Homework 5: More Dynamic Programming

Due Date: Friday, February 16th. You will also be able to resubmit two written problems with every homework;
the resubmission for this week is due on Monday February 19th.

Collaboration: You are allowed (and encouraged!) to discuss these problems at a high level with others. But,
please read the full collaboration policy to ensure you are keeping your discussions at the right level, and remember
to cite any collaborators.

Problems to Submit: We will count your 1 best mechanical question and your 3 best long-form questions.
We strongly recommend you skim all the problems in a section before attempting them. While we try to make
problems in a given section of approximately equal difficulty, you may find some to be easier than others.

Directions Unless otherwise noted, you are allowed to use algorithms described in class (or prerequisite courses) as
though you had library implementations of them. For example, you can say “run the BFS-based 2-coloring algorithm
from class on the graph G” or “run the bipartite checking algorithm from lecture 5 on G.” We also have a list of
data structures and algorithms you can use from 373 here.

Since this is a course about efficient algorithms, algorithms that are slower than necessary are unlikely to get “E”
scores, but (unless otherwise noted) we do not care about constant factors. In general, an algorithm that is correct
but (mildly) slower than optimal will get an equal or higher score to an algorithm that is fundamentally incorrect,
but fast.

Mechanical Problems

1. Sauerkraut Table Size

You want to spend your 23rd birthday at Robbie’s Sauerkraut Restaurant and to accommodate all the guests, Robbie
wants to put a large square table in the restaurant. The restaurant has many tables, and we would like to find the
area of the largest square table. In the example below, the largest square table has a size of 4 and side lengths of
2.
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The restaurant is huge and might have many tables, so we decided to use dynamic programming to help us solve
the problem. Luckily, the building managers gave us the following recurrence to solve this problem.

00 ifi<0,j <0,

1[(i,7) h bl if§ — -
AREA(i, j) = [(4,7) has a table] 1 i .OIOl‘j 0,

0 if 1[(4, j) has table] = 0,

min{AREA(i — 1,j), AREA(i,j — 1), AREA(i — 1,5 — 1)} + 1 otherwise.

Here 1 denotes the indicator function, which “casts” bool to int — if the expression is true, the function outputs 1,
otherwise it outputs 0.

The example given above would have the following AREA values.


https://courses.cs.washington.edu/courses/cse417/23wi/resources/syllabus.html
https://courses.cs.washington.edu/courses/cse417/21au/resources/373blackboxes.html

1 0 0 1 1 1 0
0 0 0 1 2 0 0
0 0 0 1 0 0 0

Note that the AREA value does not give you the actual area of a combined table. Rather AREA(i, j) gives the length
of the largest combined-square table whose bottom-right corner is a table located at (i, j) For the instance of the
problem pictured below, compute the AREA value for all (4, 5).

Ty T
Ty T

el il el

et =

et il 2l it
eUetl il el it
Uit




Long-Form Problems

2. School Satisfaction

Joe often dislikes going to in-person lectures because in the past he felt a lack of enthusiasm from his professors.
So, he’s decided to enroll in a hybrid course that lists the lecture materials for the next n weeks and let’s him choose
for each week whether to go in-person or not.

Joe can predict for each week how satisfying the lectures will be, with a numerical score. But he’s a very picky,
so sometimes it’s a negative number. His goal is to avoid going to class as much as possible but there are some
penalties for skipping weeks:

* If he skips classes for one week there’s no penalty.

*» Skipping classes for exactly two or three consecutive weeks makes him feel isolated, which causes a penalty
of —20 points to his total satisfaction.

* If he skips classes for four or more consecutive weeks, he has to watch a LOT of recordings, which causes a
penalty of —co. This means that he cannot skip 4 or more consecutive weeks, though it is possible for him to
skip more than 4 weeks in total if he spreads them out enough.

Your goal is to calculate the maximum sum of his satisfaction scores.

More formally, given int[] satisfaction, which gives the satisfaction of going to classes for that week, your goal
is to return the maximum sum of satisfaction values subject to the week-skipping penalties above.

