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Ensemble classifier:  
Aggregating weak classifiers
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• Consider a scenario where we train many weak classifiers on a given data

• By taking a weighted average of those weak classifiers with appropriately 
chosen weights, we might get a strong classifier

f1(x)
<latexit sha1_base64="frnIxiK8xv+GAUE+4exo/tdEyDg=">AAAB73icbVA9TwJBEJ3DL8Qv1NJmI5hgQ+6w0JJoY4mJfCRwIXvLHmzY3Tt394zkwp+wsdAYW/+Onf/GBa5Q8CWTvLw3k5l5QcyZNq777eTW1jc2t/LbhZ3dvf2D4uFRS0eJIrRJIh6pToA15UzSpmGG006sKBYBp+1gfDPz249UaRbJezOJqS/wULKQEWys1CmHfa/ydF7uF0tu1Z0DrRIvIyXI0OgXv3qDiCSCSkM41rrrubHxU6wMI5xOC71E0xiTMR7SrqUSC6r9dH7vFJ1ZZYDCSNmSBs3V3xMpFlpPRGA7BTYjvezNxP+8bmLCKz9lMk4MlWSxKEw4MhGaPY8GTFFi+MQSTBSztyIywgoTYyMq2BC85ZdXSatW9S6qtbtaqX6dxZGHEziFCnhwCXW4hQY0gQCHZ3iFN+fBeXHenY9Fa87JZo7hD5zPH03VjtM=</latexit>

f2(x)
<latexit sha1_base64="mN00DoyHCrgR8htvJFGNhTJ5ZxU=">AAAB73icbVBNT8JAEJ3iF+IX6tHLRjDBC2nrQY9ELx4xkY8EGrJdtrBhu627WyNp+BNePGiMV/+ON/+NW+hBwZdM8vLeTGbm+TFnStv2t1VYW9/Y3Cpul3Z29/YPyodHbRUlktAWiXgkuz5WlDNBW5ppTruxpDj0Oe34k5vM7zxSqVgk7vU0pl6IR4IFjGBtpG41GLi1p/PqoFyx6/YcaJU4OalAjuag/NUfRiQJqdCEY6V6jh1rL8VSM8LprNRPFI0xmeAR7RkqcEiVl87vnaEzowxREElTQqO5+nsixaFS09A3nSHWY7XsZeJ/Xi/RwZWXMhEnmgqyWBQkHOkIZc+jIZOUaD41BBPJzK2IjLHERJuISiYEZ/nlVdJ2685F3b1zK43rPI4inMAp1MCBS2jALTShBQQ4PMMrvFkP1ov1bn0sWgtWPnMMf2B9/gBPXY7U</latexit>

f3(x)
<latexit sha1_base64="/3MDykqm+6HW7UbtcfWu8rdp12w=">AAAB73icbVA9TwJBEJ3zE/ELtbTZCCbYkDsotCTaWGIiHwlcyN6yBxt2987dPSO58CdsLDTG1r9j579xgSsUfMkkL+/NZGZeEHOmjet+O2vrG5tb27md/O7e/sFh4ei4paNEEdokEY9UJ8CaciZp0zDDaSdWFIuA03Ywvpn57UeqNIvkvZnE1Bd4KFnICDZW6pTCfq38dFHqF4puxZ0DrRIvI0XI0OgXvnqDiCSCSkM41rrrubHxU6wMI5xO871E0xiTMR7SrqUSC6r9dH7vFJ1bZYDCSNmSBs3V3xMpFlpPRGA7BTYjvezNxP+8bmLCKz9lMk4MlWSxKEw4MhGaPY8GTFFi+MQSTBSztyIywgoTYyPK2xC85ZdXSata8WqV6l21WL/O4sjBKZxBGTy4hDrcQgOaQIDDM7zCm/PgvDjvzseidc3JZk7gD5zPH1DljtU=</latexit>

