CSE 417
Algorithms and Complexity

Announcements

* Midterm, Friday, November 1

— Closed book, No notes, No electronics
— Through section 5.2

— See HWS5 for the type of exams problems
(including recurrence problems)

* My office hour will start at 2:30 pm

Divide and Conquer

* Recurrences, Sections 5.1 and 5.2
* Algorithms

— Median (Selection)

— Fast Matrix Multiplication

— Counting Inversions (5.3)

— Multiplication (5.5)

Divide and Conquer : Merge Sort

Array MSort(Array a, int n){
if (n <= 1) return a;

return Merge(MSort(a[0 .. n/2], n/2), MSort(a[n/2+1 .. n-1], n/2);
}

T(n) = 2T(n/2) + n; T(1) = 1;

Unrolling the recurrence

T(n) = 2T(0/2) + n; TA) = 1; |

Substitution

Prove T(n) < n (log,n + 1) forn =1

Induction — Show P(1) and V., P(k) = P(n)

Base Case: T(1)=1=1 (log, 1 + 1)
Induction: Assume T(n/2) < n/2 (log,(n/2) + 1)

T(n)=2T(n/2) +n

<2n/2 (log,(n/2) + 1) + n
=n(log,n-1+1)+n
=n (log, n + 1)




T(n) = aT(n/b) + n°®

Master Theorem

If T'(n) = aT'(n/b) + O(n?) for constants a > 0, b > 1, d > 0, then

0O(n%) ifd > log,a
T(n) O(n®logn) ifd=log,a
O(n'o8:2) ifd < log,a

Recurrences

* Three basic behaviors
— Dominated by initial case
— Dominated by base case
— All cases equal — we care about the depth

Geometric Sum

|

What you really need to know about
recurrences

* Work per level changes geometrically with the
level
* Geometrically increasing (x > 1)
— The bottom level wins
* Geometrically decreasing (x < 1)
— The top level wins
* Balanced (x = 1)
— Equal contribution

Classify the following recurrences
(Increasing, Decreasing, Balanced)

* T(n)=n+5T(n/8):r=5/8

* T(n)=n+9T(n/8):r=9/8

* T(n)=n?+4T(n/2): r=4(1/2)2=4(1/4)=1
* T(n)=n3+7T(n/2):r=7(1/2)*=7/8

* T(n)=nY2+3T(n/4): r = 3(1/4)/2=3/2

Recursive Matrix Multiplication

Multiply 2 x 2 Matrices: AN x N matrix can be viewed as
|Ir s|_Jla bl |e g| a 2 x 2 matrix with entries that
[t u] |Jc dl |f h are (N/2) x (N/2) matrices.

The recursive matrix
r =ae + bf multiplication algorithm
s =ag + bh recursively multiplies the

_ (N/2) x (N/2) matrices and

t = ce+df combines them using the

u= cg+dh equations for multiplying 2 x 2
matrices




Recursive Matrix Multiplication

* How many recursive calls are
made at each level?

* How much work in
combining the results?

* What is the recurrence?

What is the run time for the recursive Matrix
Multiplication Algorithm?

* Recurrence:

Strassen’s Algorithm

Where:

p. = (b—d)(f+h)
p,= (a +d)(e + h)
Pa= (a—c)(e +9)

Multiply 2 x 2 Matrices:
[r s|_|a bl |e g
[t ul |c d [f h

r=pys+pP;—Ps+Ps p,=(a+b)h
S=Ps+Ps Ps=a(g—h)
t=ps+p; pe=d(f—e)
U=p;-P3+Ps-Py p,=(c +d)e

From AHU 1974

Integer Arithmetic

9715480283945084383094856701043643845790217965702956767
+ 1242431098234099057329075097179898430928779579277597977

Runtime for standard algorithm to add two n digit numbers:

2095067093034680994318596846868779409766717133476767930
X 5920175091777634709677679342929097012308956679993010921

Recurrence for Strassen’s Algorithms

* T(n) =7T(n/2) + cn?
* What is the runtime?

log, 7 = 2.8073549221

Runtime for standard algorithm to multiply two n digit numbers:

Recursive Multiplication Algorithm (First
attempt)
X = X3 2"2 + X
Y=y, 2" 4y,
Xy = (X 2"2 + Xg) (1 2"2 + y,)

= XY1 2" + (XY + Xo¥1)2"2 + XoYo

Recurrence:

Run time:




Simple algebra Karatsuba’s Algorithm

X =X 22 + X, Multiply n-digit integers x and y

y=y12"2 +y, Let x=x 2" +x,and y=y, 2" +y,
n - Recursively compute
Xy = X1y1 2" + (Xq¥o + Xo¥1) 22 + XoYo a=xy;
b = XY,

p = (X + Xo) (Y1 + Yo)
Return a2" + (p—a—b)2"2 + b
P =X + X)) (Y1 *+ Yo) = Xa¥1 *+ X1Yo * Xo¥1 + XoYo

Recurrence: T(n) = 3T(n/2) + cn

log, 3 = 1.58496250073...

T(n) =3T(n/2) +n

1