Example 1: Suppose satisfaction = {10, —3,—21,—8,5}. Then:

* Going to lecture weeks 0, 4 in-person results in a score of —5 (10 + 5 satisfaction, but with a —20 penalty for
skipping three weeks in the middle).

* Going to lecture weeks 0, 1,4 in-person would result in a score of —8.
* Going to lecture weeks 0, 1, 3,4 would result in a score of 4.
Your algorithm should return 4 (which is the maximum possible).
Example 2: Suppose satisfaction = {—1, —2}. Then:
 Skipping both weeks would result in a score of —20.
* Going to week 0 only would result in a score of —1.
Your algorithm should return —1.
Example 3: Suppose satisfaction = {—100,—100, 40, —100, —100}. Then:
* Going to only classes during week 2 would result in a score of 0 (+40 from the array, but with two penalties).
* Going to classes in weeks 1, 3 would result in a score of —200. (no penalties, but —200 from the array).

Your algorithm should return 0.

(a) Write a recurrence (or multiple recurrences) to describe what you are going to calculate. In your response,
you should give us:

¢ The recurrence(s) itself
* An English description of any recurrence parameters
* An English description of what value your recurrence is intended to calculate.

(Take a look at Lecture 16, slides 6 and 7 to get a sense of roughly what we’re looking for.)


https://courses.cs.washington.edu/courses/cse417/22au/lecture/16-dp-practice.pdf#page=6

Hint: This is somewhat similar to the contiguous subarray sum problem, but instead of requiring the elements
to be exactly contiguous (i.e., taking only elements right next to each other), we’re allowing for some skipping,
but with penalties. Youwll want to think about all the potential places where the “most recent” week of ordering
could be. We have two recurrences (similar to subarray sum) but you may have more or less.

(b) Explain in English how your recurrence works and what it’s doing. Your response should include:
* Why you chose the expressions that the recurrence returns in each branch that you did
* Why you chose the cases that you did
* What your base case(s) is

¢ An explanation for what recursive calls are made and why they are combined in the way that they are.
(By “combine”, we mean things like adding together, taking a min/max over, or if the return values are
boolean, taking AND or OR.)

(For reference, take a look at the bottom paragraph of Lecture 16, Slide 26, it should be in light purple text.)

Make sure that your recurrence actually carries out the computations to get what you claimed it should rep-
resent in the third bullet point of part (a).

(c) To get your final answer, which recurrence would you call, and what values of your parameters would you
call it with?

(d) If you were to convert your recurrence into an iterative algorithm:
* What would your memoization structure be?
* What order would you fill in the values?

¢ Assuming memoization (all values from would-be recursive calls that you need to make have been pre-
calculated and are ready), what is the computational cost of filling out a single entry?
(In most DP problems, computing a single entry can usually be done in constant-time, but if you wanted to, say, sum over a number
of pre-computed values where the number of terms in the sum scales with some parameter of the problem (not the recurrence, the
problem), it could be non-constant unless you do something clever.)

(You do not have to write the code itself.)

(e) Based on your response to (c), what would the runtime of an algorithm that carries out your memoization be?

3. DP for Profit

You heard you can make profit by reselling handbags, and after researching the industry, you have extremely
accurate predictions of how valuable each handbag will be at the end of the year. Additionally, at the end of each
year, you can decide whether to sell the bag or to hold it for another year! Unfortunately, you have to pay a fee every
time you sell a handbag, and you only have enough room in your climate-controlled vault to hold one handbag at
a time.

(a) We'll start with a simpler case. Our goal is to calculate the maximum profit we could get over y years buying
and selling a single handbag, where we are charged $f when we sell it. You have as input an array that
contains how much the handbag is worth at the end of that year. Write a recurrence (or multiple recurrences)
which would allow you to calculate your profit. Briefly explain what your recurrence(s) are.

For this part, do not write code or an algorithm.