f4(x)
<latexit sha1_base64="8Y2ttA8/6eccXCH/nhZxqNRycy4=">AAAB8HicbVBNSwMxEJ31s9avqkcvwVaol7JbBT0WvXisYD+kXUo2zbahSXZJsmJZ+iu8eFDEqz/Hm//GtN2Dtj4YeLw3w8y8IOZMG9f9dlZW19Y3NnNb+e2d3b39wsFhU0eJIrRBIh6pdoA15UzShmGG03asKBYBp61gdDP1W49UaRbJezOOqS/wQLKQEWys9FAKexeo/HRW6hWKbsWdAS0TLyNFyFDvFb66/YgkgkpDONa647mx8VOsDCOcTvLdRNMYkxEe0I6lEguq/XR28ASdWqWPwkjZkgbN1N8TKRZaj0VgOwU2Q73oTcX/vE5iwis/ZTJODJVkvihMODIRmn6P+kxRYvjYEkwUs7ciMsQKE2MzytsQvMWXl0mzWvHOK9W7arF2ncWRg2M4gTJ4cAk1uIU6NICAgGd4hTdHOS/Ou/Mxb11xspkj+APn8wepfI8A</latexit>

f(x) = w1f1(x) + w2f2(x) + · · ·
<latexit sha1_base64="cuezNkbeTfdckOcfdv/gRtcpDPE=">AAACFHicbZDLSsNAFIYnXmu9RV26GWyFSqEkcaFQhKIblxXsBZoQJpNJO3RyYWailtKHcOOruHGhiFsX7nwbJ20W2vrDwDf/OYeZ83sJo0Iaxre2tLyyurZe2Chubm3v7Op7+20RpxyTFo5ZzLseEoTRiLQklYx0E05Q6DHS8YZXWb1zR7igcXQrRwlxQtSPaEAxkspy9Wo5qDycQLt+YdfhvWsGrpndq4qtwLVmbGM/lqLs6iWjZkwFF8HMoQRyNV39y/ZjnIYkkpghIXqmkUhnjLikmJFJ0U4FSRAeoj7pKYxQSIQzni41gcfK8WEQc3UiCafu74kxCoUYhZ7qDJEciPlaZv5X66UyOHfGNEpSSSI8eyhIGZQxzBKCPuUESzZSgDCn6q8QDxBHWKociyoEc37lRWhbNfO0Zt1YpcZlHkcBHIIjUAEmOAMNcA2aoAUweATP4BW8aU/ai/aufcxal7R85gD8kfb5A+Ngmlo=</latexit>
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• we train many weak regressors on a given data

• By taking a weighted average of those weak regressors with appropriately 
chosen weights, we might get a strong regressor

f1(x)
<latexit sha1_base64="frnIxiK8xv+GAUE+4exo/tdEyDg=">AAAB73icbVA9TwJBEJ3DL8Qv1NJmI5hgQ+6w0JJoY4mJfCRwIXvLHmzY3Tt394zkwp+wsdAYW/+Onf/GBa5Q8CWTvLw3k5l5QcyZNq777eTW1jc2t/LbhZ3dvf2D4uFRS0eJIrRJIh6pToA15UzSpmGG006sKBYBp+1gfDPz249UaRbJezOJqS/wULKQEWys1CmHfa/ydF7uF0tu1Z0DrRIvIyXI0OgXv3qDiCSCSkM41rrrubHxU6wMI5xOC71E0xiTMR7SrqUSC6r9dH7vFJ1ZZYDCSNmSBs3V3xMpFlpPRGA7BTYjvezNxP+8bmLCKz9lMk4MlWSxKEw4MhGaPY8GTFFi+MQSTBSztyIywgoTYyMq2BC85ZdXSatW9S6qtbtaqX6dxZGHEziFCnhwCXW4hQY0gQCHZ3iFN+fBeXHenY9Fa87JZo7hD5zPH03VjtM=</latexit>

f2(x)
<latexit sha1_base64="mN00DoyHCrgR8htvJFGNhTJ5ZxU=">AAAB73icbVBNT8JAEJ3iF+IX6tHLRjDBC2nrQY9ELx4xkY8EGrJdtrBhu627WyNp+BNePGiMV/+ON/+NW+hBwZdM8vLeTGbm+TFnStv2t1VYW9/Y3Cpul3Z29/YPyodHbRUlktAWiXgkuz5WlDNBW5ppTruxpDj0Oe34k5vM7zxSqVgk7vU0pl6IR4IFjGBtpG41GLi1p/PqoFyx6/YcaJU4OalAjuag/NUfRiQJqdCEY6V6jh1rL8VSM8LprNRPFI0xmeAR7RkqcEiVl87vnaEzowxREElTQqO5+nsixaFS09A3nSHWY7XsZeJ/Xi/RwZWXMhEnmgqyWBQkHOkIZc+jIZOUaD41BBPJzK2IjLHERJuISiYEZ/nlVdJ2685F3b1zK43rPI4inMAp1MCBS2jALTShBQQ4PMMrvFkP1ov1bn0sWgtWPnMMf2B9/gBPXY7U</latexit>

