\

How many parameters?

2

What does each represent?

i: the length of the path

t: a node

How many different values?

o VU1 D N R, O

i: |[V| (from length O up to |V| — 1 if the path is simple)

t: |V| (one value per node)

23



BF(i, t);

TOp- DOWH BE' I ma n - FO rd This algorithm correctly finds shortest paths

when there are no negative-cost cycles
How can we check for negative cost cycles?

if OPT[i][t] not blank: // Check if we've solved this already

return OPT[i][¢]
if i ==0: // Checkif this is a base case
solution=07?t ==5s:0

OPTIi][t] = solution // Always save your solution before returning
return solution
solution = oo
foreachu e V:
solution = min(solution, BF(i — 1, u) +w(u, t)) // solve each subproblem, pick which to use
solution = min(solution, BF(i — 1,t)) // solve each subproblem, pick which to use
OPTIi][t] = solution // Always save your solution before returning

return solution
24



Checking for Negative Cycles

( Oifi=0ands =t
| woifi=0ands #t
OPT(i,t) = 1 min{OPT(i — 1,u) + w(u, t)}

min uev
OPT(i — 1,t)

\

How many parameters? 1

2

What does each represent?

i: the length of the path

t: a node

How many different values?
i: |V[+1

« apath of |[V]| edges is not simple, so if any |V|-edge path is
shorter than one with fewer edges, there must be a

N O V1B w N R o

negative cycle!

t: |V| (one value per node)

25



_ Bellman Ford - Step 3

1. Formulate the answer with a recursive structure
What are the options for the last choice?

L m@ For each such option, what does the subproblem look like? How do we use it?

< i~ Ledges 2. Choose a memory structure.
Figure out the possible values of all parameters in the recursive calls.

. i —1edges
min=-

How many subproblems (options for last choice) are there?

What are the parameters needed to identify each?

How many different values could there be per parameter?
3. Specify an order of evaluation.
Want to guarantee that the necessary subproblem solutions are in memory

when you need them.
With this step: a “Bottom-up” (iterative) algorithm
Without this step: a “Top-down” (recursive) algorithm

4. See if there’s a way to save space

Is it possible to reuse some memory locations?



Order of Evaluations

”

Oifi=0ands =t
wifi=0ands #t

OPT(i, t) =« min{OPT(i —1,u) + w(u, t)}
min uev
\ OPT(i — 1,t)
1 2
0
Each cell depends on every value in the 1
. 2
previous row ]
4
5
6
7

Solve in order of i

27



Bottom-Up Bellman-Ford

BF(s, t):
OPT[0][s] =0 // Solve and save base cases
forueV\{sk
OPT[O][u] = o // Solve and save base cases
fori =0upto|V]:
foru evV:
for v € neighbors(u):
OPT|i]lu] = min(OPT|[i][u], OPT[i — 1][v]) // solve and pick
OPT|i]|u] = min(OPT[i][u], OPT[i — 1][u]) // solve and pick
foru eV:
if OPT||V|]|lu] < OPT[|V| — 1][u]: // check for negative cycles
return “negative cycle”
return OPT|[s][t] // return the final answer

28



Bottom-Up Bellman-Ford

BF(s, t):
OPT[0][s] =0 // Solve and save base cases 6(1)
forueVv\ {sk
OPT[O][u] = o // Solve and save base cases
fori =0upto|V]:
foru evV: o(|VIIE|)
for v € neighbors(u):
OPT|i]lu] = min(OPT|[i][u], OPT[i — 1][v]) // solve and pick
OPT|i]|u] = min(OPT[i][u], OPT[i — 1][u]) // solve and pick

oV

foruelVv:
if OPT[|V]|]lu] < OPTI|V| — 1][u]: // check for negative cycles  o(|V|)
return “negative cycle”
return OPT][s][t] // return the final answer 0(1)

29



~Bellman Ford - Step 4

{ 7 adges 1. Formulate the answer with a recursive structure
m@ What are the options for the last choice?
- D For each such option, what does the subproblem look like? How do we use it?
2. Choose a memory structure.
Figure out the possible values of all parameters in the recursive calls.

min=-

How many subproblems (options for last choice) are there?

What are the parameters needed to identify each?

How many different values could there be per parameter?
3. Specify an order of evaluation.
Want to guarantee that the necessary subproblem solutions are in memory

when you need them.

With this step: a “Bottom-up” (iterative) algorithm
Without this step: a “Top-down” (recursive) algorithm

4. See if there’s a way to save space

Is it possible to reuse some memory locations?



Order of Evaluations

”

Oifi=0ands =t
wifi=0ands #t

OPT(i,t) = - min{OPT(i — 1,u) + w(u, t)}
min uev
\ OPT(i — 1,t)
1 2
0
Each cell depends only on values in the 1
. 2
previous row 5
4
5
6
7

We only need two rows!