Hint: Consider what states you can end up in at the end of each year and think about how to transition
between these states. Our approach would take O (y) if we wrote iterative code and ran that algorithm for y
years.


https://courses.cs.washington.edu/courses/cse417/22au/lecture/16-dp-practice.pdf#page=26

Example:

Year: 1 2 3 4
Price: 4 8 10 3
Transaction fee: 3

5 6 7 8

7 5 12 9

The optimal transaction sequence is: buy on year 1, sell on year 3, buy on year 4, sell on year 7
Profit: (—4) + (10—3)+ (-3)+(12—-3) =9

A correct algorithm would return 9.

(b) Using the insights from part (a), you will design an algorithm that calculates the maximum profit we could
get over y years buying and selling some combination of » handbags where we are charged $f when we sell
one. For this version, you are allowed to buy and sell any of the handbags, but you are only allowed to own
one handbag at a time (you are however allowed to buy one handbag and sell another “simultaneously”). For
a score of E, you only need to find an algorithm that runs in O (h?y), though there are optimizations you can
make for a runtime of O (hy).

Example:

Year: 1 2 3 4 5 6
Handbag 1 Price: 3 2 6 3 8 3
Handbag 2 Price: 6 1 7 2 3 9
Handbag 3 Price: 5 6 2 4 8 1

Transaction fee: 2

Optimal transaction sequence: Hold nothing on year 1, buy handbag 2 on year 2, sell handbag 2 and buy
handbag 3 on year 3, hold handbag 3 on year 4, sell handbag 4 and buy handbag 2 on year 5, sell handbag 2
on year 6

Your algorithm should return: 12

(i) Give a recurrence (or multiple recurrences) for solving this problem. Your response should include:
¢ The recurrence(s) itself
* An English description of any recurrence parameters
* An English description of what value your recurrence is intended to calculate.
(Take a look at Lecture 16, slides 6 and 7 to get a rough sense of what we’re looking for.)

(ii) To get your final answer, which recurrence(s) would you call, and what values of your parameters would
you call it/them with? Explain in words what each recurrence is intended to calculate.

(iii) Give iterative pseudocode for obtaining the maximum profit possible. (You do not need to build up the
sequence.)

4. Programming: make a change and get the choices

We've given you a function LIS, which returns the length of the longest increasing subsequence of an array. Your
task is to write code for a variant of the longest increasing subsequence problem.

Specifically, given an array, you should return the longest geometrically increasing subsequence. A subsequence
is geometrically increasing if for chosen elements where ¢ < j, we have 3A[i] < A[j]. I.e. each successive element
must be more than three times larger than the previous. For simplicity, you may assume there are no indices 1, j
such that 3A[i] = A[j] and that there are no repeated elements.

Your code will return an ArrayList containing in order the elements of a longest geometrically increasing subse-
quence. You therefore will need to modify the code given both to handle the geometric requirement AND to build the
subsequence itself. (You're also free to start from scratch, but we think you’ll find the starter code helpful).


https://courses.cs.washington.edu/courses/cse417/22au/lecture/16-dp-practice.pdf#page=6

5. Programming: Unit Expression

A “unit expression” is an expression involving only:
* parentheses
e -+ (thatis, addition)
* « (that is, multiplication)
* The number 1

For example (1 +1) % (1 + 1+ 1) is a unit expression that evaluates to 6. This expression has 5 copies of the number
1.

1+14+1+1+1+1 also is a unit expression that evaluates to 6. This expression has 6 copies of the number 1.

Your task is to write a program that given the number n, returns the fewest number of copies of 1 that can appear
in a unit expression evaluating to n. You do not have to return the expression itself.

For example, the correct output for n = 6 would be 5 (corresponding to the number of 1’s in the first expression
above).

Resubmission

You may resubmit two problems from any combination of past homeworks. When you do, remember to fill out the
form on the assignments page so we know which problem you submitted.


https://courses.cs.washington.edu/courses/cse417/24wi/assignments/
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