f3(x)
<latexit sha1_base64="/3MDykqm+6HW7UbtcfWu8rdp12w=">AAAB73icbVA9TwJBEJ3zE/ELtbTZCCbYkDsotCTaWGIiHwlcyN6yBxt2987dPSO58CdsLDTG1r9j579xgSsUfMkkL+/NZGZeEHOmjet+O2vrG5tb27md/O7e/sFh4ei4paNEEdokEY9UJ8CaciZp0zDDaSdWFIuA03Ywvpn57UeqNIvkvZnE1Bd4KFnICDZW6pTCfq38dFHqF4puxZ0DrRIvI0XI0OgXvnqDiCSCSkM41rrrubHxU6wMI5xO871E0xiTMR7SrqUSC6r9dH7vFJ1bZYDCSNmSBs3V3xMpFlpPRGA7BTYjvezNxP+8bmLCKz9lMk4MlWSxKEw4MhGaPY8GTFFi+MQSTBSztyIywgoTYyPK2xC85ZdXSata8WqV6l21WL/O4sjBKZxBGTy4hDrcQgOaQIDDM7zCm/PgvDjvzseidc3JZk7gD5zPH1DljtU=</latexit>

f4(x)
<latexit sha1_base64="8Y2ttA8/6eccXCH/nhZxqNRycy4=">AAAB8HicbVBNSwMxEJ31s9avqkcvwVaol7JbBT0WvXisYD+kXUo2zbahSXZJsmJZ+iu8eFDEqz/Hm//GtN2Dtj4YeLw3w8y8IOZMG9f9dlZW19Y3NnNb+e2d3b39wsFhU0eJIrRBIh6pdoA15UzShmGG03asKBYBp61gdDP1W49UaRbJezOOqS/wQLKQEWys9FAKexeo/HRW6hWKbsWdAS0TLyNFyFDvFb66/YgkgkpDONa647mx8VOsDCOcTvLdRNMYkxEe0I6lEguq/XR28ASdWqWPwkjZkgbN1N8TKRZaj0VgOwU2Q73oTcX/vE5iwis/ZTJODJVkvihMODIRmn6P+kxRYvjYEkwUs7ciMsQKE2MzytsQvMWXl0mzWvHOK9W7arF2ncWRg2M4gTJ4cAk1uIU6NICAgGd4hTdHOS/Ou/Mxb11xspkj+APn8wepfI8A</latexit>

f(x) = w1f1(x) + w2f2(x) + · · ·
<latexit sha1_base64="cuezNkbeTfdckOcfdv/gRtcpDPE=">AAACFHicbZDLSsNAFIYnXmu9RV26GWyFSqEkcaFQhKIblxXsBZoQJpNJO3RyYWailtKHcOOruHGhiFsX7nwbJ20W2vrDwDf/OYeZ83sJo0Iaxre2tLyyurZe2Chubm3v7Op7+20RpxyTFo5ZzLseEoTRiLQklYx0E05Q6DHS8YZXWb1zR7igcXQrRwlxQtSPaEAxkspy9Wo5qDycQLt+YdfhvWsGrpndq4qtwLVmbGM/lqLs6iWjZkwFF8HMoQRyNV39y/ZjnIYkkpghIXqmkUhnjLikmJFJ0U4FSRAeoj7pKYxQSIQzni41gcfK8WEQc3UiCafu74kxCoUYhZ7qDJEciPlaZv5X66UyOHfGNEpSSSI8eyhIGZQxzBKCPuUESzZSgDCn6q8QDxBHWKociyoEc37lRWhbNfO0Zt1YpcZlHkcBHIIjUAEmOAMNcA2aoAUweATP4BW8aU/ai/aufcxal7R85gD8kfb5A+Ngmlo=</latexit>
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Ensemble classifier
• Given data {(xi,yi)}

• Train an ensemble of classifiers:  

each with its own model parameters

• Train weight parameters 

to predict


• If we need to make a hard prediction in {-1,1}, then


• But, which classifiers do we use? 
and how do we choose the weights?