31



Bellman Ford- Four Steps

{ 7 adges 1. Formulate the answer with a recursive structure
m@ What are the options for the last choice?
- D For each such option, what does the subproblem look like? How do we use it?
2. Choose a memory structure.
Figure out the possible values of all parameters in the recursive calls.

min=-

How many subproblems (options for last choice) are there?

What are the parameters needed to identify each?

How many different values could there be per parameter?
3. Specify an order of evaluation.
Want to guarantee that the necessary subproblem solutions are in memory

when you need them.

With this step: a “Bottom-up” (iterative) algorithm
Without this step: a “Top-down” (recursive) algorithm

4. See if there’s a way to save space

Is it possible to reuse some memory locations?




Example Execution

O

, U

OPT(i,t) = <

min {
\

Oifi =0ands =t
coifi=0ands #t
min{OPT(i —1,u) + w(u, t)}

uev
OPT(i — 1,t)

N O V1B w N R o
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Example Execution

O

, U

OPT(i,t) = <

min {
\

Oifi =0ands =t
coifi=0ands #t
min{OPT(i —1,u) + w(u, t)}

uev
OPT(i — 1,t)

N O V1B w N R o

8

8

34



Example Execution

O

, U

OPT(i,t) = <

min {
\

Oifi =0ands =t
coifi=0ands #t
min{OPT(i — 1,u) + w(u, t)}

uev
OPT(i — 1,t)

N O V1B w N R o

oclolo |

NN S o

W8 |8 |w

81818 |»

818 |8 |w

|| 8 |l

o188 I
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Example Execution

O

, U

OPT(i,t) = <

min {
\

Oifi =0ands =t
coifi=0ands #t
min{OPT(i —1,u) + w(u, t)}

uev
OPT(i — 1,t)

N O V1B w N R o

oclololo |

Wl lw |8 |8 |w

N8 |88 |»

81888 |wn

||| 8 |

ol|lo]8 18 |
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Example Execution

O
1|

OPT(i,t) = <

min {
\

Oifi =0ands =t
coifi=0ands #t
min{OPT(i —1,u) + w(u, t)}

uev
OPT(i — 1,t)

N O V1B w N R o

(el Neo )l el Nenll Nen)

NN IS o

Wlw w8 |8 |w

NN |8 |88 |~

S|8|8 |88 |w

||| ]|8 |
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Example Execution

O
1|

OPT(i,t) = <

min {
\

Oifi =0ands =t
coifi=0ands #t
min{OPT(i —1,u) + w(u, t)}

uev
OPT(i — 1,t)

N O V1B w N R o

el Neoll Neoll el Neoll Nen)

RIS o

NN 38|88 |~

S|o|8 8|88 |w

|||l 8 |
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Example Execution

O

, U

OPT(i,t) = <

min {
\

Oifi =0ands =t
coifi=0ands #t
min{OPT(i —1,u) + w(u, t)}

uev
OPT(i — 1,t)

N O V1B w N R o

(el Neoll Neoll el Neoll Neoll Nes)

el =l L SR SR RN

N|jw|lw]lw| w8 I8 lw

NN 9888 |

S|le|=2|8 |8 |8 |8 |uw

ool ool el leoc Neooll Neoll IE I Ne

olololo|o]8 18 |
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Example Execution

O

, U

OPT(i,t) = <

min {
\

Oifi =0ands =t
coifi=0ands #t
min{OPT(i —1,u) + w(u, t)}

uev
OPT(i — 1,t)

N O V1B w N R o

—

(el Nl Neo il Nell el el Neoli Nes)

Rl R, INndININDINS N

NIN|Jwlw|lw| w8 I8 |w

SN AN SN IESTN IS FSI B0 INSIN NN

S|leo|e|=e|8|8 |8 |8 |wn

||| |xw|©]|8 |

ololololo]lo]8 |8 |V
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Example Execution

O

, U

OPT(i,t) = <

min {
\

Oifi =0ands =t
coifi=0ands #t
min{OPT(i —1,u) + w(u, t)}

uev
OPT(i — 1,t)

N O V1B w N R o

—

NN 38|88 |~

S|leo|e|=|8|8 |8 |8 |un

3
o0
00
3
3
3
3
2
2

olojololololo|o
Rl R, INndININDINS N

||| |xw|©]|8 |

ololololo]lo]8 |8 |V

Negative Cycle Found!
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Bellman-Ford vs Dijkstras (1/2)
e aumanforaDijatras

Input Any Weighted Graph Graph with non-negative edge
weights

Worst Case running time 0(nm) O(nlogm)

n =# nodes

m =#edges

Conclusion Use whenever you have negative Use whenever you don’t have

weights? negative weights?



Bellman-Ford vs Dijkstras (2/2)
e aumanforaDijatras

Input Any Weighted Graph Graph with non-negative edge
weights

Worst Case running time 0(nm) O(nlogm)

n =# nodes

m =#edges

Dynamic graph (edges change) Easy to do! Need to re-solve from scratch!

