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Lecture16
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Announcements

 Midterm, Friday, November 1
— Closed book, No notes, No electronics
— Through section 5.2

— See HWS5 for the type of exams problems
(including recurrence problems)
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SHir ovse u

Matrix Multiplication

* Nx N Matrix, AB=C 54
For (At L= 0; i <a: 198 O(_V\
for (int 3 = 0; 3 < n; j++) |
int £t =0;
for (int k = 0; k < n; k++) U\

t=t + Alil[k] * Blk][]];
Cli]l[3] = t;

)
T n%
* Recursive Matrix Mu|tlp|lcat10ﬂ‘r C @ﬁﬁ,
— Split into N/2 x N/2 matrices
— Recursively multiply using 2 x 2 algorithm Wi

— Base case is 2 x 2 matrices

https://courses.cs.washington.edu/courses/cse417/24aul/lectures/Lecture16/Lecture16.html

317



10/30/24, 11:52 AM Lecture16

Regursive Matrix Multiplication

g ) N nh
* Basic algorithm — 8 recursive calls /I(\ 5
* T(n) = 8 T(n/2) + nZ: T(1}1@d>d\ 0 & Q( );ﬁ

q
74 2
T(n) = O(n?) L

*

Wj i ;J) A
Strassen’s algorithm — 7 recursive calls @ - (1’

T(n) =7 T(n/2) +n? T(1) =1 9\11% ) 3
T(n) = O(n*) where a = log,7 = 2.8073 ’ ﬂ-:"

AN J

Iy g N [lﬂﬂﬂz/}ﬁ, Z‘f'
I = Ph

L ]
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2
Bignum Arithmetic “« i

* Represent large numbers as arrays of digits
— Entries are usually unsigned ints
— We will describe things in the binary or decimal case
* Problem — what is the complexity of basic
arithmetic operations for n-digit numbers
— Addition
— Multiplication

— Exponentiation
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Olw)

Integer Arithmetic

|
971548028394508438309485670104364384579021 T965?02955?£?
+ 1242431098234099057329075097179898430928779579277597977

H

Runtime for standard algorithm to add two n digit numbers:

2
\} 2095067093034680994318596846868779409766717133476767930
X 592017509177763470967767934292909701230895667999301 DQE;J
»

y 0hi0G ' °
R\ ei--

Runtime for standard algorithm to multiply two n digit numbers:
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Recursive Multiplication Algorithm (First
attempt) O |ow
X =Xy 2002 4 %q (O< KeZ +\»2-

Y= 24y,
Xy = (X422 + Xg) (y12"2 + yo)

= XqY1 2" + (X4 + XgY1)2"2 + XgY, /(@
Recurrence: ) 'T(_l\/Z.) @ @\W\\

Run time:
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Simple algebra

X = X4 272 + X,

Y= 24y,
XY = XqYq 2" + (X1Yo + XoY1) 2" + XgYg

(e
v
P = (Xq + Xo)(Y1 * Yo) = X4¥1 + XqYo + Xo¥1 + Xo¥s
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Karatsuba’s Algorithm

Multiply n-digit integers x and y

Let x=x,2"2+x,and y=y, 22 +y,
Recursively compute

a= XqY;

b = XgYg

P = (X5 + XY * Yo)
Returna2" + (p—a-hb)2"? + b

Recurrence: T(n)= 3T(n/2) +cn
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T(n) = 3T(n/2) + n
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Quicksort [Tony Hoare, 1959]

QuickSort(S):
1. Pickan elementvin S. Thisis the pivot value. .. ,
2. Fartition 5-{v} into two disjoint subsets, 5, and S, such

that: \[}M‘!' [ il

- elementsinS, areall < v
* elementsin$, are all > v 2.}
2. Return concatenation of QuickSort(S ), v, QuickSort(s,) (Q( (J\ \

Recursion ends if Quicksort( ) receives an array of length 0 or 1.

ﬁwf( o g u)
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Computing the Median

* Given n numbers, find the number of rank n/2

* One approach is sorting

— Sort the elements, and choose the middle one
— Can you do better?
' Olnloy u\J

* Selection, given n numbers and an integer k,
find the k-th largest
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Select(A, k) Q9
A

AT S
select(h, k)i .\_"LL V oo

Choose element x fram A ‘:}:"
Sy={yinAly <xl e \
Sy ={yinAly >x) # 3 Sd ©

Sx=IyinAly=x w
if {5z] == k)
return Select] S, k) “—\
else if (|S,] + 1S, = k)

returmn
else

raturn Select Sy k - 15| - [S40) <

5

1

Wy aaTLE) = ol
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Deterministic Selection

 Random pivot gives an expected O(n) run
time. The question of a deterministic
algorithm was more challenging.

* What is the run time of select if we can
guarantee that ChoosePivot finds an x such
that |S,| <3n/4and |S,| <3n/4 in O(n) time?
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BFPRT Algorithm

* Avery clever choose algorithm . ..

* Deterministic algorithm that guarantees
that |S;| <3n/4and |S,| <3n/4

* Actual recurrence is:

T(n) =£T(3n/4) + T(n/3) + ¢ n
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BFPRT Algorithm
S| < 3n/4, |S,| < 3n/4

Split into n/5 sets of size 5

M be the set of medians of these sets
X be the median of M

Construct S; and S, using pivot x
Recursive call in S, or S,
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