!5

f1(x), f2(x), · · · , fT (x)
<latexit sha1_base64="bY5X56SFFoDlZQqZaRvB/Ul3BXU=">AAACCXicbVC7TsMwFHXKq4RXgJHFokUqUlUlYYCxgoWxSH1JbRQ5jtNadR6yHUQVdWXhV1gYQIiVP2Djb3DTDNByJMvH59yr63u8hFEhTfNbK62tb2xulbf1nd29/QPj8Kgr4pRj0sExi3nfQ4IwGpGOpJKRfsIJCj1Get7kZu737gkXNI7acpoQJ0SjiAYUI6kk14DVwLVqD+d1GLh2fg+xH0tRD9y2eupV16iYDTMHXCVWQSqgQMs1voZ+jNOQRBIzJMTAMhPpZIhLihmZ6cNUkAThCRqRgaIRColwsnyTGTxTig+DmKsTSZirvzsyFAoxDT1VGSI5FsveXPzPG6QyuHIyGiWpJBFeDApSBmUM57FAn3KCJZsqgjCn6q8QjxFHWKrwdBWCtbzyKunaDeuiYd/ZleZ1EUcZnIBTUAMWuARNcAtaoAMweATP4BW8aU/ai/aufSxKS1rRcwz+QPv8ATx5lt0=</latexit>

w1, w2, · · · , wT
<latexit sha1_base64="81ywHNQi/wokYvWva9SWVN+Sgy0=">AAACAHicbVC7TsMwFHV4lvAKMDCwWLRIDFWVhAHGChbGIvUltVHkOE5r1Ykj26Gqoi78CgsDCLHyGWz8DW6bAVqOdKWjc+7VvfcEKaNS2fa3sba+sbm1Xdoxd/f2Dw6to+O25JnApIU546IbIEkYTUhLUcVINxUExQEjnWB0N/M7j0RIypOmmqTEi9EgoRHFSGnJt04rY9+pwrHvVmEfh1zJ6thvmhXfKts1ew64SpyClEGBhm999UOOs5gkCjMkZc+xU+XlSCiKGZma/UySFOERGpCepgmKifTy+QNTeKGVEEZc6EoUnKu/J3IUSzmJA90ZIzWUy95M/M/rZSq68XKapJkiCV4sijIGFYezNGBIBcGKTTRBWFB9K8RDJBBWOjNTh+Asv7xK2m7Nuaq5D265flvEUQJn4BxcAgdcgzq4Bw3QAhhMwTN4BW/Gk/FivBsfi9Y1o5g5AX9gfP4AaNqUWw==</latexit>

f(x) = w1f1(x) + w2f2(x) + · · ·
<latexit sha1_base64="cuezNkbeTfdckOcfdv/gRtcpDPE=">AAACFHicbZDLSsNAFIYnXmu9RV26GWyFSqEkcaFQhKIblxXsBZoQJpNJO3RyYWailtKHcOOruHGhiFsX7nwbJ20W2vrDwDf/OYeZ83sJo0Iaxre2tLyyurZe2Chubm3v7Op7+20RpxyTFo5ZzLseEoTRiLQklYx0E05Q6DHS8YZXWb1zR7igcXQrRwlxQtSPaEAxkspy9Wo5qDycQLt+YdfhvWsGrpndq4qtwLVmbGM/lqLs6iWjZkwFF8HMoQRyNV39y/ZjnIYkkpghIXqmkUhnjLikmJFJ0U4FSRAeoj7pKYxQSIQzni41gcfK8WEQc3UiCafu74kxCoUYhZ7qDJEciPlaZv5X66UyOHfGNEpSSSI8eyhIGZQxzBKCPuUESzZSgDCn6q8QDxBHWKociyoEc37lRWhbNfO0Zt1YpcZlHkcBHIIjUAEmOAMNcA2aoAUweATP4BW8aU/ai/aufcxal7R85gD8kfb5A+Ngmlo=</latexit>

ŷ = sign(w1f1(x) + w2f2(x) + · · ·+ wT fT (x))
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>



Ensemble classifier
• Training a single decision tree often results in either

• a large tree that is overfitted; or 

• a small tree that is a weak classifier


• Principled averaging methods

• Bagging: primary goal is variance reduction

• Fit many large trees 

• using bootstrap-resampled versions of training data

• and classify using majority vote


• Boosting: primary goal is bias reduction

• Fit many small trees

• using re-weighted visions of the training data

• and classify using weighted majority vote


• In general,

• Boosting > Bagging > single decision tree

• AdaBoost is the best off-the-shelf classifier; the most popular 

classifier on Kaggle challenges!6



Boosting: 
How do we find those classifiers to add?