Conclusion Use whenever you have negative Use whenever you don’t have
weights, or when you’re graph negative weights and when your
changes over time graph doesn’t change (so you just

need to solve once)



Changmg an Edge When 1 edge changes, we
don’t necessarily need to

@‘/? update the whole table!

We only need to change
, , art with cells
cells where this edge is
O——0—L-0—-0 heret_ :
the one that changed

S\A@/ (and any that depend on 0 2 alo N N

B that edge) o il I I I

/ 11 0 2 o | o | © 8 | =«

— 210 2 3 o | o 8 0

( Oifi =0ands =t 3{o]2]3]7|o|8]o0

coifi =0ands #t alolz2l3]l7lo0ls]o

OPT(i,t) = 1 min{OPT (i — 1,u) + w(u, t)} slol1l3]7]o0]s]o
mln uev

k OPT(i —1,¢) 6lo|l1|2|7|o]|s8]o

71 0 1 2 3 10| 8]0




Updating the Table When 1 edge changes, we
don’t necessarily need to

@‘i? update the whole table!

1l 4 We only need to change —
2 1 3 cells where this edge is ;\r th cSe
( - : }————( : y—"—+ eret =
@ the one that changed

S\A@/ (and any that depend on 0 2 alo N N

B that edge) o il I I I

/ 11 0 2 o | o | © 8 | =«

2 . 21 0| 2| 3| w|o| 8]0

01_f1.=0ands=t 3lol 23710l s8]o0

coifi =0ands #t alolz213]l7lsls]o

OPT(i,t) = 1 min{OPT (i — 1,u) + w(u, t)} slole|[3]7]o0]s]o
mln uev

k OPT(i — 1,t) 6lol1|7l7]0]s]o

710 1 2 7101 8]0
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Counting Shortest Paths

If the shortest path from s to t has cost ¢, find the total number of
s to t paths that have cost ¢

3 shortest paths from 1 to 4

8 shortest paths from 1 to 8




Counting Shortest Paths - Idea

If a shortest path from s to t uses edge (u, t) then then we can add
(u, t) to every shortest path to u to produce a shortest path to t.

(7,8) is in a shortest path to 8
(6,8) is in a shortest path to 8
The number of shortest paths to 8 is at least

(3,4) is in a shortest path to 4
(5,6) is in a shortest path to 4
The number of shortest paths to 4 is at least:

The number of shortest paths to 3 The numeEoERIEa RSty ol

plus the number of shortest paths to 5 plus the number of shortest paths to 6




Recursive Structure - Bellman-Ford

OPT (i, t) = the weight of the shortest path from s to t with at most i edges
t Oifi=0ands =t
oifi=0ands #t
OPT(i,t) = _ {min{OPT(i —1,u) +w(u,t)}
min
\

uev
OPT(i — 1,t)

Where w(u, t) is the weight of the edge from u to t if it exists and oo if not.

gum—

@ = min —

< i edges

OPT (i — 1,u) keeps the shortest path
from s to u using at most i — 1 edges

Every shortest path to t using < i edges
will look like OPT (i — 1,u) + w(u, t).

|dea: Add together the count of shortest
paths to u where:
OPT(i —1,u) + w(u,t) = OPT(i,t)

[ — 1 edges

©

<i—1edges e



Recursive Structure - # Shortest Paths

OPT (i, t) = the weight of the shortest path from s to t with at most i edges
COUNT (i, t) = the number of shortest paths from s to t with at most i edges

o ifi =0ands

ue

( Oifi=0ands =t

+t

OPT(i,t) = {4 {min{OPT(i —1Lu) +w,t)}
min { “€V
\

COUNT(i, t) = 4

\u s.t. OPT(i—1)+w(u,t)=0PT(i,t)

If edge (u,t) is used in a

shortest path to t

OPT(i —1,t)

( lifi=0ands =t
Oifi =0ands #t

COUNT(i —1,u)

'\

Then every shortest path to u can

be used in a shortest path to ¢
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Top-Down # Shortest Paths

numShortest(i, t):
if COUNTIi][t] not blank: // Check if we've solved this already
return COUNT]{][¢]
if i == 0: // Check if this is a base case
solution=1?t==5s:00
COUNTIi][t] = solution // Always save your solution before returning
return solution
solution = 0
pathlength = BF(i, t) // Call Bellman-Ford to find the length of the shortest path
for each u € V: // For each node in the graph
if BF(i — 1,u) + w(u,t) == pathlength: // If (u, t) is on a shortest path
solution += numShortest(i — 1, u) // Include number of shortest paths to u
COUNTIi][t] = solution // Always save your solution before returning
return solution
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Final reminders

HWS5 released, due Friday @ 11:59pm.

Quiz feedback released, regrades requests needed by tomorrow
@ 11:59pm

| have OH now-12:30pm:
« Meet at front of classroom, we’ll walk over together
« CSE (Allen) 434 if you're coming later

Glenn has online OH 12-1pm
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