!7



Boosting
• Idea: 

• Sequentially add a new classifier each round, which are 

chosen to work well on hard example


• Technique:

• maintain a appropriately weighted dataset 
• at the end of each round, each data point is weighted by            

     , such that if data point                      is hard to classify 
with current models, then it is weighted high


• When training a new model to be added in the next round,  
data point                    is counted as          data points


• this ensures that newly added models are different from 
existing ones, as it can better classify a subset of 
examples that are hard for existing models

!8

↵i
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

↵i
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

(xi, yi)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

(xi, yi)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>



Example: round 1
• In round 1, start with all weights 1, that is  

for all 

• and train a simple model, like a one-level decision tree (a.k.a. decision stump)

• At the end of training in round 1, increase             for misclassified data points 

as they are hard  
(and decrease it for correctly classified data points as they are easy)


• We will learn how to update the weights later (called AdaBoost)

!9

↵i = 1
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

i 2 {1, · · · , N}
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Credit Income y
A $130K Safe

B $80K Risky

C $110K Risky

A $110K Safe

A $90K Safe

B $120K Safe

C $30K Risky

C $60K Risky

B $95K Safe

A $60K Safe

A $98K Safe

Credit Income y
A $130K Safe

B $80K Risky

C $110K Risky

A $110K Safe

A $90K Safe

B $120K Safe

C $30K Risky

C $60K Risky

B $95K Safe

A $60K Safe

A $98K Safe

Income?

> $100K ≤ $100K

ŷ = Safeŷ = Safe

3 1 4 3

Credit Income y Weight α

A $130K Safe 0.5
B $80K Risky 1.5
C $110K Risky 1.2
A $110K Safe 0.8
A $90K Safe 0.6

B $120K Safe 0.7
C $30K Risky 3
C $60K Risky 2
B $95K Safe 0.8

A $60K Safe 0.7
A $98K Safe 0.9

↵i
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>



Example: round 2
• Train a new classifier (typically a decision tree) with the 

weighted examples by taking weighted count of the data 
points  
(examples coming soon)


• If it is not decision tree, we train by minimizing weighted loss:

!10

minimize L(w) =
1

N

NX

i=1

↵i`(ŷi, yi)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
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AdaBoost: 
Adaptive Boosting



AdaBoost
•   


•   


•  Train a classifier            on weighted training data 


•  


•  


• Final model is prediction: 

!12

Initialize ↵i =
1
N for all i 2 {1, · · · , N}

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

For t = 1, · · · , T
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Compute coe�cient ŵt for the t-th classifier ft(x)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Re-compute weights {↵i}Ni=1
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

ŷ = sign
� PT

t=1 ŵtft(x)
�

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

ft(x)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>



Computing 
• Idea:  

at round t, we want to give larger weight         to  
classifier         , if it is accurate on the hard examples


• Formally, 
 
 
 
 
that is, higher weight to accurate classifier,  
but accuracy is computed on the weighted examples (at round t)


• where,


• note that weighted error of ZERO or ONE can be problematic!13

ŵt
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

ŵt
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

ft(x)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

1�WeightedError(ft)

WeightedError(ft)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

weighted_error(ft) 
on training data

ŵt

0.01 99 2.3 informative & accurate
0.5 1 0.0 uninformative

0.99 0.01 -2.3 informative but opposite

WeightedError(ft) =
1

N

NX

i=1

↵iI( ŷi|{z}
ft(xi)

6= yi)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
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Justification of the coefficient

• Consider each classifier ft(x) as an expert, telling you what he thinks the 
label is for a point x 


• Consider each expert as giving independent advice, which is correct 
with probability (1-WeightedError)


• Then the Likelihood of the label y at point x is


• Hence the maximum likelihood estimate of the label is  
 
 
 
 which is exactly the weights (or coefficients) used in AdaBoost


• But, note that in practice, ft(x)’s are not independent experts
!14

ŵt =
1

2
log

⇣1�WeightedError(ft)

WeightedError(ft)

⌘
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P(expert advices|true y=�1) ) = f1(x) log

⇣
1�WeightedError(f1)
WeightedError(f1)

⌘
+· · ·+ft(x) log

⇣
1�WeightedError(ft)
WeightedError(ft)
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<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>



Re-compute 
• Idea: each data point (xi,yi) is weighted by  

to reflect how difficult it is to correctly classify that point 
with the current averaged classifier


• AdaBoost uses the exponential weight to measure how hard that 
data point is:


• this can be computed by iteratively updating the weights as 
follows:

↵i’s
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• Implications of the weight update
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↵i  �
⇢

e�ŵt↵i if correct: ft(xi) = yi
eŵt↵i if error: ft(xi) 6= yi
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ft(xi)=yi ? ŵt Multiply αi by Implication
yes 2.3 decrease importance of easy example

yes 0 no change if predictor is bad

yes -2.3 increase weight for easy examples, for bad predictors

no 2.3 increase importance of hard example

no 0 no change if predictor is bad

no -2.3 decrease weight for hard examples, for bad predictors

e�2.3 = 0.1
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Normalizing weights
• As we update the weights multiplicatively,  

AdaBoost can become numerically unstable if some 
weights are too large
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WeightedError(ft) =
1

N

NX

i=1

↵iI( ŷi|{z}
ft(xi)

6= yi)
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If xi often mistake, 
weight αi gets very 

large

If xi often correct, 
weight αi gets very 

small

Can cause numerical instability 
after many iterations

Normalize weights to 
add up to 1 after every iteration

↵i 
↵iPN
j=1 ↵j

.



AdaBoost
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• Start with same weight for 
all points: αi = 1/N

• For t = 1,…,T
- Learn ft(x) with data weights αi

- Compute coefficient ŵt

- Recompute weights αi

- Normalize weights αi

• Final model predicts by:

ŷ = sign

 
TX

t=1

ŵtft(x)

!

ŵt =
1

2
ln

✓
1� weighted error(ft)

weighted error(ft)

◆

αi ç
αi e    ,  if ft(xi)=yi

-ŵt

αi e   ,   if ft(xi)≠yi
ŵt

↵i 
↵iPN
j=1 ↵j

.



Example
• At t=1, it is the standard training of a decision tree 

but we train a simple model, in this case a decision stump 
(which is another name for a decision tree of level 1)


•  Then compute the weight of the classifier, based on the 
error: 9/30 -> weight=0.5 log (21/9) = 0.424

!19

Learned decision stump f1(x)Original data

ŵt =
1

2
log

⇣1�WeightedError(ft)

WeightedError(ft)

⌘
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• At t=1, we then update the weights of the data points 
 
WeightedError was 9/30 
then, 

!20

Learned decision stump f1(x) New data weights αi
Boundary

Increase weight αi
of misclassified points

↵i  �
⇢

e�ŵt↵i if correct: ft(xi) = yi
eŵt↵i if error: ft(xi) 6= yi
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eŵ1 =
q

1�WeightedError
WeightedError =

p
7/3 = 1.53
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• At t=2, we train a new classifier on the weighted data


• then we compute the weight of the classifier

!21

Learned decision stump f2(x)
on weighted data

Weighted data: using αi
chosen in previous iteration

f1(x)



• When training a decision stump on weighted samples, 
it is exactly like training a decision stump on (unweighted) 
samples, but competing each data point according to the 
weight


• Concretely, for each feature x[1] and x[2], we consider 
splitting at any possible point that is in between two data 
points, and find the one that minimizes the error

!22
threshold on x[1]

error of resulting 
decision stump

threshold 
 on x[2]

error of resulting decision stump



• weighted sum of the learned predictors give a new 
ensemble predictor


• At t=2, we then update the weights fo the data points

!23

=
f1(x) f2(x)

0.61

ŵ1

+ 0.53

ŵ2



After 30 iterations
• after enough iterations, we get zero training error

• but probably overfitted

!24

training_error = 0



Example: loan default
• finding the best decision stump on weighted data points

• and compute the new eight of the learned decision stump

!25

Consider splitting on each feature:

weighted_error
= 0.2

weighted_error
= 0.35

weighted_error
= 0.3

weighted_error
= 0.4

ŵt =
1

2
ln

✓
1� weighted error(ft)

weighted error(ft)

◆
= 0.69ŵt

Income>$100K?

Safe Risky

NoYes

Credit history?

Risky Safe

GoodBad

Savings>$100K?

Safe Risky

NoYes

Market conditions?

Risky Safe

GoodBad

ft = Income>$100K?

Safe Risky

NoYes

As WeightedError=0.2 and ŵt = 0.5 log( 1�WeightedError
WeightedError )
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• Updating the weights of the data points

!26

Credit Income y ŷ Previous 
weight α

New 
weight αA $130K Safe Safe 0.5 0.5/2 = 0.25

B $80K Risky Risky 1.5 0.75
C $110K Risky Safe 1.5 2 * 1.5 = 3
A $110K Safe Safe 2 1
A $90K Safe Risky 1 2
B $120K Safe Safe 2.5 1.25
C $30K Risky Risky 3 1.5
C $60K Risky Risky 2 1
B $95K Safe Risky 0.5 1
A $60K Safe Risky 1 2
A $98K Safe Risky 0.5 1

Income>$100K?

Safe Risky

NoYes ↵i  �
⇢

e�ŵt↵i if correct: ft(xi) = yi
eŵt↵i if error: ft(xi) 6= yi
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Convergence and Overfitting in 
Boosting 



Boosting example
• training error goes to zero, after some iterations!


• This implies that 

• 1. average of decision stumps can represent any complex function 

• 2. via Boosting, the weighted averaging of simple decision stumps has 

in the end correct learned the function
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Tr
ai

ni
ng

 e
rr

or

Iterations of boosting

Boosted 
decision 
stumps on toy 
dataset

Training error of ensemble of 
30 decision stumps = 0%

Training error of 
1 decision stump = 22.5%

training_error = 0



AdaBoost Theorem
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Under some technical conditions… 

Training error of 
boosted classifier → 0 

as T→∞ Tr
ai

ni
ng

 e
rr

or

Iterations of boosting

May oscillate a bit

But will 
generally decrease, & 
eventually become 0!



Conditions of AdaBoost Theorem
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Under some technical conditions… 

Training error of 
boosted classifier → 0 

as T→∞

Extreme example:
No classifier can 

separate a +1 
on top of -1

Condition = At every t, 
can find a weak learner with 

weighted_error(ft) < 0.5

Not always possible

Nonetheless, boosting often 
yields great training error 



Comparisons
• Single decision tree vs. Boosting

• Single decision tree: 

• best test error is 34%

• training error decreases fast

• overfits fast


• AdaBoost: 

• best test error is 32%

• training error decreases slow

• overfits less

!31

39% test error

8% training error

Overfitting

Boosted decision stumps on loan data

32% test error

28.5% training error

Better fit & lower test error



Boosting tends to be robust to overfitting
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• But will eventually overfit


• We can use cross-validation or validation to choose # of iterations

Test set performance about 
constant for many iterations 
è Less sensitive to choice of T

Best test error around 31%

Test error eventually increases to 
33% (overfits)



Why does boosting work so well in practice?
• If the training data can be perfectly classified by some 

function (also known as separable) 
then eventually boosting can achieve ZERO training error


• However, at this point, usually we overfitted training data so 
test error is bad


• in many examples, further training with boosting after training 
error has reached zero improves test error 
(note that training error stays at zero after this point)


• Reason for boosting's robustness to overfitting

• further updates only change a small subset of dimensions

• classifier parameters and classifier weights are separately 

updated

• Boosting can be thought of as logistic regression over many 

simple classifiers, trying to minimize 
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Variants of boosting and related algorithms
There are hundreds of variants of boosting, most important:

Many other approaches to learn ensembles, most important:

••Like AdaBoost, but useful beyond basic classificationGradient 
boosting

••Bagging: Pick random subsets of the data
- Learn a tree in each subset
- Average predictions

••Simpler than boosting & easier to parallelize 
••Typically higher error than boosting for same # of trees 

(# iterations T)

Random 
forests
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Impact of boosting (spoiler alert... HUGE IMPACT)

• Standard approach for face detection, for example
Extremely useful in 

computer vision

• Malware classification, credit fraud detection, ads click 
through rate estimation, sales forecasting, ranking 
webpages for search, Higgs boson detection,…

Used by most winners of 
ML competitions 

(Kaggle, KDD Cup,…) 

• Coefficients chosen manually, with boosting, with 
bagging, or others

Most deployed ML systems use 
model ensembles

Amongst most useful ML methods ever created


